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CHAPTER 3

A Strongly Regular Graph Derived from the Perfect
Ternary Golay Code

E. R. BERLEKAMPY
Bell Telephone Laboratories, Inc., Murray Hill, N.J. 07974, U.S.A.

and

J. H. VAN LINT and J. J. SEIDEL
Technological University of Eindhoven, Eindhoven, The Netherlands

By use of the perfect ternary Golay code, a strongly regular graph on 243 vertices
is constructed, having the property that any adjacent pair of verfices is in one tri-
angle and that any nonadjacent pair of vertices is in one quadrangle. The graph
realizes one of the five possibilities for graphs with this property. It provides a
(243, 22, 2)-system on 22 and 23 in the sense of Bridges and Ryser [1969].

1. Intreduction

Strongly regular graphs have been introduced by Bose [1963], as an abstrac-
tion from 2-association schemes for partially balanced incomplete block
designs. They satisfy the following, essentially characteristic, properties. For
any pair of adjacent vertices x and y, the number p}, of vertices adjacent to
% and to y is independent of the choice of x and y. For any pair of non-
adjacent vertices u and v, the number p?, of vertices adjacent to  and to v is
independent of the choice of u and v. We shall be interested in strongly
regular graphs with the special property
rh —pi1 =1L

For p}, = 0, this amounts to the Moore graphs of diameter 2 and girth 5,
which have been discussed by Hoffman and Singleton [1960]. For p“ =1,
these graphs have the property that any adjacent pair of vertices is in one
trlangle and that any nonadjacent pair is in one quadrangle. In Section 2
it is shown that such a graph can exist for at most 5 values of #. An example
is provided by the lattice graph on 3 symbols. In Section 4 a further such
graph on 243 vertices, is constructed in three different ways.

As a starting point for the constructions of this graph, in Section 3 the
perfect ternary 2-error-correcting code is explained. This code has been

T Current address: University of California, Berkeley, Calif. 94720, U.S.A.
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discovered by Golay [1949]. It was discussed by Coxeter [1958] in a geometric
context, and by Bose [1961], who indicated its connection to the theory of
confounding and fractional replication.

Bridges and Ryser [1969] considered vet another generalization of block
designs. Their (n, k, A)-systems on r and s are defined in terms of binary
square matrices X and Y of order # satisfying the real matrix equationt

XY =YX = (k-I+ 1, k 5 A,
which, for A # 0, implies

JX=X=¢J, JY= Y] =usJ
for integer r and s. In particular, (n, k, 1)-systems on k and k + | are character-
ized by symmetric matrices C with zero diagonal and elements +1 and —1
elsewhere, such that
C? = (1+4(k— NI+ (n—2—4(k— )/, CJ = 2k—n+1J.

For special choices of the parameters, suchasn—1 = 2k, and n—2 = 4(k— 1),
this Ieads to orthogonal matrices with zero diagonal, which have been
discussed by Goethals and Seidel [1967]. However, there are other values of
the parameters for which these systems exist. In fact, (n, k, A)-systems on
k and k+1 are the same objects as strongly regular graphs with p2, —p!, = 1.

2. Strongly regular graphs with p, —p, = 1

Strongly regular graphs on n vertices may be defined in terms of their (1, 0)
adjacency matrix 4, and its eigenvalues %, r, s as follows (cf. Hoffman [1963],
Seidel [1968, 1969]):

(A—rIXA—sD) AT = kJ.

2

_ (k=n)k=s),
7

Excluding complete bipartite graphs and their complements, we take r > 0
and s < 0. For the multiplicities 1, «, f§ of the eigenvalues &, r, s we have

n=1+a+p, t1d=0=%k+ar+fs, trd®=nk =Kk4ar®+ps?

whence, by elimination of « and 8,
o (k=r)k—5) = n(k+¥rs).
By multiplying out the defining equation, we obtain

—r—s+pi, = k+rs, p? = k+rs.
From now on, we restrict ourselves to strongly regular graphs with the special
property
Phi—pii=1,

+ Here I denotes the nx» identity matrix and J denotes the »x n matrix all of whose

entries are 1.
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that is, r+s = —1. Putting p?, = 4, we have
A*+ A = (k—DI+ A, AJ = kJ,
2k—(m—1)+{a— [3;(2 =0,

I e 1
k? = (n—1)4, k =

‘l\
1j.

_}_

ol s
LA

>¢

The case « = J reduces to
(J—1-24) = nI—J, n=2k+1=4i+1=Qr+1)?
2 |0 Jt ?
¢ = [j J—-I—ZA] = al,

wherejis(n x 1).So C,of order n+ 1,is an orthogonal matrix with zero diagonal.
Such matrices, for which # must be a sum of two squares of integers, have been
constructed for

n=p*=1(mod4), pprime,
and for some additional orders, e.g., for n = 225. An easy example is Cs,
with 4 = circulant (0, 1, 0, 0, 1). The smallest order for which the existence
isunknown is n = 45, For details the reader is referred to Van Lint and Seidel
[1966], and Goethals and Seidet [1967].

In the case « # B, the relations between the parameters imply that r is an

integer. Elimination of » and & yields

Qr+D*—22r+ 12— 16(a— HA2r+ 1)~ 1642 +1 = 0.
Therefore, 2r+1 must divide 1612 —1. Thus, given A, there are only finitely
many possibilities for the parameters 7, &, n.

Hoffman and Singleton [1960] considered 4 = 1, which admits » = 1, 2, 7,
with (n, k&, A) = (10, 3, 1), (50, 7, 1), (3250, 57, 1), respectively.t The first case
is realized by the Petersen graph. The second graph was constructed by
Hoffman and Singleton [1960], drawn by N. Robertson [private comm.], and
has an adjacency matrix which may be arranged as follows by use of the
cyclic permutation matrix P of order 5:

[P+P-t 0 0 0 Y I I I I £ 7]
0 PPt 0 0 0 I P P2 p3 P4
0 0 P+P* O 0 i P? P P Pt
0 0 0 P+P' O I p3 P P° p12
0 0 0 ¢ PP I Pt P8 p12 P
I I I I I pyp2 0 0 0 Y
I P p? p3 Pt 0 pP*4p? 0 0 0
I p? P* Ps ps 0 0 p2ip? 0 0
I P PS P p1z 0 () 0 P:4p2 0

L. 1 P4 p® piz . pis Y 0 0 0 p4p2? |

The existence of the last graph is still undecided.
We now turn to A = 2, which admits r = 1, 3, 4, 10, 31, with (n, k, 1) =
09, 4, 2), (99, 14, 2), (243, 22, 2), (6273, 112, 2), (494019, 994, 2), respectively.

1 The case r = 0 is excluded because it leads ton = 2.
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The first case is realized by the lattice graph of order 3, that is, the graph
whose 9 vertices are the ordered pairs out of 3 symbols, any two vertices
being adjacent if the corresponding ordered pairs have one coordinate equal.
In Section 4 the graph with parameters (243, 22, 2) will be constructed. The
existence of the other graphs remains undecided.

3. The perfect ternary Golay code

Let Cs be the orthogonal matrix with zero diagonal of order 6 which was
mentioned above. The rows of the 6 x 12 matrices
= [Is Cel, H=[-Cs I

each generate a subspace of dimension 6 of the vector space V(12,3) of
dimension 12 over GF(3). These subspaces are orthogonal, since GHT = 0.
By inspection it is observed that in i no 5 columns are linearly dependent.
This implies that the subspace generated by the rows of G has the property
that its vectors, apart from the zero vector, have at least 6 nonzero co-
ordinates. By deleting any one column of G the 6 x 11 matrix G* is obtained.
The rows of G* generate a subspace of dimension 6 of ¥(11, 3), whose non-
zero vectors have at least 5 nonzero coordinates. By the count

36(1+2 x 114+22(51) = 3!

it follows that every 11-dimensional vector over GF(3) differs {from a unique
vector in the row space of G* in at most two coordinates.

In terms of coding theory (Berlekamp [1968]), we call the vectors of
V(11, 3) the words, the number of nonzero coordinates of a word its weight,
the subspace generated by G* a code, the vectors of a code its codewords, G*
a generator matrix, and a matrix H* generating the orthogonal complement
of the code a parity check matrix of the code. The fact that every 11-
dimensional vector over GF(3) differs from a unique codeword in at most two
coordinates makes the code a perfect code. The perfect ternary code intro-
duced above is called the (11, 6) ternary Golay code, after its discoverer
Golay [1949].

We remark that an alternative description for the (11, 6) ternary Golay
- code is given by

11111111111
100111001011
G*_11001110010
1110010100 1|
t11110010100
10111001010

and H* the matrix consisting of the last 5 rows of G* (cf. Van Lint [1969]).
The subspace of V(12, 3) generated by the rows of the 6x 12 matrix G
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mentioned above is called the (12, 6) ternary Golay code. It is a special case
of an extended quadratic residue code. Several general properties of such
codes are summarized in Section 15.2 of Berlekamp [1968].

4, Constitution of the 243-graph

The perfect ternary Golay code partitions the vector space F(l11, 3) into 3s
cosets obtained by adding a fixed word to all codewords. Each word of
weight <2 must be in a coset containing no other word of weight <2, since
the minimum nonzero weight of the code equals 5. Therefore, the 243 cosets
of the code are uniquely represented by the 220 words of weight 2, the 22
words of weight 1, and the word of weight 0. Furthermore, the cosets form
a linear space of dimension 5 ever GF(3):

Now consider the 243 cosets.as the vertices of a graph. Any two vertices
are called adjacent iff the difference of the corresponding cosets is a coset of
minimum weight 1. This graph possesses the triangle and the quadrangle
property. Indeed, by linearity this only needs to be verified if one of the
vertices is the code. Let a,be GF(3)— {0}. The vertices represented by
' (0,0,0,...,0)and (4,0, 0, . . ., 0) are both adjacent to (—a,0, 0, . . ., 0) only.
The nonadjacent vertices (0, 0,0, .. ., 0) and (a, b, 0, . . ., 0) are adjacent to
(a,0,0,...,0)and (0, 5,0, ...,0) only.

Secondly, we give the following alternative construction for the 243-graph.
Let H* be the 5x 11 parity check matrix of the perfect ternary Golay code.
The columns of H* are denoted by x,, X, . . ., X1y, Which are vectors of the
vector space V(5, 3) of dimension 5 over GF(3). There are 22 vectors of type
+x, and 220 vectors of type +x;*kx;; i #j; 4,j=1,2,...,11. These
vectors are pairwise distinct, since by the minimum weight 5 of the code no 4
of the vectors Xy, X,, . . ., X;; are dependent. Therefore, these vectors and
the zero vector represent all vectors of ¥ (5, 3).

Now consider the 3% vectors of ¥(5, 3) as the vertices of a graph. Any two
vertices are called adjacent if the difference of the corresponding vectors is
one of +x;, +X,..., +x;,. Again, the triangle and the quadrangie property
are easily verified.

Finally, we indicate a third construction of the 243-graph, similar to the
construction of the 2048-graph obtained from the (24, 12) binary Golay code
in Goethals and Seidel [1970]. This construction depends on the composi-
tions of the codewords of the (12, 6) ternary Golay code. The composition
of a word is the unordered set of values of its coordinates (e.g., the com-
position of (0,0, 1,2, 1,0, 2,2, 1,0, 1, 1) is 0*1%23).

Lemma. Every word of composition 0°13 lies in some coset of the (12, 6)
ternary Golay code which contains two words of composition 0°13, two words
of composition 0°2%, and no other words of weight <3.
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This lemma may be proved by investigating the distribution of words of
weight 3 in the cosets of the (12, 6) code; we shall not present the details here.

Now the construction runs as follows: It is wellknown that the (12,6)
ternary Golay code contains as a subcode the (12, 1) repetition code whose
three vectors have compositions 0'2, 1'2, and 2!2., The 243 vertices of the
graph are associated with the quotient of the (12, 6)- ternary Golay code
modulo its (12, 1) repetition subcode. Two -vertices are adjacent iff the
difference of the corresponding words contains only two elements of GF 3
in its composition. It is trivially verified that this definition of adjacency is
reflective, and independent of the representative word of the vertex. The
triangle and the quadrangle property are verified by use of the lemma.
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