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Abstract

We prove soundness and completeness for some ACP-style concrete, relative-time,
discrete-time process algebras. We ireat non-delayable actions, delayable actions,
and immediate deadlock. Basic process algebras are examined extensively, and also
some concurrent process algebras are considered. We conclude with ACPq4r, which
combines all described features in one theory.
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1 Introduction

1.1 Discrete-Time Process Algebras

Since [14] appeared, the ACP framework of process algebras has been extended with,
among many other things, discrete-time extensions. Papers describing such extensions
are for example [8, 10, 11].

With the recent appearance of [10, 13] discrete-time process algebra seems to have
reached a decent state of maturity, and we felt now was the time to write a paper about
the soundness and completeness issues involved with discrete time. To our knowledge,
no such results have been published in the context of ACP before. And although we never
really doubted the soundness and completeness of the respective theories, we felt that
it would not hurt to prove these beliefs explicitly. And rightly so: it turned out that the
axiomatizations we started out with were neither sound nor complete.

1.2 Soundness and Completeness

In this paper we will give elimination, soundness, and completeness results for several
discrete-time process algebras. We restrict ourselves to concrete process algebras (i.e.
without abstraction, without a silent step T, and without an empty step &), relative time,
closed terms {i.e. no w-completeness), and mostly basic process algebras (i.e. without
merge operators). We do treat delayable actions and immediate deadlock.

In our definitions and notations we try to conform to [11, 13]. We use term deduction
system semantics in the style of Section 2.2.3 of [13].

In the proofs of elimination theorems we make abundant use of term rewriting analy-
sis. For further details on these techniques, especially the lexicographical path ordering,
see [19]. In proving completeness we sometimes make use of Verhoef’s General Com-
pleteness Theorem. For more information on this, see [25].

As the definitions and notations used for discrete-time process algebras have been
subject to vehement revision over the past few years, we have compiled an appendix that
tries to shed some light on these matters. Please study this Appendix A if you are not
completely familiar with discrete-time ACP. Then, in Appendix B, we give a concise sum-
mary of the most important results presented in this paper.

Finally, the actual theorems and proofs on soundness and completeness are given in
Section 2 (for process algebras that do not contain a merge operator) and Section 3 (for
the ones that do).



2 Basic Process Algebras

2.1 Introduction

In this section we prove soundness and completeness for some discrete-time basic pro-
cess algebras, i.e. not containing a merge operator. But we start by giving soundness and
completeness theorems for two untimed basic process algebras, namely BPA and BPA;.

The purpose of giving these results about untimed algebras is twofold. First we want
to show the principles our proof techniques are based on, and these simple process alge-
bras are more suited to this purpose than the timed versions that will follow. Secondly,
we felt that soundness and completeness proofs given in the literature are often a bit
twisted, and sometimes even plain wrong.

After these untimed basic process algebras, by adding the time-unit delay, we pro-
ceed to the most simple timed one: BPAg,—5. Then we add to this algebra undelayable
deadlock, delayable actions, and finally immediate deadlock. The section culminates in
soundness and correctness theorems for a basic process algebra that combines all the
above extensions at the same time: BPA 4.

2.2 Soundness and Completeness of BPA

Remark 2.2.1 (Alphabet)

For this section, and all sections to come, we presume the existence of a fixed, finite al-
phabet A, that can be considered a parameter of the respective theories. Furthermore,
we define Ag as A U {8} and As as A U {0}, where § and ¢ are still to be treated symbols
that are not contained in A.

Definition 2.2.2 (Signature of BPA)
The signature of BPA consists of the atomic actions {a|a € A}, the alternative composition
operator +, and the sequential composition operator -.

Remark 2.2.3 (Symbol versus atom)

Note that in Definition 2.2.2, in the expression {ala € A}, the second a refers to the sym-
bol a, while the first one refers to the atom a. This distinction should be clearly made,
and it can be considered a tragic historical incident that these different notions have re-
ceived the same notation.

Remark 2.2.4 (Range of a)

When we write “a” (or “b”, or “c”) in the context of an equality or a partial ordering, we
mean this a to range over A; (provided, of course, deadlock is part of the relevant sig-
nature). When we write it in the context of a deduction rule, we mean it to range over A.
In all other cases, or when we deviate from the above rule, we explicitly state whether it
ranges over A or As.

Definition 2.2.5 (Operator precedence)

Throughout this paper we adhere to the following operator precedence scheme, which
consist of four categories of operators. The four categories, from strongly binding to
weakly binding, are:

(i). all unary operators,
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(ii). the sequential composition operator “.”,

(iii). all binary operators, except the “+" and the “.",
(iv). the alternative composition operator “+”.
Within one category, all operators bind equally strong.

Definition 2.2.6 (Axioms of BPA)
The process algebra BPA is axiomatized by Axioms A1-AS5 shown in Table 1: BPA = Al1-
Ab.

X+y=y+x Al
x+¥Y)+z=x+(y+2) A2
X+Xx=x A3

(x+y)-z=x-z+y-z Ad
(x-y) - z=x-(y-2) A5

Table 1: Axioms of BPA.

Definition 2.2.7 (Notation Regarding Semantics I)
In order to define a semantics, we will use term deduction system semantics in the style
of Section 2.2.3 of [13] (also called “Structured Operational Semantics” or “Plotkin-style
semantics”). We use the notation x % ¥’ to denote that x can do an a-step to X', x > ./ to
denote that x can do an a-step and then terminate, x + to denote that x cannot do an
a-step, and x ~ to denote that x cannot do any step at all.

For each process algebra we define, we will give a term deduction system. By using
the concept of bisimulation (to be defined in Definition 2.2.10 on the following page), we
then turn the term deduction system into a model of the given axioms.

Definition 2.2.8 (Semantics of BPA)
The semantics of BPA are given by the term deduction system T(BPA) induced by the
deduction rules given in Table 2 and Table 3 on the following page.

aly

Table 2: Deduction rule for a.




X=X x5 x5 X
X+y3x x+y2/ X-yAx .y
y2y y= X =/
X+y-=y X+y= X-y=>y

Table 3: Deduction rules for + and -.

Definition 2.2.9 (Symmetric Closure)
For a binary relation R, we denote its symmetric closure by R>:

R =Ru{(y,x)|{x,y} € R}

Definition 2.2.10 (Bisimulation for BPA)
Bisimulation for BPA is defined as follows; a binary relation R on closed BPA terms is a
bisimulation if the following transfer conditions hold for all closed BPA terms p and g:

(i). If RS(p,q) and T(BPA) = p > p’, where a € A, then there exists a closed term q’,
such that T(BPA) = q = g’ and RS(p',q"),

(ii). If R3(p,q) and T(BPA) £ p > ./, where a € A, then T(BPA) =g > /.

Two BPA terms p and g are called bisimilar, notation p ~u, g, if there exists abisimulation
relation R such that R{(p, q).

Definition 2.2.11 (Bisimulation Mode] for BPA)

Using bisimulation, we can now construct a model of the axioms of BPA. In order to do
this, we first need to know that bisimulation is a congruence with respect to all operators.
In [24] it is proven that a sufficient condition for this is that the deduction rules satisty
the so called panth format. It is easy to check that this is indeed the case.

We then construct the bisimulation model for BPA by taking the equivalence classes of
the set of all closed BPA terms with respect to bisimulation equivalence. As bisimulation
is a congruence, the operators can be trivially defined on the equivalence classes. For
example for the + operator:

[X] ~EPA + [Y] ~BPA [X +y] ~BPA

Here [x] ., denotes the equivalence class of x with respect to the equivalence rela-
tion ~g, . The other operators are defined similarly.

Definition 2.2.12 (Basic Terms of BPA)
We define basic terms inductively as follows:

(i). Every a € A is a basic term,
(ii). if @ € A and t is a basic term, then a - t is a basic term,

(iii). if t and s are basic terms, then t + s is a basic term.



Definition 2.2.13 (Number of Symbols of a BPA Term)
We define n(x), the number of symbols of x, inductively as follows:

(i). For a € A, we define n(a) =1,
(ii). for closed BPA terms x and y, we define n{x + y) = n{x - y) = n{x) + n(y) + 1.

Definition 2.2.14 (Closed Terms of BPA)
We denote the set of all closed terms (i.e. terms not containing free variables) of BPA by
C(BPA). This notation extends as expected to other theories.

Remark 2.2.15 (Results from [13])

In [13] several results are given about elimination, soundness, and completeness with
respect to BPA and BPA with some extensions. We will not repeat the proofs given for
those results here, but instead refer to that article.

One might object that the proofs of [13] are often very sketchy (*Easy by induction.”),
and sometimes even incorrect (see for example Remark 2.4.18 on page 22 of our paper).
Nevertheless, we felt that no useful purpose would be served by writing out those sketchy
proofs in full here, as in a sense they are encompassed by the proofs regarding BPA,.-ID
(to be treated in Section 2.5), which we do give in full.

Proposition 2.2.16 (Elimination for BPA)
Let t be a closed BPA term. Then there is a basic term s such that BPA+ t = s.

Proof This is Proposition 2.2.5 of {13]. See the proof given there. ]

Theorem 2.2.17 (Soundness of BPA)
The set of closed BPA terms modulo bisimulation equivalence is a model of BPA.

Proof This is Theorem 2.2.33 of [13]. See the proof given there, ]

Remark 2.2.18 (Proving Completeness using the Direct Method)
All completeness proofs regarding basic process algebras (i.e., all completeness proofs
in Section 2) follow the same scheme, which we will outline in this remark in some detail,
so we do not have to go over these details again and again in the actual proofs.

To prove completeness of process theory P, we first derive an auxiliary lemma “To-
wards Completeness of P” (see for example Lemma 2.2.19 on the following page) that
contains sublemmata of the general form:

T(P)e... = Pr...

Typically, each sublemma relates a certain transition in the term deduction system of P
with a certain equality in P (some sublemmata slightly deviate from this format).
Armed with the implications proven in the “Towards...” lemma, we then set out to
actually prove completeness (see for example Theorem 2.2.22 on page 11). This is done,
using Lemma 2.2.20 on the following page, by proving that for all basic terms x and y of
P we have that:
X+Y~yY = PHX+y=1y.

This part of the proof is done by induction on the number of symbols in x, using case

distinction on the form of (basic term) x. The "Towards...” sublemmata are chosen in

such a way that each case we encounter in completing our proof is now easily handled.
The proof method outlined in this remark is taken from [13].

9



Lemma 2.2.19 (Towards Completeness of BPA)
Let x and y be closed BPA terms. Then we have:

(D).
(ii).
(iii).

T(BPA) x5/ = BPArx=a+x,
T(BPA) x>y = BPArx=a-y+x,
T(BPA) Ex >y = n(x) > n(y).

Proof For part (i) and (ii) we assume, by Proposition 2.2.16 and Theorem 2.2.17, with-
out loss of generality, that x is a basic term, and then apply induction on the structure
of basic terms. For part (iil) this does not work, as bisimulation obviously is not a con-
gruence for n(x). Therefore, in proving (iii) we use induction on the general structure of
terms.

().

(ii).

(iii).

Case 1: x is an atomic action. Because T(BPA) & x = ./, it must then be the case that
x=a.SowehaveBPA - x=a = a+a = a+x. Case 2: xis of the form atomic action
followed by another basic term. This is in contradiction with T(BPA) £ x = ./, so
this case does not occur. Case 3: x is of the form s + t, where s and t are again basic
terms. As T(BPA) & s + t % ./, necessarily T(BPA) = s> ./ or T(BPA) = t & ./.
Therefore, by the induction hypothesis, BPA+s =a+sorBPA+t = a + t. But
then in both casesBPA+-x=5+t=a+s+t=a+x.

Case 1: x is an atomic action. This is in contradiction with T(BPA) = x 4y, so this
case does not occur. Case 2: x is of the form atomic action followed by another
basic term. Then, because T{BPA) =x 2 y, it mustbe thatx =a - y. So, BPA+ x =
a-y=a-y+a-y=a-y+x Case3: xis of the form s + t, where s and ¢t are again
basic terms. As T(BPA) = s+t 2 y, necessarily T(BPA) s > yor T(BPA) =t > y.
Therefore, by the induction hypothesis, BPA-s=a-y+sorBPA+-t=a-y+t.
SoinbothcasesBPArXx=5s+t=qgq-y+s+t=d-y+x

Case 1: x is an atomic action. This is in contradiction with T(BPA) = x 2 y, so
this case does not occur. Case 2: x is of the form s - t, for certain terms s and .
Then, by T(BPA) &= x 2 y, we either have T(BPA) = s 5 ./ and y = t, or we have
T(BPA) £ s % s and y = s -t for some term s'. In the first case, we have n(x) =
n{s-ty = n{s)+n(t)+1 > n(t) = n{y), and in the second we can apply the induction
hypothesis to arrive at n(s} > n(s’),soweget n{x) =n{s-t) =n(s) +n{t) +1 >
n{(s'y+n(t)+1 = n(s'-t) = n(y). Case 3: xis of the form s+t, for certain terms s and
t. As T(BPA) = s+t 2 y, necessarily T(BPA) & s = y or T(BPA) & t > y. Therefore,
by the induction hypothesis, n{s) > n(y) or n(t) > n(y). As n ranges over the
positive naturals only, in both cases n(x) = n{s + t} = n(s) + n(t) + 1 > n(y).

|
Lemma 2.2.20 (Towards Completeness of BPA)
In order to prove for all BPA terms x and y that:
X~y = BPAFXx=1Yy ()
it is sufficient to prove that:
X+Y~pyY = BPAr-x+y=y. (t)

10



Proof Assume ({) and the left-hand side of (x) to hold. Then prove the right-hand
side of (). This is done as follows: by Theorem 2.2.17, the fact that ~g, isa congruence,
and Axiom A3, for all bisimilar BPA terms x and y we have X + ¥ ~p, ¥ + ¥ ~gs ¥ and
Y + X ~pa X + X ~pp, X. Therefore, by (1), also BPA + x + y = yand BPA + y + x = x. But
that givesus: BPA-x=y+x=x+y=y. n

Corollary 2.2.21 (Generalization of Lemma 2.2.20)
Lemma 2.2.20 generalizes from BPA to any equational process theory P with correspond-
ing term deduction system T{P), provided:

(i). P is a sound axiomatization of T(P),
(ii). ~p is a congruence for the function symbols from the signature of P, and,
(iii.. P contains the axioms of BPA.

Proof As the proof of Lemma 2.2.20 only depends on the soundness of BPA with
respect to T(BPA), the fact that ~, is a congruence for P, and the axioms of BPA, the
proof is trivially valid for P too. )

Theorem 2.2.22 (Completeness of BPA)
The axiom system BPA is a complete axiomatization of the set of closed BPA terms modulo
bisimulation equivalence.

Proof Let x and y be bisimilar closed BPA terms. We have to prove that BPA - x = y.
With the aid of Proposition 2.2.16 and Theorem 2.2.17, it is enough to prove this for basic
terms. By Lemma 2.2.20 it is even enough to prove for all basic terms x and y that:

X+Y~p ¥y = BPAFx+y=y».

We will prove this by induction en n(x), using 2.2.19(iii) and case distinction on the form
of basic term x. Case 1: x is of the form a, for a € A. Then T{BPA) £ x > ./, so T(BPA) &
x+y 2 ./, and because X + y ~g, ¥ we have T(BPA) = y £ ./, so with Lemma 2.2.19(i) we
find that BPA + x + y = y. This proves the basis of our induction. Case 2: x is of the form
a - s, where a € A, and s again a basic BPA term. Then T(BPA) £ x % s, and therefore
T(BPA) £ x + y % s, so because x + y ~ms ¥ there is an s” with T(BPA) = y > s" and
S ~ya §'. But then by Theorem 2.2.17 and Axiom A3 also s +8" ~g, s" and 8" + 5 ~, s and
with induction (note that n(s) < n(x))wefind BPA s+ s = s andBPA+~ s’ + 5 = s.
SoBPA s =8. NowBPA+x+y=a-s+y=a-s +y = ywith Lemma 2.2.19(ii).
Case 3: x is of the form s + t, for certain basic BPA terms s and ¢, Since x + ¥ ~g, ¥, we
also have s + y ~y, yand t + y ~p, y. By inductionBPA+-s+y=yand BPA-t +y =y.
SoBPAF-x+y=s+t+y=5+y=y [ |

2.3 Soundness and Completeness of BPA;

Definition 2.3.1 (Signature of BPA ;)
The signature of BPAs consists of the atomic actions {ala € A}, the deadlock constant &,
the alternative composition operator +, and the sequential composition operator -,

11



X+d=x A6
d-x=0 A7

Table 4: Axioms for 4.

Definition 2.3.2 (Axioms of BPAy)
The process algebra BPAs is axiomatized by the axioms of BPA given in Definition 2.2.6
on page 7 and Axioms A6~A7 shown in Table 4: BPAs = A1-A7.

Remark 2.3.3 (Axiom A6 versus Axiom AGA)

Note that in the presence of the other axioms of BPA, Axiom A6 given in Table 4 is equiva-
lent, for closed BPA; terms, with Axiom A6A given in Table 5. Therefore we could replace
A6 in BPA by A6A without affecting the soundness or completeness of the resulting the-
ory.
One such reason to do so, could be the fact that A6A remains valid in all discrete-
time process algebras we will describe, whereas A6 does not. Still, for historical reasons,
we prefer A6 to be used in the definition of BPAs. We will later return to this subject in
Remark 2.5.3 on page 22 and Remark 2.7.3 on page 45.

a+d=a ADA

Table 5: Alternative for Axiom A6.

Definition 2.3.4 (Semantics of BPAs)
The semantics of BPA;s are given by the term deduction system T (BPA;s) induced by the
deduction rules given in Table 2 on page 7 and Table 3 on page 8.

Note that this term deduction system T(BPA;) is practically identical to the term de-
duction system T(BPA) given in Definition 2.2.8 on page 7, as there are no deduction
rules for 6. However, T(BPA;) does differ from T(BPA) in the fact that it contains the
symbol § in its signature.

Definition 2.3.5 (Bisimulation and Bisimulation Model for BPAj;)

Bisimulation for BPAs and the corresponding bisimulation model are defined in the same
way as for BPA. Replace “"BPA” by “BPA;” in Definition 2.2.10 on page 8 and Defini-
tion 2.2.11 on page 8.

Definition 2.3.6 (Basic Terms of BPA;)
We define &-basic terms inductively as follows:

(i). Every a € As is a §-basic term,

12



({ii). if @ € Ag and t is a d-basic term, then a - t is a §-basic term,
(iii). if t and s are &-basic terms, then t + 5 is a §-basic term.
From now on, if we speak of basic terms in the context of BPAs, we mean §-basic terms.

Remark 2.3.7 (Definition of Basic Terms)

Usually the basic terms of BPA; are defined a bit differently with respect to deadlock:
0 - t for some basic term t is usually not considered basic. We chose to deviate from
established practice because it made our proofs quite a bit shorter. The reason is that in
this way we get rid of a nasty case distinction that would otherwise have popped up in
just about every other line of our proofs.

Definition 2.3.8 (Number of Symbols of a BPAs Term)
We define n(x), the number of symbols of x, inductively as follows:

(i). For a € As, we define n{a) =1,
(ii). for closed BPAs terms x and y, we define n{x + y} = n(x- y) = n(x) + n(y) + 1.

Proposition 2.3,9 (Elimination for BPA)
Let t be a closed BPAs term. Then there is a basic term s such that BPAs + t = s.

Proof This is Proposition 2.5.3 of [13], see the proof given there. Note that although
[13] uses a slightly different definition of basic terms, their definition is narrower, so their
elimination result also holds for our definition of basic terms. ]

Theorem 2.3.10 (Soundness of BPA;)
The set of closed BPAs terms modulo bisimulation equivalence is a model of BPAs.

Proof This is Theorem 2.5.4 of [13]. See the proof given there. ]

Theorem 2.3.11 (Completeness of BPAjs)
The axiom system BPA; is a complete axiomatization of the set of closed BPAs terms mod-
ulo bisimulation equivalence.

Proof Since there are no transitions for the new constant &, this is proven in the same
way as Theorem 2.2.22. ]

2.4 Soundness and Completeness of BPAg,,—6

Definition 2.4.1 (Signature of BPA,,~5)

The signature of BPA,~0 consists of the undelayable atomic actions {ala e Al, the alter-
hative composition operator +, the sequential composition operator -, and the time unit
delay operator Oy.

Definition 2.4.2 (Axioms of BPAg,-6)

The process algebra BPA -0 is axiomatized by the axioms of BPA given in Defini-
tion 2.2.6 on page 7 and Axioms DRT1-DRT?2 shown in Table 6 on the next page: BPA 3-8
= Al1-A5 + DRT1-DRT2.

13



Tra (X} + 0_rel()’) = Urel(x"‘)") DRT1
Orel(X) - y = Gra{x-y) DRT2

Table 6: Axioms for oe.

Definition 2.4.3 (Notation Regarding Semantics II)

Next to the deduction rule notations x & x’, x £ ./, and x + , and x + introduced in Defi-
nition 2.2.7 on page 7, we now also use x > x’ to denote that x can do a o-step to X’ (i.e.,
move to the following time-slice and become x'), and x % to denote that x cannot do an
o-step.

Definition 2.4.4 (Semantics of BPAg,,-5)
The semantics of BPAg,-& are given by the term deduction system T (BPAg,-6) induced
by the deduction rules given in Table 3 on page 8 and Table 7.

L
X=X
a o

a—./ Trel(X) = X T
- X'y—’X .y

o o o o o o
X=x,y=y X=X, y+ x+,y=y
X+ysx+y X+y>x x+y3>y

Table 7: Deduction rules for g and el

Definition 2.4.5 (Bisimulation for BPAg-5)

Bisimulation for BPA4,-4 is defined as follows; a binary relation R on closed BPAg,-&
terms is a bisimulation if the following transfer conditions hold for all closed BPA -6
terms p and g:

(). If R3(p,q) and T(BPAg-8) Ep % p’, where a € A, then there exists a closed term
g’, such that T(BPAZ,-8) =g =~ g’ and RS(p',q'),

(ii). If R%(p,q) and T(BPAz,-6) = p > p’, then there exists a closed term g', such that
T{BPA36) Eq = g and RS(p',q’),

(iii). ¥ R3(p,q) and T(BPAZ,~8) = p 2 ./, where a € A, then T(BPAg,-8) = g > /.

Two BPA -6 terms p and g are bisimilar, notation p ~ma;_ 4, if there exists a bisimula-
tion relation R such that R(p,q).

Definition 2.4.6 (Bisimulation Model for BPAy,-6)
The bisimulation model for BPA4,~6 is defined in the same way as for BPA. Replace “BPA”
by “BPA4,-8" in Definition 2.2.11 on page 8.

14



Definition 2.4.7 (Basic Terms of BPA 4,-9)
We define o-basic terms inductively as follows:

(i). For every a € A, the atomic action a is a o-basic term,

(ii). if @ € A and t is a ¢-basic term, then a - tis a o-basic term,
(iii). if t and s are o-basic terms, then t + s is a o-basic term,
(iv). if t is a basic term, then o {t) is a o-basic term.

From now on, if we speak of basic terms in the context of BPAz,-6, we mean o-basic
terms.

Definition 2.4.8 (Number of Symbols of a BPA5,,—d Term)
We define n(x), the number of symbols of x, inductively as follows:

(i). For a € A, we define n{g) =1,
(ii). for closed BPA4,—9 terms x and y, we define n{x+y) = n(x-y) = n(x} + n(y} +1,
(iii). for a closed BPAg~6 term x, we define n{ora(x)) = n{x} + 1.

Definition 2.4.9 0gSymbol for a Chain of ¢’s)
We will wrige x=y to indicate that x can reach y by doing zero or more o-transitions.
Formally: = denotes the transitive, reflexive closure of 2.

Remark 2.4.10 (Proving Elimination using Term Rewriting Analysis)

To prove elimination we will use, where possible, a method that is based on term rewrit-
ing analysis. This method works by associating a term rewriting system to an equational
specification, and then proving that this term rewriting system is strongly normalizing
and its normal forms are basic terms. See Theorem 2.4.11 for an example of this method.

Theorem 2.4.11 (Elimination for BPA,,-6)
Let t be a closed BPA,,—0 term. Then there is a basic term s such that BPAg,,-d s = 1.

Proof This theorem is proven as follows. First a number of axioms of BPAg,-& are
selected, and subsequently oriented as rewriting rules. This gives us a term rewriting
system. Then it is proven that this term rewriting system is strongly normalizing and
that every normal form of a closed BPA4,-6 term is a basic term. In this way a recipe is
obtained for transforming a closed BPAy, -4 term into a basic term.

The rewriting rules of the term rewriting system for BPA4,,-d are given in Table 8 on
the next page. The proof that this term rewriting system is strongly normalizing uses
the method of the lexicographical path ordering.

The well-founded ordering > on constants and function symbols is the following:

>+ >0 >da

To - we assign the lexicographical status for the first argument. Now we show that the
left-hand side of every rewriting rule is bigger than the right-hand side with respect to
the ordering >, . This is done by the following reductions (taken from [13]):

(X+Y) - zrp (X+Y) 20, (X+Y) T2+ (X+Y) T z2rp X+ YY) - z+ (x+7y) - 2
>-1PDX-Z+y-Z
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(x+y) Z—x-Z+y-2 RA4
(x-¥)-z—=x-(y-2) RAS
Trel(x) - ¥ = Grel (X - ¥) RDRT?2

Table 8: Term Rewriting System for BPAg,-9.

*

(X ¥)  Zrp(x-Y) - FZop (x-*y) - (X ¥) 7 Z) »pXx- (X" y) - 2)
p X (¥ 2)
Orel (X} = ¥ >0 Orel (X) +* Y >0 Ored (Oret (X) +* ¥) >0 Oret (0 (%) - ¥)

>1po Trel (X - ¥)

Next, we will prove that the normal forms of the closed BPA, -6 terms are basic terms.
Thereto, suppose that s is a normal form of some closed BPA,,~4 term. Furthermore,
suppose that s is not a basic term. Let s” denote the smallest subterm of s which is not a
basic term. Note that, consequently, all proper subterms of s’ are basic terms. Then we
can prove that s’ is not a normal form by case analysis. We distinguish all possible cases:

(i). s’ is an atomic action. But then s’ is a basic term. This is in contradiction with the
assumption that s’ is not a basic term, so this case does not occur.

(ll) s is of the form s; - 55 for basic terms s; and s5. With case analy sis on the structure
1792 1 2
of basic term Sa:

(a) If 57 is an atomic action g then s; - 5; is a basic term, and so s is a basic term
which again contradicts the assumption that s* is not a basic term. This case
can therefore not occur.

(b) If s} is of the form a -t for some atomic action g and basic term ¢, then rewriting
rule RA5 can be applied. So, s is not a normal form.

(c) If 57 is of the form t; + t; for ¢, and t; basic terms. Then rewriting rule RA4 is
applicable. Therefore, s’ is not a normal form.

(d) If 57 is of the form oy (t) for some basic term t. Then rewriting rule RDRT?2 is
applicable, So, 5" is not a normal form.

(iii). 8" is of the form s] + s; for basic terms s7 and s. In this case s” would be a basic
term, which contradicts the assumption that s’ is not a basic term. Therefore, this
case cannot occur.

(iv). s’ is of the form o (s”) for some basic term s”. But then s’ is basic term too, so
the case does not occur.

In any case that can occur it follows that s’ is not a normal form. Since s’ is a subterm of
s, we conclude that s is not a normal form. This contradicts the assumption that s is a
normal form. From this contradiction we conclude that s is a basic term, which completes
the proof. [ |
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Remark 2.4.12 (Elimination for BPA},~9)
Elimination for BPA4,-9 is also claimed {without proof) in Theorem 2.12.3 of [13] (where
BPA -6 is called BPAg).

Remark 2.4.13 (Proving Soundness using the Direct Method)
Most of the soundness proofs given in this paper follow the same scheme, which we will
outline in this remark in some detail, so we do not have to go over these details again
and again in the actual proofs.

To prove the soundness of a certain axiom of the general form

tl(xla---vxn) = tr(xls---axn)

where t; and t, are process expressions in the free variables x;,..., x, for some n > 0,
with respect to some bisimulation model, we proceed as follows. First, we give a rela-
tion R, which will be a binary relation on closed terms. Then, we show that this R is a
bisimutation relation that for all closed instantiations of x;,..., x, relates the left-hand
and right-hand side of the axiom. This involves two steps:

(). R should relate both sides of the axiom for all closed terms, i.e., for all closed in-
stantiations of x1, ..., X» we should have that

(n(xls ---;xn)rtr(xls---sxn)) € R
This is mostly so trivial that we do not mention it at all.

(ii). R should be a bisimulation. In order to prove that, we show that for all closed terms
s, t in the relation the transfer conditions from the definition of bisimulation are
satisfied.

For example, in proving soundness of an axiom of BPA,-&, we have to show that
for all closed term s, t such that (s,t) € R, we have that for any transition s = s
(where u € A,), there is a corresponding transition t Z t' such that (s',t') € R, and
vice versa, for any transition t & t’, there is a corresponding transition s > s’ such
that again (s, t’) € R. This part of the proof is done using case distinction on the
different kinds of steps that are possible (an action, a time step, termination).

Note that the “vice versa” part of proof obligation (ii) results from the fact that the trans-
fer conditions for bisimulation (see for example Definition 2.4.5 on page 14) are defined
with respect to the symmetric closure of R.

This completes the general outline of our soundness proofs. In the actual proofs we
will sometimes slightly deviate from it, for example because we re-use an earlier proof,
or because we do not faithfully list the too trivial proof obligations. The above described
general outline will however remain visible in the background. Finally, note that in sound-
ness proofs we do not explicitly indicate the term reduction system in which a transition
occurs; so instead of T(BPAg,-9) E x % y, we simply write x = y. This is no problem, as
the theory in which we are working is always clear.

The proof method outlined in this remark is taken from [13].

Theorem 2.4.14 (Soundness of BPAg,-5)
The set of closed BPA,,-8 terms modulo bisimulation equivalence is a model of BPAZ,,-8.

17



Proof Since bisimulation equivalence is a congruence {see for example Theorem
2.2.32 of [13]), also for the new operators, we only need to verify the soundness of every
closed instantiation of the axioms. We do this by giving a relation R for every axiom and
we prove that this relation is a bisimulation relation for every closed instantiation of the
left-hand and right-hand sides of the axiom.

In the setting of BPA soundness of Axioms A1-A5 has already been proven (see for
example Theorem 2.2.33 of [13]).

The theory BPA,.-d adds to this the possibility to perform o-transitions. However,
any term headed by the operator added to BPA is not capable of performing a transition
labeled by an atomic action. So, we argue that the left-hand side and the right-hand side
of Axioms Al1-AS can perform exactly the same transitions labeled by an atomic action
in the theory BPA4,-4 as in the theory BPA. Therefore, we only consider the transitions
labeled by o for Axioms A1-A5. For Axioms DRT1-DRT2 we, of course, have to consider
both the transitions labeled by an atomic action and the transitions labeled by a «.

Finally, note that BPA;,~§ contains atomic actions of the form g whereas BPA had
actions of the form a. This is however not relevant for the purpose of extending the
soundness proofs of Axioms A1-A5 from BPA to BPAg,-4, as neither a nor 4 appears in
Axioms Al-A5, and both have exactly the same deduction rules {see Table 2 on page 7
and Table 7 on page 14).

Axiom Al Take the relation:
R={(55),(s+t,t+5)]|s,te C(BPAz,~95)}

First we look at the transitions of the left-hand side. Suppose s + t & p. Then one
of the following situations occurs:

(i). sSpandt+: thenalso t + s 2 p, and note that {(p,p) € R.
(ii). s » and t 2 p: then also t + s > p, and note that (p,p) € R.
(iii). s < pyand t = p; and p = py + pz: then t + 5> p, + py, and note that (p; +
p2, b2 + 1) € R.

The proof for the right-hand side is analogous.

Axiom A2 Take the relation:
R=1{(s,8),{s+t) +u,s+ (t+u))|s,t,u e C(BPAZ,-8)}

First we look at the transitions of the left-hand side. Suppose (s +t) + u = p. Then
one of the following situations occurs:

(). s+t 2 pand u+: then the transition s + t > p must be due to one of the
following;
o g .. o o o
(@) s—pandt+:inthatcases—~pandt+u+. So, s+ (t+u) — p, and note
that {p,p) € R.
(b) s % and t Z p: in that case s + and t + u > p. Therefore, s + (t + u) < p.
(c) s> prandtZ p,and p = p1+p,: inthat case s > py and t+u > p,. There-
fore, s+ (t+u) Z p; + p2, and note that (p,p) € R.
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(ii). s+t % andu > p: thens ~,t+,andu > p. So,s » and t + u < p. Therefore,
s+ (t+u) Z p, and note that (p,p) € R.

(ii). s+t % pyand u 2 p, and p = p1 + p»: then the transition s + t & p; must be
due to one of the following:

@ s 2 p andti:mthatcasesgpl andt+uf-p2. So, s+ {(t+u) > p1+pa,
and note that (p, p) € R.

(b) s % and t % py: inthat case s % and t + u % p; + p,. Therefore, s + (t +
u) % p1 + p2, and note that (p,p) € R.

(c) s2giandtZ g, and p1 = g1 +g,: inthatcases > g, and t +u > g, + ps.
Therefore, s + (t + u) = g1 + (g2 + p2), and note that ({g; + g2) + p2,g1 +
(g2 + p2)) €R.

The proof for the right-hand side is analogous.
Axiom A3 Take the relation:
R = {(s,5),(s+5,5) |s € C(BPA;,-9)}
First we look at the transitions of the left-hand side. Suppose s+ s = p. Thens = p’

andp =p’ +p’. Then s > p’, and note that (p’ + p’,p’) € R.
The proof for the right-hand side is analogous.

Axiom A4 Take the relation:
R={(58),((s+t)-u,s-u+t-u)|s,t,ue C(BPAy,-6)}

First we look at the transitions of the left-hand side. Suppose (s + t) - u > p. Then
s+t % p’and p = p’-u. The transition s+t > p’ must be due to one of the following:
(). sgp’ and t - : then s - u+t-uZp .u, and note that (p,p) € R.
(ii). s+ andt > p’: analogous to the previous case.
(iii). s % prandt S p,andp’ =py+pyithens-u+t-u>py;-u+p,-u,and note
that ((p1 +p2) -U,p1-u+p-u) € R,

Secondly, we look at the transitions of the right-hand side. Supposes-u+t-u < p.
This must be due to one of the following:

(). scuZpandt-u:thens>p andp = p’-u. Alsot . Therefore, (s+t) < p’
and (s +t) -u 2 p’ - u, and note that (p,p) € R.
(i) s-u% andt-u2p: analogous to the previous case.

(ii). s-uZpyandt-uZp,andp=p;+p;: thens>grandp; =q;,-uandt g,
and p; = g, - u. Therefore, (s+ t) 36]1 +qgpand (s+1t) uZ (g1 +42) - u,and
note that ((g1 + g2) - u,g, -u+gz - u) € R.

Axiom A5 Take the relation:

R={(s,8),((s-t) -u,s-(t-u))|s,t,u € C(BPA;,~5}}
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First we look at the transitions of the left-hand side. Suppose (s - t) - u > p. Then
this mustbeduetos 2> p andp=(p'-t) - u. So,s- (t-u) > p' - (t - u), and note
that ({p’ - t) -u,p’ - (t-u)) € R.

The proof for the right-hand side is analogous.

Axiom DRT1 Take the relation:
R = {(5,5),(0re1(8) + O (1), 0vel (5 + 1)} | 5,1 € C(BPAG-6}}

We look at the transitions of both sides at the same time. First, note that oq(s) +
Ora (1) 4 and ore(s + t) . Secondly, ore{s) + cra(t) Lpiff p=s+tiff oral(s+
t) 2 p, and note that (p,p) € R.

Axiom DRT2Z2 Take the relation:
R = {(Srs)r (Urel(s) - T, Urel(s . t)) |S, te C(BPAart-é)}

We look at the transitions of both sides at the same time. First, note that g (s) -t +
and o (s - 1) 2. Secondly, gye(s) - t S piff p = s tiff oya(s - 1) 2 p, and note
that {p,p) € R.

Remark 2.4.15 (Soundness of BPA;,-3)
Soundness of BPA;,-d is also claimed (without proof) in Theorem 2.12.4 of [13] (where
BPA4, -9 is called BPAy).

Lemma 2.4.16 (Towards Completeness of BPA;,~6)
Let x and y be closed BPA,-6 terms. Then we have:

(). T(BPAZ,-6) Ex> / = BPAj -6 +x=a+X,

(ii). T(BPAgn-6) Ex2y = BPAg -6 x=4a-y+X,
(iii). T(BPAZ,-6) E X2y = BPAG,-0 X = Graly) +X,
(iv). T(BPAZ,-8) Ex 2y = n(x) > n(y),

). T(BPA7,-0) Ex >y = n(x) > n(y).

Proof For part (i), (i), and (iii) we assume, by Theorem 2.4.11 and Theorem 2.4.14,
without loss of generality, that x is a basic term, and apply induction on the structure of
basic terms. For part (iv) and (v} we again have to use induction on the general structure
of terms.

(i). Case 1: x is an atomic action. Because T(BPA3,-6) = x = /, it must then be the
case that x = a. Sowe have BPA; -6 - x = a = a+a = a+ x. Case 2: xis
of the form atomic action followed by another basic term. This is in contradiction
with T(BPAg,-3) E x £ ./, so this case does not occur. Case 3: x is of the form
s + t, where s and t are again basic terms. As T(BPAz,-8) = s + t = ./, necessar-
ily T(BPAg,-6) £ s> ./ or T(BPAZ-8) = t > /. Therefore, by the induction hy-
pothesis, BPA3-§ + s = a + 5 or BPA3,-0 + t = a + t. But then in both cases
BPAj -0 FXx=s+t=a+s+1t=a+x Case4: xis of the form gy (s) for some
basic term s. As we know that T(BPA;,-8) E x = ./, this case cannot occur.
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(ii). Case 1: x is an atomic action. This is in contradiction with T(BPAZ,-8) = x = y,
so this case does not occur. Case 2: x is of the form atomic action followed by
another basic term. Then, because T(BPAZ,,-5) = x = y, itmustbe thatx = a-y. So,
BPA .0 -x=a-y=a-y+a-y=a-y+x. Case 3: xis of the form s+t, where s and t
are again basic terms. As T(BPAj,-8) = s+ t =y, necessarily T(BPAZ,-8) =s % y
or T(BPA~8) &= t = y. Therefore, by the induction hypothesis, BPA7-8 + s =
a-y+sorBPAj,~d mt =a-y+t Soinbothcases BPA} - - x = s+t =
a-y+s+t=a-y+x Cased: xis of the form 0y.(s) for some basic term s. As
we know that T(BPAg.-8) £ x > y, this case cannot occur.

(iii). Case 1: x is an atomic action. This is in contradiction with T(BPAZ,-8) £ x 2y, s0
this case does not occur. Case 2: x is of the form atomic action followed by another
basic term. For the same reason, this case cannot occur either. Case 3: x is of the
form s+t where s and t are again basic terms. As T(BPAg-3) = x 2 y, we know that
cither T(BPAZ,-8) = s >y, or T(BPA3,~6) & t =y, or both. So, by the induction
hypothesis, either BPAg,-0 - t = gra(y) + t, or BPAg -8 F s = 0ra{y) + 5, or both.
Soin all cases BPAj-6 H x = s+t = Op{y) + s+ t = 0 (¥) + x. Case 4: x is of
the form o (s) for some basic term s. Then necessarily s = y. So, BPA -6 + x =
X+ X =0(y) +x=0r(s) +x

(iv). Case 1: x is an atomic action. This is in contradiction with T(BPAZ,-6) = x Lt v,
so this case does not occur. Case 2: x is of the form s - t, for certain terms s and
t. Then, by T(BPAg,~6) = x = y, we either have T(BPAZ,-6) £s = /and y = t, or
we have T(BPAg-8) =5 = s and y = s’ - t for some term s'. In the first case, we
have n(x) = n(s-t) = n(s) + n(t) +1 > n{t) = n(y), and in the second we can
apply the induction hypothesis to arrive at n(s) > n(s’), sowe get n{x} = n(s-t) =
n(s) +n(t) +1>n(s'y+n(t)+1 = n(s"-t) = n(y). Case 3: xis of the form s+ ¢t, for
certain terms s and t. As T(BPAy,~8) & 5 + t 2 y, necessarily T(BPAZ,-8) s > y
or T(BPA;,-38) = t 2 y. Therefore, by the induction hypothesis, n(s) > n(y) or
n{t) > n(y). As n ranges over the positive naturals only, in both cases n(x) =
nis+t) = n(s) +n(t) +1 > n(y). Case 4: x = o () for a certain term s, does not
occur, as T(BPA4.«-0) F Ore(S) >,

{v). Case 1: x is an atomic action. This is in contradiction with T(BPAZ,-8) = x = y,
so this case does not occur. Case 2: x is of the form s - t, for certain terms s and
t. Then, necessarily, T(BPAg-0) E s Z s and y = 5 - t for some term §'. We now
can apply the induction hypothesis to arrive at n(s) > n(s’), so we get n(x) =
nis-t)y =n(s) +n(t) +1>n(s’) + n(t) +1 = n(s’ - t) = n(y). Case 3: xis of the
form s + t, for certain terms s and t. Now, by T(BPAg,~8) F x = y we know that
either T(BPAg,-8) = s 2y, or T(BPA,-8) = t 2 y, or both. So, by the induction
hypothesis, either n(s} > n(y}, or n{t) > n{y), orboth. Soin all cases n(x) = n(s+
t) = n(s) +n(t) +1 > n(y). Case4: if x is of the form o, (s), for a certain term s, it
must be the case that s = y. So, n{(x} = n(oya(s)) = n(ora(y)) = n(y) +1 > n(y).

Theorem 2.4.17 (Completeness of BPA,,-4)
The axiom system BPA;,,-8 is a complete axiomatization of the set of closed BPA,,-6 terms
modulo bisimulation equivalence.
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Proof This proof is almost identical to the one of Theorem 2.2.22, with the exception
of the fourth case. Let x and y be bisimilar closed BPAg,~§ terms. We have to prove that
BPA;-6 + x = y. With the aid of Theorem 2.2.16 and Theorem 2.4.14, it is enough to
prove this for basic terms. By Corollary 2.2.21 it is even enough to prove for all basic
terms x and y that:
X+ Y ~mgs Y = BPA -0 Fx+y=y

We will prove this by induction on n(x), using Lemma 2.4.16(iv)-(v} and case distinction
on the form of basic term x. Case 1: x is of the form g, for a € A. Then T(BPAy,-4)
x2 \/, so T(BPAz~0) E x + y > ./, and because x + y ~upaz, -5 ¥ We have T{BPAg,-9) I

2 /, so with Lemma 2.4.16(i) we find that BPAZ,,~6 - x+y = y. This proves the basis of
our induction. Case 2: x is of the form g - s, when s is agam a basic BPA;,-0 term. Then
T(BPAZ-8) = x = 5, and therefore T(BPAdrt—ﬁ) E X+ y2s, s0 because x + y ~ wag,s Y
there is an s’ with T(BPAdn—é) EySs ands ~ - s §'. But then by Theorem 2.4.14 and
Axiom A3 also s + 5" ~pu; 58" AN S" + 8 ~ppug 5 S ancl with induction we find BPAZ,-6 -
5+5 =5 and BPAG,~6 - s'+5 = 5. SOBPAG -0 5 =5". NowBPAj (-6 Xty =a-s+y =
a-s’'+y = ywithLemma 2.4.16(ii). Case 3: x is of the form s +t, for certain basic BPA;~&
terms s and t. Since X + ¥ ~gp,- 5 ¥, We also have s + y ~waz, -5 Y and t + y ~gpag -5 V- Then
by the induction hypothesis BPAg,-8 + s+y = yand BPA -8 + t+y = y. S0 BPAL,-6 +
X+ty=s+t+y=5s+y=y. Case 4: x is of the form o (x'), for a certain basic BPA3,-6
term x’. Now T(BPAL,-8) £ x = X', and since x + y ~ g y, we also have T(BPAy,-9) =
yZy and T(BPAg—9) = x + y =X +y for some y such that x’ + )y ~ BAg -5 y'. By
Lemma 2.4.16(iii) we have BPA;,,-& + v = g ()’) + ¥. By the induction hypothe51s we
have BPAg -6 - X' +y =). S0,BPAg-d + x+y = O (X'} + ¥ = Ova(X') + Gra (') +y =
O (X +Y') + ¥ =0ra(¥) +y =y .

Remark 2.4.18 (Completeness of BPA,-9)

Completeness of BPA7,-4d is also claimed in Theorem 2.12.5 of [13] (where BPA;,,-3 is
called BPAq4:). The proof given there, however, is incorrect: the (supposedly) bijective
mapping @ is not bijective, as @~1(o) is undefined.

2.5 Soundness and Completeness of BPA,-ID

Definition 2.,5.1 (Sighature of BPA,.-ID)

The signature of BPA,-ID consists of the undelayable atomic actions {ala € A}, the un-
delayable deadlock constant §, the alternative composition operator +, the sequential
composition operator -, the time unit delay operator o, and the “now” operator vie.

Definition 2.5.2 (Axioms of BPA4 ~ID)

The process algebra BPA,,-ID is axiomatized by the axioms of BPAg,~6 given in Defini-
tion 2.4.2 on page 13, Axioms DRT3-DRTS5 shown in Table 9 on the following page, and
Axioms DCS1-DCS4 shown in Table 11 on the next page: BPAy,-ID = A1-A5 + DRT1-
DRTS5 + DCS1-DCS4.

Remark 2.5.3 (DRT4 and DRT5 versus DRT4A)

Note that for closed BPA -ID terms Axioms DRT4-DRT5 given in Table 9 on the follow-
ing page are equivalent with Axiom DRT4A given in Table 10 on the next page. There-
fore we could replace Axioms DRT4~DRT5 in BPAy,-ID by DRT4A without affecting the
soundness or completeness of the resulting theory. This is for example done in [16].
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é_ X = é DRT3
a +_é_ =4 DRT4
Orel{X) + é = Tra(x) DRTS

Table 9: Axioms for S,

One such reason to do so, could be the fact that DRT4A is a straightforward reformu-
lation of Axiom A6 from BPAg, in a setting with undelayable actions. However, we prefer
Axioms DRT4-DRT5 over DRT4A because the latter does not extend to the discrete-time
theories with immediate deadlock we will describe in the sections to follow. If we need
the equality of DRT4A, we can derive it as a lemma (which we do in Lemma 2.5.16(iv)).
We will return to this subject in Remark 2.7.3 on page 45.

x+g-—-x DRT4A

Table 10: Alternative for Axioms DRT4-DRTS5.

via(d) =4 DC51
Vel (X +¥) = Vel (X} + Via(y) DCS2
Vra(x - ) = vra(X) - ¥ DCS3
Vret{Tra (X)) = g DCS54

Table 11: Axioms for v .

Definition 2.5.4 (Semantics of BPAg-ID)

The semantics of BPAZ,-ID are given by the term deduction system T(BPAg,-ID), in-
duced by the deduction rules for BPA3,~6é given in Definition 2.4.4 on page 14, and the
deduction rules for v shown in Table 12 on the following page.

Definition 2.5.5 (Bisimulation and Risimulation Model for BPA,~ID)

Bisimulation for BPA,-ID and the corresponding bisimulation model are defined in the
same way as for BPAg,,~d and BPA respectively. Replace "BPA3,-6" by “BPA,,-ID” in Det-
inition 2.4.5 on page 14 and “BPA” by “BPA4~ID” in Definition 2.2.11 on page 8.

Definition 2.5.6 (Basic Terms of BPA;,~ID)
We define (o, §) -basic terms inductively as follows:
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x5 x5

Vrel (X) X Vreel (X) 2 Vv

Table 12: Deduction rules for vy.

(). For every a € As, a is a (o, §)-basic term,

(ii). if @ € As and t is a (o, d)-basic term, then g - t is a (o, §)-basic term,
(iii). if f and s are (o',_é_) -basic terms, then t + s is a (o, 8)-basic term,
(iv). if tis a (g, ) -basic term, then oq(t) is a (o, §)-basic term.

From now on, if we speak of basic terms in the context of BPAG,,-ID, we mean (o, §)-basic
terms.

Definition 2.5.7 (Number of Symbols of a BPA;,,-ID Term)
We define n(x), the number of symbols of x, inductively as follows:

(). For a € As, we define n(g) =1,
(ii). for closed BPA,-ID terms x and y, we define n{x+y) = n(x-y) = n{x) +n(y) +1,
(iif). for a closed BPA3,-ID term x, we define n( o (x)) = n(vy(x)) = n(x) + L.

Definition 2.5.8 (Summation Convention)
We will use the convention that a summation over the empty set yields the undelayable
deadlock:

2 t=8

[ 147

Theorem 2.5.9 (General Form of Basic Terms of BPAg,~-ID)
Modulo the commutativity and associativity of the +, all basic terms t of BPAg,,~1I} are of

the form:
f<m™ jen™  k<p
form,n,p € N, a;,b; € As, and basic terms s; and uy.
Proof Trivial, by inspection of the definition of basic terms, Definition 2.5.6. Observe

that the general form of basic terms is closed under the formation rules gives in Defini-
tion 2.5.6. See also [10]. [

Lemma 2.5.10 {Representation of BPA . -ID Terms)
Let t be a basic term. Then either BPAg,~ID + t = v, (1), or there exists a basic term s
such that BPA7-ID +— t = vyo(t) + 0(s) and n(s) < n(t).

Proof Let t be a basic term. By Theorem 2.5.9, we may now proceed by case analysis
on the general form of basic terms:
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(i). Either we have no oy-summands (p = 0 in Definition 2.5.9):

t=> a;-si+ ) by
icm J<n—
form,n € N, a;,b; € As, and basic terms s;. Then we have the following computa-
tion:

BPAz-ID -t = > ai-si+ ) by

i<m J<n
= Z Vrd(ﬁ) -8t Z Vre](ﬁ)
i<m J<n T
= Z Vrel(g=i' sp) + Z Vrel(ﬁ)
i<m J<n -
=vre1(2g-8i+ Zb)
i<m Jen™
= Vrel(t)

(ii). Or we have at least one o,q-summand {(p = 1 in Definition 2.5.9) :

t= D diSi+ 2 b+ Y oraluy)

i<m J<nT k<p

for m,n,p € N, a;,b; € As, and basic terms s; and ux. Then we have the following

computation:
BPA~ID -t = Z dai- S+ Z b+ Z Tre {UL)
i<m knT k<p
= Z Ve (ag) - Si+ Z Vrel(_’ﬁ) + Z Orel{ Uk)
i<m - j<n = k<p
= > veald: - $0) + D Vealby) + D Tra(uig)
i<m - J<n - k<p
=Vrel(zg_i'si+ Zﬁ) +0'rel(z uk)
icm Jj<n— k<p
= Vrel (Zg_: S+ ZE_J_‘J" Z Urel(uk)) t Orel (Z uk)
fem Jen—  k<p k<p
= Vyel(t) + Orel(8)
Where we define:

$= > Uy

k<p

Note that n(s) < n{t) is now trivially satisfied, as for every summand uy of s, there

is a corresponding summand o {Ux) of t, and at least one such summand exists
as p = 1.
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Remark 2.5.11 (Representation of BPA;,-ID Terms)
The main use of Lemma 2.5.10 will be in induction proofs regarding the (not yet treated)
theories PAg.-ID and ACP4,~ID (see Sections 3.2 to 3.5).

Theorem 2.5.12 (Elimination for BPA,-ID)
Let t be a closed BPA,,,~ID term. Then there is a basic tevm s such that BPA,,—ID+ s = t.

Proof This theorem is proven as follows. First a number of axioms of BPA3,~ID are
selected, and subsequently oriented as rewriting rules. This gives us a term rewriting
system. Then it is proven that this term rewriting system is strongly normalizing and
that every normal form of a closed BPA;,-ID term is a basic term. In this way a recipe is
obtained for transforming a closed BPA.-ID term into a basic term.
The rewriting rules of the term rewriting system for BPAg,,-ID are given in Table 13.
The proof that this term rewriting system is strongly normalizing uses the method of

(x+y) z—=x-z2+y-Zz RA4

(x-y)-z-x-(y-2) RAS
Orel (X) - Y = Opet (X - ) RDRT2
Vial(d) ~ g RDCS1
Veel(X + ¥} = vie{X} + via(¥}  RDCS2
Ve {X - ¥) = Ve (X) -y RDCS3
Veel(Orar{x}) — _é_ RDCS4

Table 13: Term Rewriting System for BPAy,-ID.

the lexicographical path ordering.
The well-founded ordering > on constants and function symbols is the following:

Vre1>'>+>o—rel>g

Moreover, - has the lexicographical status of the first argument. Now we show that the
left-hand side of every rewriting rule is bigger than the right-hand side with respect to
the ordering >, . This is done by the following reductions:

Vrel(g) > Ipe Veet™ (g)

> A

Vrel{X + ¥} >0 Vel " (X + ¥) >0 Ve ¥ (X +¥) + Vi " (X + )
>po Vrel (X +% ¥) + Vi {X +* ¥) > Ipa Vreel(X) + Vi ()

Ve (X + ¥) o Vee ™ (X = ¥) 2o Ve (X = ¥} - Vet * (X - ¥) o Vel (X ="y} - (X - ¥)
>1po Vrel(X) - (X - y) >1po Vrel{X) (X * ¥) >ipo Vel (X) - (X - y) Ipo Ve (X) - ¥

Veel(Orel (X)) >0 Vyel™ (el (X))

1o O
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Note that we do not give reductions for RA4, RA5, and RDRT?2 as these already have been
given in the proof of Theorem 2.4.11, and since the new ordering is a proper extension
of the old one, these proofs remain valid.

Next, we will prove that the normal forms of the closed BPA-ID terms are basic
terms. Thereto, suppose that s is a normal form of some closed BPAg,,-ID term. Further-
more, suppose that s is not a basic term. Let s’ denote the smallest subterm of s which
is not a basic term. Then we can prove that s’ is not a normal form by case analysis. We
distinguish all possible cases:

{i). s’ is an atomic action or g But then s” is a basic term. This is in contradiction with
the assumption that 8’ is not a basic term, so this case does not occur.

(ii). 5" is of the form s - s, for basic terms s; and s}. With case analysis on the structure
of basic term s7:

a) If 87 is an atomic action or §, then s; - s, is a basic term, and so s’ is a basic
1 = 1 2 ’
term which again contradicts the assumption that s’ is not a basic term. This
case can therefore not occur.

{b) If 57 is of the form g - t for some a € As and basic term ¢, then rewriting rule
RAS can be applied. So, s’ is not a normal form.

(c) If 57 is of the form &; + ¢, for ¢; and t; basic term s. Then rewriting rule RA4
is applicable. Therefore, s’ is not a normal form.

(d) If 5] is of the form oy (t) for some basic term t. Then rewriting rule RDRT?2 is
applicable. So, s’ is not a normal form.

(iii). s” is of the form s} + s, for basic terms s} and 5. In this case ' would be a basic
term, which contradicts the assumption that s’ is not a basic term. Therefore, this
case cannot occur.

(iv). s’ is of the form o (t) for some basic term t. But then s’ is basic term too, so the
case does not occur.

(v). s’ is of the form v, (t) for some basic term t. But then one of RDCS1-RDCS4 is
applicable, so s’ is not a normal form.

In any case that can occur it follows that s’ is not a normal form. Since s is a subterm of
s, we conclude that s is not a normal form. This contradicts the assumption that s is a

normal form. From this contradiction we conclude that s is a basic term, which completes
the proof. [

Remark 2.5.13 (Elimination for BPA4,-ID)
Elimination for BPA,-ID is also claimed (without proof) in Theorem 2.1 of [11].

Theorem 2.5.14 (Soundness of BPA3,~ID)
The set of closed BPA 4,.~1D terms modulo bisimulation equivalence is a model of BPAZ,—ID.

Proof In Theorem 2.4.14 we already proved the soundness of Axioms A1-A5 and
DRT1-DRT2 with respect to the term deduction system T (BPAj,-d). Since the term de-
duction system T(BPAg,-ID) uses the same underlying model as the term deduction sys-
tem T(BPAg,-9), these proofs remain valid in the setting of BPA4,,-ID. Therefore, we
only have to prove soundness of the additional Axioms DRT3-DRT5 and DCS1-DCS4.
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Axiom DRT3 Take the relation:
R = {(s,5),(s + §,5) |s € C(BPAg~ID)}

We look at the transitions of both sides at the same time. First, s + § Spiffs2p,
and note that (p, p) € R. Secondly, s + § = /iff s > /. Thirdly, s + § > p iff s > p,
and note that (p,p) € R.

Axiom DRT4 Take the relation:
R={(8-58) |s€ C(BPAG-ID)}

We look at the transitions of both sides at the same time. Observe that neither the
lei;t-hand :":Tide nor tge rigglt-hand side of the axiom can perform any transition: g -
s+, 8-5» andg+»,g+.

Axiom DRT5 Take the relation:
R = {(5,5),(0rel(8) + 3,0r1(5)) | s € C(BPAG,-ID)}

We look at the transitions of both sides at the same time. Observe that neither the
left-hand side nor the right-hand side of the axiom can perform an a-transition:
Orer(8) +8 4 and Orel(8) -, Furthermore, the only o-transitions are ora(s) + 8 Zs
and oy (s) = s, and note that (s,s) € R.

Axiom DCS1 Take the relation:
R = {(vralg), a))}

We look at the transitions of both sides at the same time. Observe that either side
of the axiom can only do an a-transition to +/: Vra(a) =/ and g = ./. No other
transitions are possible.

Axiom DCS2 Take the relation:
R = {(S-S)- (VrE](S + t)s Vrel(s) + Vrel(t)) 1S:t € C(BPAErt'ID)}

We look at the transitions of both sides at the same time. Observe that neither side
of the axiom can do a o-transition: vra(s + t) + and Ve (s) + vea(t) % . Further-
more, via(s+ 1) Spiff s+t S piff s> por t 3 piff via(s) = p or vea(t) S p iff
Vit (8) + vra(t) = p, and note that (p,p) € R. Finally, via(s + t) = /iff s + t = /
iffs 2 ./ort= /iff via(s) = / or Ve (£) 2/ iff Vier(8) + Ve (£) = /.

Axiom DCS3 Take the relation:
R = {(S- 8), (Vial(s - 1), Vra(s) - t) lss te C(BPAEI[‘[D)}

We look at the transitions of both sides at the same time. Observe that neither side
of the axiom can do a o-transition: viq(s - t) 2 and via(s) - t 2. Furthermore,
Veel(s-8) S piffs- t S piffs 2 Jandp=torsSs andp =5 -t iff via(s) &
and p = tor vig(s) 25 and p = s’ - tiff v,q{s) - t > p, and note that {p,p) € R.
Finally, via (s - t) ~ ./ and via(s) - t + /.
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Axiom DCS4 Take the relation:
R = {(viat(Tre1(5)),8) | s € C(BPAz-ID)}

We look at the transitions of both sides at the same time. Observe that neither the
left-hand side nor the rlght hand side of the axiom can perform any d-transition or
o-transition: Vyeel{Trel(s)) - , Vel (Orel (8)) A ,and § 2 e >,

Remark 2.5.15 (Soundness of BPAy,~ID}
Soundness of BPAy,-ID is also claimed {without proof) in Section 2.12.1 of [13] (where
BPA;,-ID is called BPAsq;), and in Theorem 2.2 of [11].

Lemma 2.5.16 (Towards Completeness of BPA;,-ID)
Let x be a closed BPA4,-ID term and let a € A. Then we have:

(). T(BPAZ,-ID) E x>/ => BPAg-ID+x=a+x,
(i)). T(BPAz,-ID) Ex >y = BPAz~ID-x=a-y+x,
(ifi). T(BPAS,-ID) =X % = BPAj,-ID X = v,(x),
(iv). BPAg~IDFx+6 =X,
(v). T(BPA7.~ID) E X%y = BPA7,-ID+ X = Gpa(3) + Vra(X),
(vi). T(BPAG,-ID) E x5y = n(x) > n(y),
tvit). T(BPA,.-ID) = xZy = n(x > n(y).

Proof For part (i)-(v) we assume, by Theorem 2.5.12 and Theorem 2.5.14, without loss
of generality, that x is a basic term, and then apply induction on the structure of basic
terms. For part (vi) and (vii) we again have to use induction on the general structure of
terms.

(). Suppose that T(BPAZ-ID) = x> .. Case 1: x = b, where b € A;s. Because

T(BPA3-ID) = x > ./, it must be the case that b = a. So we have BPAg,-ID +
x=b=b+b=aga+b=ga+x Casel: ng-x’,whereb € As and X' is a basic
term. This is in contradiction with T(BPAgn—]D) E x> ./, so this case does not oc-
cur. Case 3: x = X'+ x", where x and x’* are basic terms. As T(BPAg.~ID) &= x =<
necessarily T(BPAZ,-ID) £ x* 2 \/ or T( BPAdrt—]D) =X 2 J Therefore, by the in-
duction hypothesis, BPAdn—ID FX' =g+x or BPAdrt—lD Fx" =ga+x". But thenin
both cases BPA;-ID —x=x"+x"=ga 1+X +X" =a+x. Case 4: x = 0 (X'), where
x' is a basic term. This is in contradiction with T(BPAg-ID) = x 3 ./, so this case
does not occur.

(ii). Suppose that T(BPAg,-ID} = X % y. Case l: x = b, where b € As. This is in contra-
diction with T(BPAdrt-lD) £ x 2 y, so this case does not occur. Case 2 x=hb-x,
where b € As and x’ is a basic term. Then, because T(BPAy,,-ID) = x Ly it must
bethatb =agand x’ =y. So,BPAg-ID-x=x+x=b-xX" +x =gy + x Case 3:
x = x" + x”, where x’ and x” are basic terms. As T(BPKQH—]D) = X > y, necessarily
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(iii).

(iv).

Ww).

T(BPA3-ID) = X’ =y or T(BPA}-ID) & x”” 2 y. Therefore, by the induction hy-
pothesis, BPA4-ID - X" =g -y + x or BPAy-ID X" = a - y + x”. But then in both
cases BPAz,-ID - X =X +X" =a-y+X + X' =a-y+x. Case 4: x = gy (x'), where
X' is a basic term. This is in contradiction with—T(BPAan—lD) E x 2y, so this case
does not occur.

Suppose that T(BPA-ID) = x+. Case 1: x = 4, where a € As. We have
BPAG-ID + X = @ = V(@) = vpa(x). Case 2: x = - a - X', where a € As and X’

is a basic term. We have BPAdn—ID FX=g-X = vrel( ) - X = = Vra{d - X'} = Vra(X).

Case 3: x = X' +x”, where x’ and x” are basic terms. As T(BPAZ-ID) & x %, neces-
sarily T(BPAZ,-ID) & x’ % and T(BPA;-ID) &= X" Z Therefore by the mductlon
hypothesis, BPAL,-ID + X’ = vra(x’'} and BPA-ID - X' = vra(x”’). But then also
BPAG-ID - X = X" 4+ X7 = Vi {X') + Ve (X)) = Vit (X + X)) = V4 (x). Case 4: x =
o (x"), where X' is a basic term. This is in contradiction with T(BPAy,.-ID) = x s ,
so this case does not occur,

Case l: x = g, wherea € As. Thenwehave BPAG,-ID - x+8 =g+ =g = x. Case 2:
x = a-x',where a € As and X’ is a basic term. ThenBPAdrt—]D Fx+d=a-X+8 =
a-x +g X' ={(a+9)-x =a-x =x Case3: x =x"+x", where x’ and X' areba31c
terms. Then, by the induction hypothesis, BPAZ,-ID - x' + § = X', x"’ + 8 =Xx". So,
BPAZ, D - x+8 =X + X" +8 = X + X"’ = x. Case 4: x = o (X'), where ¥’ is a

basic term. Then_BPAd'n—]D X+ S =0ra(x') + 4 = ora{X') = x.

Suppose that T(BPAg,-ID) = X Z y. Case 1: x = a, where a € As. This is in contra-
diction with T(BPAdn-]D) = x >y, so this case does not occur. Case 2: X = g - X,
where a € As and x’ is a basic term. This is in contradiction with T(BPAdn—]D) =
x %y, so this case does not occur. Case 3: x = x' + x”, where x’ and x” are ba-
sic terms. As T{(BPA3-ID) = x & y, necessarily (1) T(BPAZ,~ID) & x’ Zy,x"

or, (2) T(BPAg,-ID) = X' X" %y, or, (3) T(BPAg-ID) = X %y, x" %y’ where
y =y +y"”. Inthe first case, by the induction hypothesis, we have BPAZ -1ID + x' =
O (¥) + via(X'), and, by (iii), BPA7,-ID + x” = vra(x”). Therefore, BPAg,-ID +~
X=x"+X" = Ora(y) + Vrel(X') + Vel (X)) = Orel(¥) + vyt (X +X7) = Ove1(¥) + Vel (X).
The second case is treated analogously. In the third case we have, by the induction
hypothesis, BPAg-ID + X’ = 0 (') + via(X'), X" = gra(y”’}) + viet{X’'). There-
fore we have BPAL,-ID - X = X' + X" = grq(y) + Ve (X') + O (') + V0l (X'} =
Orel(y +Y') + via(X + X'} = ora(y) + via(x). Case 4: x = 0y (X'), where X’ is a
basic term. Because T(BPA.-ID) = x > y, it must be the case that x' = y. So we
have BPAG-ID F x = 0l (X') = Ora(y) = 0w (¥) + & = Gra(y) + Vra(Tra(X)) =
Ure](Y) + vrel(x)-

. Suppose that T(BPAZ,-ID) = x2y. Case 1: x = b, where b € A;. This is in

contradiction with T(BPAz,-ID) = x 2y, so this case does not occur. Case 2:
x = x' - x”, for certain terms x" and x’’. Then, because T(BPAg-ID) = x Ly, we
either have T(BPAZ,-ID) & x’ 4 v and y = X", or we have T(BPAZ,-ID) = x’ & X
and y = x’ - X" for some term x”’. In the first case, we have n{x} = n(x’ - x'") =
n(x'y+n{x")+1 > n(x") = n(y), and in the second we can apply the induction hy-
pothesis to arrive at n(x’'} > n{x'""), soweget n{x) = n(x’-x"") = n(x’) +n(x")+1 >
nix”) + n(x) +1 = n(x” - x') = n{y). Case 3: x = x' + x”, for certain
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(vii).

terms x" and x’. Since T{BPAg.-ID) & x it ¥, necessarily T(BPA-ID) E x’ Zy
or T(BPAZ,-ID) = x" 2 y. Therefore, by the induction hypothesis, n{x’) > n(y) or
n(x") > n(y). Inboth cases n(x) = n(x" +x”’") = n(x’) + n(x”) +1 > n(y). Case 4:
X = orq(x'), for a certain term x'. This is in contradiction with T(BPAg-ID) =
x % y, so this case does not occur. Case 5: x = v,q{x’), for a certain term x’. Since
T(BPA4,-ID) = x 2y, necessarily T(BPA;,-ID) E X’ 2 y. Therefore, by the induc-
tion hypothesis, n(x’) > n(y). So, n(x} = r{v(x'}) = n(x') + 1 > n(y).

Suppose that T(BPAZ,,-ID) = x = y. Case 1: x = g, where a € As. This is in contra-
diction with T(BPAgn—lD) = x 2 y, so this case does not occur. Case 2: x = X' - x”,
for certain terms x” and x”’. Then necessarily, ¥’ > x’"" and y = X'’ -x"' for some term

X", We now can apply the induction hypothesis to arrive at n(x’) > n(x"’), so we
get n(x) = n(x - ¥y =nxHV+nx)+1>nx"")+nx")+1 = n(x" -xX") = n(y).
Case 3: x = x’ + x”, for certain terms x’ and x". As T(BPAZ,-ID) £ x = ¥, neces-
sarily (1) T(BPAZ,-ID) = x' % y,x” %, or, (2) T(BPAZ-ID) £ x' % ,x" %y, or, (3)
T(BPAL,-ID) 1= X' % 3/, x”" % 3" where y = y/ +y". In the first case, by the induction
hypothesis, n(x’) > n(y). So n(x) = n(x’ + x”’) = n(x’) + n(x") +1 > n(y). The
second case is treated analogously. In the third case, by the induction hypothesis,
n{x’) > n(y’) and n(x") > n(y’’"). Son(x) = n(xX +x") = n(x) +n(x"y +1 >
n(y')y + n(y”) +1 = n(y). Case 4: x = oy(x’), for a certain term x'. Because
T(BPAL,-ID) = x 2y, it must be the case that ¥ = y. Then we have n{x) =
n{ow(x'})) = n(x) +1 = n(y) +1 > n(y). Case 5: x = v {x'), for a certain
term x'. This is in contradiction with T(BPA3,-ID) & x > y, so this case does not
occur.

Theorem 2.5.17 (Completeness of BPA4,-ID)
The axiom system BPAZ.-ID is a complete axiomatization of the set of closed BPAZ,,-ID
terms modulo (strong) bisimulation equivalence.

Proof Suppose x+Y ~gpay w Y. We will prove, with induction on the structure of basic
term x, that BPAg,-ID + x + y = y. By Theorem 2.5.12 we can restrict ourselves to basic
terms without loss of generality. The proof is done with induction on n(x), using Lemma
2.5.16{vi)~{vii) and case distinction on the form of basic term x.

(. x

(ii).

(iii).

(iv).

4. Then, using Lemma 2.5.16(iv) we have BPAG,-ID - x+y=8+y=y+d =y.

x = g, where a € A. From the deduction rules we have T(BPAy,-ID) = x % /and
T(BPAZ-ID) = x+y % /. Since X+ ¥ ~u, p ¥ We also have T(BPAZ-ID) = y 5 /.
By Lemma 2.5.16(i) we obtain BPA-ID -y = a+y. S0, BPAG-ID - x+y = a+y = y.

x = § - 5, where s is a basic term. Then we have BPA4,~ID - x = § - s = § and, using
(i), BPAL,-ID - x + ¥ = Y.

x = a - 5, where a E A and s is a basic term. From the deduction rules we obtain
T(BPAdn—]D) £ x> sand T(BPAdIt-ID) Ex+y>s Sincex+y ~ waz m ¥, We then
also have T(BPAZ,-ID) = y 2 t for some t such that s ~ erag,-o & BY the induction
hypothesis we have BPAg,-ID + s = f. From Lemma 2.5.16(ii}) we have BPA . ~ID +
y=a-t+y 50,BPA~ID-x+y=g-s+y=a-t+y=y.
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(v). X = s + t, where s and t are basic terms. Since s + t + ¥ ~pg p ¥, We also have
5+ Y ~magmyandt+y~ mag, o Y- BY the induction hYpOtheSIS we then have
BPA-IDs+y=y,t+y =y S0,BPAg ~-ID-x+y=s+t+y=5+y=y

{(vi). X = orals), where s is a basic term. From the deduction rules we now have that
T(BPAdn—ID) E Ora(s) > s and since x + y ~ mag, » ¥ We also have T(BPA4-ID) =
yZt,x+yZs+tforsometsuchthat s+t ~ ~maz » t. By Lemma 2.5.16(v) we have
BPA4-1D + ¥ = gra(t) + Ve (¥). By the induction hypothesis we have BPAg-ID +
s+t =1 5o, BPAEII:_ID Fx+y= Urel(s) +y= O—rel(S) + Urel(t) + Vrel(Y) = O_rel(s +
) + vra(¥) = Ora(t) + Vya(y) =

Remark 2.5.18 (Completeness of BPAg,-1ID)
Completeness of BPA3,-ID is also claimed (without proof) in Section 2.12.1 of [13] (where
BPA4,-ID is called BPAsq4¢), and in Theorem 2.2 of [11].

2.6 Soundness and Completeness of BPAJ,-1D

Definition 2.6.1 (Signature of BPA  -ID)

The signature of BPAg.-ID consists of the undelayable atomic actions {dla € A}, the
delayable atomic actions {ala € A}, the undelayable deadlock constant §, the delayable
deadlock constant 8, the alternative composition operator +, the sequential composition
operator -, the time unit delay operator 7., the “now” operator v, and the unbounded
start delay operator | |%.

Definition 2.6.2 (Axioms of BPA4.-ID)

The process algebra BPA4,-ID is axiomatized by the axioms of BPAZ.-ID given in Defini-
tion 2.5.2 on page 22, and Axioms ATS and USD shown in Table 14: BPAg.—ID = A1-A5
+ DRT1-DRT5S + DCS1-DCS4 + ATS + USD.

a = [g]w ATS
lxjw = Vra(X) + Urel(lxjw) usp

Table 14: Axioms for delayable actions.

Definition 2.6.3 (Recursion Principle for BPA4,-1D)

Next to the axioms mentioned in Definition 2.6.2, the system BPAJ,-ID also contains the
recursion principle RSP(USD) shown in Table 15 on the following page. For more infor-
mation on recursion principles and their status with respect to axioms, see [14].

Remark 2.6.4 (Notation BPAj,-ID)

By superscripting a theory with a “+” {e.g. BPAJ,-ID), we indicate the presence of the re-
cursion principle RSP(USD). Note that in [9, 11] the notation BPA4—ID + RSP(USD) is used
instead of BPA},,-ID. However, we find that notation cumbersome, as it clutters up the
formulae.
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Y = Vrel(X) + Tra(y) = y= {_XJm RSP(USD)

Table 15: Recursive Specification Principle for the Unbounded Start Delay.

Definition 2.6.5 (Semantics of BPAy-ID)

The semantics of BPAgn-ID are given by the term deduction system T{BPAq4.~ID) induced
by the deduction rules for BPA;-ID given in Definition 2.5.4 on page 23, and the deduc-
tion rules for delayable actions given in Table 16.

Table 16: Deduction rules for delayable actions,

Definition 2.6.6 (Bisimulation and Bisimulation Model for BPAg,-ID)

Bisimulation for BPAg-ID and the corresponding bisimulation mode] are defined in the
same way as for BPAz,,-6 and BPA respectively. Replace “BPA;-6" by “BPA4r-ID” in Def-
inition 2.4.5 on page 14 and “BPA” by “BPA4-ID” in Definition 2.2.11 on page 8.

Definition 2.6.7 (Basic Terms of BPA 4-ID)
We define (o, 4, 8) -basic terms inductively as follows:

(i). If a € As, then g and a are (o, §, §)-basic terms,

(ii). ifa € As and tisa (0, d,d)-basic term, theng- t and 4 - t are (o, §, §) -basic terms,
(iii). if t and s are (0o, g, 6)-basic terms, then t + sis a (o,g, d)-basic term,
{iv). if t is a (o, §, §)-basic term, then dra(t) is a (0, §, §)-basic term.

From now on, if we speak of basic terms in the context of BPA4r-ID, we mean (o, g, 6)-
basic terms.

Definition 2.6.8 (Number of Symbols of a BPA4:-ID term)
We define n(x), the number of symbols of x, is inductively as follows:

(i). For a € As, we define n(a) = n(a) =1,
(ii). for closed BPA4-ID terms x and y, we define n(x+ y) = n{x-y) = n{x) +n{y) + 1,

(iii). for aclosed BPA4~ID term x, we define n{gra(x)) = n{(via(x)) = n([x|*) = n{x) +
1.

33



Proposition 2.6.9 (Properties of BPAJ-ID, Part I)
For BPA 4:-ID terms x and y, and any a € Ag, we have the following equalities:

(i). BPAY-ID - la]“=a
(ii). BPA}-ID+ |x - y1¥=[x]"-y
(iii). BPAs ~ID v |x+¥]“=|x]*+1y|®
(iv). BPA}y-ID - [ Ore(x) 1 = 6
(v). BPAg-ID - veg(a) = a
Proof
(i). Consider the following computation:

BPA4-ID -a = [a]®
= Vrel(a) + Orel (ngw)

=4+ Orala)

=a+ 4+ orala)

= Via(@) + Vra (Ova (121%)) + Ova(a)
= Vpel (g'i' Orel (ngw)) + Oralfa)

= Vrel (Vrel(g) + Orel (ngw)) + Orel(a)
= Vel (1a]%) + Orala)

= V() + Orala)

Using RSP(USD), we obtain:

BPA} ~ID - a =al®

(i1). Consider the following computation:

BPAgn-ID = [X]“ - ¥ = (Vea(X) + 0ra(1X]9)) - ¥
= Vrel(x) Y+ O'rel(lx.lm) -y
= Vrel(x . )’) + o-rel(lXJw' y)

Using RSP(USD) (with x instantiated by x - ¥ and y by | x]“ - y), we obtain:
BPAL-ID - [x]¥ ¥y = |x-y|*
(iii). Consider the following computation:

BPAq-ID + | X]“+ | Y] = via(X) + Urel(txjw) + vra(y) + ora(ly]®)
= V(X + ¥) + ora ([x]7+ 1¥]%)

Using RSP(USD), we obtain:

BPAL-ID - [Xx]%+ [¥]® = |x+y]|?
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(iv). Consider the following computation:

BPAG-ID - & = [gjw
= Vrel (é) + Orel (I.éjm)
=0+ ora (181%)
= Trel(5)
= Vyel (Ore (%)) + Trea1(8)
Using RSP(USD), we obtain:

BPA}-ID - & = | Ore(x) |”

{v). Consider the following computation:

BPAg-ID F via(a) = vea(lal®)
= Vrel (Vrel(g) T Orel (ng “)
= Vrel(g + ora{a))
= Vrel(@) + Vra(Orei(a))

So we obtain:
BpAdrt"'[D - Vrel(a) = g

Remark 2.6.10 (Properties of BPAJ,-ID, Part I)
The equalities of Proposition 2.6.9 on the page before are not new, but have been de-
scribed before, See for example [20].

Proposition 2.6.11 (Properties of BPAj,~ID, Part I)
For any BPA 3,-ID term x we have the following equality:

BPA,-ID+-5-x=8
Proof Using Proposition 2.6.9(ii) we derijve:

BPAL D -6 -x=3]°-x=d-x]“=5]“=6

Theorem 2.6.12 (Elimination for BPA},-ID}
Let t be a closed BPA—ID term. Then there is a basic term s such that BPA},,-ID+ s = t.

Proof First a term rewriting system is given. Then, it is shown that this term rewriting
system is strongly normalizing and that the normal forms of the closed BPA4-ID terms
are basic terms.

The term rewriting system is given in Table 17 on the following page. The rewriting
rules RA4, RAS5, RDRT2, RATS, and RDCS1-RDCS4 are obtained directly from the axioms.
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(x+y) - z—x-z+y-z RA4

x-y)-z—-x-(y-2) RAS

Trel(X) - ¥ — Orel{X - ¥) RDRT?2

lal®—a RATS
la]®—a RUSD1
Lx-¥]9 = [x]”-y RUSD2
Lx + 1% = | x]“+ |y]® RUSD3
lora(x) ] =& RUSD4
Via(d) ~ a RDCS1
Veel{X + ) = veal(X) + via(y) RDCS2
Vrel(x ) Y) - Vrel(x) % RDCS3
Vra(Tre (X)) ~ & RDCS4
Vrel(a) - g RDCS5

Table 17: Term rewriting system for BPAg-1D.

The rewriting rules RUSD1-RUSD4 and RDCSS are added to deal properly with the recur-
sive definition of ultimate start delay; the corresponding equalities are derivable from the
axioms as is shown in Proposition 2.6.9. With the method of the lexicographical path
ordering it is shown that the term rewriting system is strongly normalizing. Thereto the
operator - is assigned the lexicographical status for the first argument and the following
well-founded partial ordering on the signature of BPA4,«-ID is defined:

L1* > a
V]'el > . > +
\Y A"
a Orel

Now we show that the left-hand side of every rewriting rule is bigger than the right-hand
side with respect to the ordering >, . This is done by the following reductions:

ngw >'lpo ngw*
>1pua
Lal® >y La]®”
>1poa
lX ) ij>'lp0 [X 'ij*>'lpo [X ‘ YJIU*' tx : ij*>1p° l.X '*YJw' (X ) y)
mipo LX] Y (X W) e [ XY (X Y) e L9y
X+ Y19 50 L+ Y1 > bx #7197 4 [+ 719 o [x 42 ¥ ]9+ [x +7 ¥}
o LX)+ [ ¥]?
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LOrer(x) Jw oo I_O-rel(x) Jw*
>1po O
Vre1 (@) >0 Vreat™ ()
>1po A

Note that we do not give reductions for RA4, RAS, RDRT2, and RDCS1-RDCS4 as these
already have been given in the proofs of previous elimination theorems, and since the
new ordering is a proper extension of the old ones, these proofs remain valid.

It remains to prove that every normal form of a closed BPAg-ID term is a basic term.
Suppose that s is the normal form of a closed BPA4,~-ID term. Furthermore, suppose that
s is not a basic term and that s’ is the smallest subterm of s which is not a basic term.
We distinguish all possible cases:

(i).

(ii).

(iii).

(iv).

(v).

(vi).

s" is of the form g or a for some a € As. Then s’ is clearly a basic term, so this case
does not occur.

s" is of the form sy - s; for basic terms s, and s,. With respect to basic term s the
following cases can be distinguished:

(a) $7 = a forsomea € As. Then s’ is a basic term. This contradicts the assump-
tion that s’ is not a basic term.

(b} s1 = a for some a € As. Then s’ is a basic term, and we have again a contra-
diction.

(c) s1 = a - s; for some g € Ag and basic term s;. Then rewriting rule RAS is
applicable, so s is not a normal form,

(d) 7 = a - 5] for some a € As and basic term s7. Then rewriting rule RAS is
applicable, so s’ is not a normal form.
(e} s1 = 57 + s7 for some basic terms s; and s,. Then rewriting rule RA4 is appli-
1 1 1 2 P
cable, so s’ is not a normal form.

(f} s1 = ove(s7) for some basic term s7. Then rewriting rule RDRT?2 is applicable,
s0 s’ is not a normal form.

§' is of the form s + s} for basic terms s] and 5. Then s’ is a basic term itself, so
this case cannot happen.

s" is of the form o (s”") for some basic term 5. Then again s’ is a basic term itself,
so this case cannot happen either,

s’ is of the form v (5"}, where 5" is a basic term. Then one of RDCS1-RDCSS5 can
be applied, so §’ is not a normal form.

s’ is of the form s |“ for some basic term s”. Then one of RATS or RUSD1-RUSD4
can be applied, so s’ is not a normal form.

In every case s’ is a basic term or a rewriting rule is applicable. If s’ is a basic term this
contradicts the assumption that it is not. If a rewriting rule is applicable then s’ and s
are not a normal form. This contradicts the assumption that s is a normal form. From
this contradiction we conclude that s is a basic term. [ |
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Remark 2.6.13 (Elimination for BPAj,,-ID)
Elimination for BPAZ,,-ID is also claimed (without proof) in Theorem 5.3 of [11] (where
BPA}-ID is called BPA 4-ID).

Theorem 2.6.14 (Soundness of BPAJ,-ID)
The set of closed BPA 4r-1D terms modulo bisimulation equivalence is a model of BPAJ,,-ID.

Proof Note that the soundness proofs for Axioms A1-A5, DRT1-DRTS5, and DCS1-
DCS4 given in the previous sections also remain valid in the setting with delayable ac-
tions. This is due to the fact that the underlying model (namely: finite transition systems
with o’s) has not changed. Or, stated more concretely: all g-transitions were considered
without regard for whether they resulted from a o, operator or otherwise, so the extra
o-transitions introduced by the delayable actions do not matter.

Axiom ATS Take the relation:
R = {(a,lal}}

There are only two transitions possible on the left-hand side of the axiom: a = ./
and a > a. The right-hand side can also perform two transitions: { a |®4 ./ and
la]®* |al® and note that (a,(a|®) € R.

Axiom USD Take the relation:
R = {(s,5), (Ls]“ Ve (s) + 0rel(L5]“)) s € C(BPAgn-ID)}
First we look at the transitions of the left-hand side:

(i). Suppose |s|*< p. Then this must be due to s % p. But then also via(s) S p
and v (s) + ora(15]%) = p, and note that (p,p) € R.

(ii). Suppose |s]®% /. Then this must be due to s 2 /. But then also v(s) = ./
and vye (s) + ova(ls]®) 5 V.

(iii). Suppose |s]|® 5 p. Then necessarily p = | s]“. We also have ora(Ls]®) = 5%,
hence via(s) + ora(ls1®) % |5]% and note that (| s]% 15]%) € R.

Secondly, we look at the transitions of the right-hand side:

(i). Suppose Vi (s) + o (15]®) = p. Then this mustbe due to s £ p. But then also
Ls]®2 p, and note that {p,p) € R.

(ii). Suppose Vi(s) + o (1519 = ./. Then this must be due to s s /- But then
also | s|“ 2 /.

(iii). Suppose Vi (s) + ora(ls]®) 2 p. Then this must be due to oy (| 5]%) S p with
p = [s]% Clearly, then also |s]“ 2 | s|% and note that (|s]* p) € R.

RSP(USD) Suppose that R’ is a bisimulation relation between y and vy (x) + o (y). We
must prove that y ~gpAg D [x]“. Then take the symmetric, transitive closure of R’
(which is again a bisimulation, see [15]), denoted R’%T, and extend it to a bisimula-
tion relation R between y and | x]|* as follows:

R =R U {(s,[x]9)|s € C(BPA4-ID) A y=>s)
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Now, let s be any closed term such that yés. Then, using induction on the number
of o-transitions, we have that (y,s) € R'.

First, we look at the transitions of the left-hand side, i.e., the transitions of s:

(i).

(ii).

(iii).

Suppose s = p. Then,as (y,s) e R,y & q such that (p,q) € R’. As (¥, Vra (X) +
dra(y)) € R, we have vrel(x) + 0rel(¥) 2 for some r such that (q,¥) € R'.
Hence, vrel(x) < r, hence x = r, hence |x]* 2 r, and note that by transitivity
(p,rye RS so (p,r) €R.

Suppose s = ./. Then, as (y,5) € R, ¥ % /. As (¥, Vra(X) + 0ra(})) € R’, we
have vrel(x) + o (¥) & \/ Hence, vrel(x) 2/, hence x & ./, hence | x|® % /.

Suppose s % p. Since y-—-=>s we have y=>p We also have | x|“ % | x]® and note
that (p,1x]%) € R.

Secondly, we look at the transitions of the right-hand side:

(1.

{1i).

(iii).

Suppose | x|“ Z g. Then x 2 g, hence v, (x) 2 g, hence v (%) + Ol () = g
As (¥, Vi (X) + 0 (¥)) € R', we know that y 2 p for some p such that (p,q) €
R’. Since (y,s) € R’, we also have s % r for some r such that (p,r) € R, and
note that by symmetry and transitivity (r,q) € R">T, s0 (r,q) € R.

Suppose | x]® = /. Then x % ./, hence v.q(x) > \/ hence vig (x) + 0 (y) = /.
As (¥, Vi (X) + 0za(y)) € R’, we know that y = ./. Since (y,s) € R’, we also
have s & /.

Suppose 1x1“5 g. Then, it must be the case that g = |x]®. We also have
Fra(y) =y, hence vra(x) + ora(y) >y, and as (¥, vra(X) + ora(y)) € R,
we know that y % p such that (p,y) € R'. As (y,s) € R’bnecessarﬂy sZr
for some ¥ such that (p,r) € R'. Since y=>s we have y==r and note that

(r,|x]®) € R.

Remark 2.6.15 (Soundness of BPAj,,-ID)
Soundness of BPA,-ID is also claimed (without proof) in Theorem 5.4 of [11] (where
BPAj-ID is called BPA4-ID).

Lemma 2.6.16 (Towards Completeness of BPA},-ID)
Let x and y be closed BPA 3+-ID terms and let a € A. Then we have:

fi).
(ii).
(iii).
(iv).
(v).
(vi).
(vii).

T(BPAar-ID) E x5/ = BPA},-IDrx=ga+x,

T(BPA4-ID) £ x>y => BPAj-ID-x=a-y+x,

T(BPAg-ID) = X% = BPA},-IDF X = v,q(x),

BPA4-ID - x + 8 = X,

T(BPAg-ID) £ X%y = BPA};-ID - X = Ora(¥) + Vrar(20),

T(BPAg-ID) £ x> x = BPAS,-ID+ x = |x)*

T(BPAs-ID) Ex 2y = n(x) > n(y),
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(viii). T(BPAa-ID) Ex%y = x=yvn(x) >n(y).

Proof For part (i)-(vi) we assume, by Theorem 2.6.12 and Theorem 2.6.14, without
loss of generality, that x is a basic term, and then apply induction on the structure of basic
terms. For part (vii) and (viii) we again have to use induction on the general structure of
terms.

(i).

(ii).

(ii).

Suppose that T(BPAaw-ID) = x>,/ Case 1: x = b, where b € Ajs. Because
T(BPAg-ID) = x 2 ./, it must be the case that b = a. So we have BPAj,-ID +
X=b=hb+b=a+h =ga+x Case2: x = b, where b € A;. Because
T(BPAdn-ID) E x5 Wy it must be the case that b = a. So we have BPA},-ID +
X=Db= lew = Vrel(g) + Orel (I.gjw) = Vrel(é) + Vrel(g) + Orel (lg]w) = 2 + lg]w =
a+b a+x Case3: x=b-X, Whereb € As and x’ is a basic term. This is
in contradiction with T(BPAdn-lD) Ex3 V/, so this case does not occur. Case 4:

= b - X', where b € As and X’ is a basic term. This is in contradiction with
T(BPAdrt—ID) Exs /, s0 this case does not occur. Case 5: x = X"+ X, where x’ and
x" are basic terms. As T(BPAg-ID) £ x = ./, necessarily T(BPAg-ID) & x" = \/ or
T(BPAq-ID) E x” £ ./. Therefore, by the induction hypothesis, BPAdn—ID - X'
a+x’or BPAdn-H) X" = g+ x". But then in both cases BPAj-ID - x = X' + x”
a+x +x" =a+x Case6: x = O'l-el(X }, where x’ is a basic term. This is in contra-
diction with T(BPAg-ID) = x & /» 80 this case does not occur.

Suppose that T(BPAg-ID) = x> y. Case 1: x = b, where b € A;s. This is in
contradiction with T(BPAgID) = x 2y, so this case does not occur. Case 2:

= b, where b € A;s. This is in contradiction with T(BPAg~ID) = x>y, so
this case does not occur. Case 3: x = b - x', where b € As and x’ is a hasic
term. Then, because T(BPAg-ID) = x 2 ¥, it must be that b = a and x’ = y. So,
BPAjH—]Dt—x=x+x=g-x’+x=g-y+x. Cased4: x=b - x',where b € Az and
x" is a basic term. Then, because T(BPA4.-ID) £ x 3 y, it must be that b = g and
X' =y. S50,BPA}-ID - x = b X'=a-y=(at+a)-y=a-y+a-y=a-y+x. Case5:
x = x +x”, where x and x’ are basic terms. As T(BPA4-ID) E x = y, necessarily
T(BPA4-ID) = ¥ %y or T(BPA4-ID) £ ¥’ % y. Therefore, by the induction hy-
pothesis, BPA3,-ID - X' = a -y + X’ or BPAj-ID + X" = g - y + X", But then in both
cases BPAL -ID - x = X' + X" = a-y+x' +x" =a-y+x. Case 6: X = 0y (X'), where
x’ is a basic term. This is in contradiction with T(BPA4«-ID) E x =y, so this case
does not occur.

Suppose that T(BPAan-ID) £ x . Case 1: x = g, where a € As. We have
BPAj-ID - x = a = vralg) = Vre}( ). Case 2: x = a, where a € Ag. This is in con-
tradiction with T(BPAdrtuID) = X 4 , so this case does not occur. Case 3: X = a-x,
where a € A and X’ is a basic term. We have BPAJ,-ID + x = a-x' =vela) X' =
Vra(@ - X') = via(x). Case & x = a - X where a € Ag and X' is a basic term. This
is in contradlctlon with T(BPAy-ID) I= x + , so this case does not occur. Case 5:
x = x" + x"”, where x' and x" are basic terms. As T(BPA4q-ID) = x <, necessarily
T(BPAg,-ID) £ x’ + and T{(BPAg-ID)} & x" % . Therefore, by the induction hy-
pothesis, BPAT-ID + X’ = viq(x’) and BPA~ID + x” = via(x). But then also
BPAL(-ID - x =X + X' = Ve (X') + Vi (X'} = Vel (X + X7) = V(). Case 6: x =
T {x'), where x’ is a basic term. This is in contradiction with T(BPA4-ID) = x & ,
so this case does hot occur.
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(iv).

Ww).

(vi).

Case 1: x = g, where a € A;. This is exactly Axiom DRT4. Case 2: x = a, where
ac As. Thenwe have BPAL -ID - x+8=a+6 = lal®+ 38 = vra(g@) + Tra ([aJ ) +
d=a+d+ ffrel(laJ ) =a+ Urel(taJ “) = Vier(@) + ora (lal®) = 1al®=a = x.
Case 3: x = a - X', where @ € As and X' is a basic term. Then we have | BPAdrt—ID -
X+to=a-x +6—a X+6-x=(@+8)-x¥ =a-x =x Cased: x=a-x,where
a € As and x’ is a basic term. Then, by case 2, BPAdn-[D FXxX+d0=4a- x’ +4 =
a-xX'+4-x=(a+98)-x =a-x' =x. Case5 x =x"+x", where x’ “and X" are basic
terms. By the induction hypothesis we have BPA},-ID |— X+8=xx"+4=x".
SOBPAL,-IDFXx+d =X +X"+J =X +x"=x Case6: x = orel{X'), where X’ is a
basic term. This is exactly Axiom DRTS.

Suppose that T(BPAq-ID) E x 2 y. Case 1: x = a, where a € A;. This is in con-
tradiction with T(BPAg-ID) = x % y, so this case does not occur. Case 2: X = a,
where a € As. Because T(BPAg-ID) = x = y, it must be the case that y = a. So
we have BPA;rt—H) FX=da= ngw = Vrel(g) 1 Orel (I.gj w) = Orel(4) + Vrel(g) +£ =
o-rel(a) +Vrel(g) tVrel (Urel (lgjw)) = O'rel(a) tVrel (Vre](g) + Orel (ngw)) = o-rel(a) +
Vrel (I.aJ ) = U'rel( ) +Vrel(a) = O-re]()") + Vrel(x) Case 3: x = da- X where ac A6
and x’ is a basic term. This is in contradiction with T(BPAdrt-]D) E x>y, so this
case does not occur. Case 4: x = g -x’, wherea € Az and X’ is a basic term. Because
T(BPAg-ID) = x % ”, it must be the case that y = a - X'. So we have BPAdrt-]D -
x=a-x =al]® ¥ (Vrel(a) + 0va (lal®)) - X' = = Vra(@) - X' + Oya (lgl®) -x' =
Orel (121) X+ Vi (@) - X +8 = Oy (@-X') +Vra(@) X +8-X = Ora () +( Vrel(a)+6)
X = a(y) + (Via(@) + Vrel (Ora (laJ N) X = oraly) + Vra (a + o (1])) - X =
Orel(¥) +Vrel (Vrel(g) + Orel (ng )) X' = o (Y) +Vra (ng )X = o'rel(}’) +Vre(a)-
X' = Opet(¥) + veel{@d - X') = Ore{y) + vra(X). Case 5: x = X'+ X", where x’ and x” are
basic terms. As T (BPAg-ID) E x % y, necessarily (1) T(BPAg-ID) £ X' %y, x" %,
or, (2) T(BPAgq-ID) = x' % ,x” %y, o1, (3) T(BPAg-ID) = X' %y, x"” 2y where
y =1y +y", In the first case, by the induction hypothesis, we have BPA},-ID - X’ =
ot (¥) + via(x'), and, by (iii), BPAj,-ID + X’ = viq(X"’). Therefore, BPA,-ID +
X=X +X" = gra(¥) + Via(X') + vea(X") = 0ra (¥} + Vi (X +X7) = Gra(y) + via(X).
The second case is treated analogously. In the third case we have, by the induction
hypothesis, BPA-ID + X' = gra{}) + via{x),x" = ora(y’) + via(X’’). There-
fore we have BPAG-ID F x = X’ + X' = 0y ('} + Vi (X') + 00 (V') + Vea(X'} =
Orel(yY + V') + viel(X + X)) = 0pl{y) + viel{x). Case 6: x = 0 (X'), where X’ is a
basic term. Because T{BPA4«~ID) = x> y, it must be the case that X' = y. So we
have BPAdN-]D X = or(X) = Ure](}’) = Orel(y) + 6 = Ora(y) + Vra(Ore (X)) =
O—rel(}") + Vrel(x)

Suppose that T(BPAg-ID) = x % x. Case 1: x = g, where a € As. This is in contra-
diction with T(BPAg-ID) = x = X, so this case does not occur. Case 2: x = 4, where
d € As. Then we have, using Proposition 2.6.9(), BPAj-ID - x = a = [a]|“ = | x]“.
Case 3: x = g - x', where a € As and x’ is a basic term. This is in contradiction
with T(BPAg-ID) E x < x, so this case does not occur. Case 4: x = g - X', where
a € As and x’ is a basic term. Then we can derive, using Proposition 2.6.9(1) and (ii),
BPAL-ID+x=a-x" = |a]¥x =la x'|¥=|x]% Case 5: x = X' +x", where X’ and
x"" are basic terms. Then we can derive, using Proposition 2.6.9(iii) and the induc-
tion hypothesis, BPAL-ID - x = X'+ X" = [ x|“+ [x'|“ = ¥ + x”]“ = | x]*. Case6:
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(vii).

(viii).

X = ore(x’), where X’ is a basic term. This is in contradiction with T(BPA4-ID) =
x % x, so this case does not occur.

Suppose that T(BPAg-ID) = x 2 y. Case 1: x = b, where b € As. This is in con-
tradiction with T(BPAg-ID) = x = y, so this case does not occur. Case 2: x = b,
where b € Ag. This is in contradiction with T (BPAgr-ID) & x 2 y, so this case does
not occur. Case 3: x is of the form x' - x”, for certain terms x’ and x”. Then, by
T(BPAg-ID) = x 2 y, we either have T(BPAq-ID) = x' %/ and y = X", or we
have T(BPAa-ID) = x' = X" and y = x"’ - X" for a certain term x'”. In the first
case, we have n(x) = n(x’ - x”) = n(x’) + n(x") +1 > n(x”) = n(y), and in the
second we can apply the induction hypothesis to arrive at n(x) > n{x""), so we get
nix) =nx - xXY=n{x)y+nx)+1>nx)+nx")+1=nxX"-x) =n(y.
Case 4: x = X' + x”, for certain terms x’ and x”. Since T(BPA¢-ID) E X2y,
necessarily T(BPAg«ID) = x' & y or T(BPA4-ID) = X" £ y. Therefore, by the
induction hypothesis, n(x'} > n{(y) or n(x’) > n{(y). In both cases n(x) =
nx +x") = nx) +n(x"y+1 > n(y). Case 5: x = grq{x’), for a certain term
x'. This is in contradiction with T(BPA4-ID) £ x 2y, so this case does not oc-
cur. Case 6 x = vy(x'), for a certain term x'. Then, by T(BPAg-ID) = x it ¥,
we also have T(BPAg:-ID) = x’ £y, and using the induction hypothesis, n(x) =
n(vrel (X)) = n(X') +1 > n(y). Case 7: x = | x']%, for a certain term x’. Then, by
T(BPA4-ID) &= x > y, we also have T(BPAgu-ID) = x' 2 y, and using the induction
hypothesis, n(x) = n([x']*) = n(x') + 1> n(y).

Suppose that T(BPAg-ID) = x > y. Case 1: x = a, where a € As. This is in con-
tradiction with T(BPAg-ID) = x S v, so this case does not occur. Case 2: x = q,
where a € As. As T(BPA-ID) = x 2 y, necessarily y = x. Case 3: x = x’ - x” for
certain terms x’ and x”. Then, because T(BPA4n-ID) = x =y, either x = y and we
are done, or T(BPAg-ID) £ X 2 ¥ and y = '™ - X’ for some term X’’’ % x’. In that
case, we can apply the induction hypothesis to arrive at n{x’) > n(x"’), so we get
n{x) =n(x -x") =nx) +nx")+1>nx") +nx’")+1=nx"-x") =n(y.
Case 4: x = X' + x", for certain terms x’ and x”. As T(BPA4-ID) = x % ¥, neces-
sarily (1) T(BPAgn-ID) & X' S y,x" %, or, (2) T(BPAg-ID) E X % ,x” &y, or, (3)
T(BPAq-ID) = X 2 y/,x” %y where y = y' + . In the first case, by the induc-
tion hypothesis, x’ = y or n(x’) > n(y). I X' = y we have n(x) = n(x’ +x"”) =
n(x') + n(x”) + 1 > n(x’) = n(y), otherwise we have n(x) = n(x’ + x”") =
n(x) + n(x) +1 > n(y). The second case is treated analogously. In the third
case, by the induction hypothesis, X’ = y' or n(x’) > n(y'), and, " = y’ or
n(xX)y>n(y’). Ifx =y andx” = y”,wehavex =X +x" =y +y"” =y, and we are
done. Otherwise, we have n(x’} + n(x”) > n(3'} + n(y/’), son(x) = n(x¥’ + x”’") =
n(x)+nx’)+1>n(y)+n()+1 =n(y). Case 5: x = gra(X’), for a certain
term x’. Because T(BPAg-ID) = x % y, it must be the case that X’ = y. Then we
have n(x) = n{ora(x’)) = n(x’) + 1 = n(y) +1 > n(y). Case 6: x = v (x), fora
certain term x'. This is in contradiction with T(BPAgr-ID) = x = y, so this case does
not occur. Case 7: x = | ¥’ |%, for a certain term x’. Because T(BPAgID) & x 2 y,
it must be the case that x = y, and we are done.
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Theorem 2.6.17 (Completeness of BPAS,-ID)
The axiom system BPA},,-1D is a complete axiomatization of the set of closed BPA g-1D
terms modulo bisimulation equivalence.

Proof Suppose that s + t ~g,, p t. We will prove that BPAj-ID + s+t = t. By
Theorem 2.6.12 we can restrict ourselves to basic terms s and t. The proof is done with
induction on n{s), using Lemma 2.6.16(vii)-{viii) and case distinction on the form of basic
term s.

(i).

(ii).

(iib).

(iv).

{v).

(vi).

s = 4. The equality that we must prove, i.e. BPAj-ID + & +t = ¢, is Lemma
2.6.16(iv).

s =a,wherea € A. Then s 2 /. Thenalso s+t 3 ./. Since s + t and t are bisimilar
alsot & /. By Lemma 2.6.16(i) we have BPAL -ID I t = a+t. Consider the following
computation: BPA-ID-s+t=a+t=t.

s = 8. Then § % 3. Therefore s + t Zs+t' and t % ¢’ with s + t' ~g,, p t'. With
Lemma 2.6.16(v) we have BPA},,-ID + t = 0w (t') + via(t). Two cases need to be
considered:

(@ t=t. Now,s+tZ>s+tandt > ¢, so by Lemma 2.6.16(vi) we have BPA L -ID +
s+t=|s+t]"and BPA},-ID + t = | t]?. So we can derive, using Proposition
2.6.9(iii) and Lemma 2.6.16(iv): BPA}«-ID - s+t = |s +t]Y = [s]®+ | t]¥ =
(8)9+[t]Y=8+|t]"= lQJw+ [t]”=1d+¢t]"=1t]Y=1

(b) t £ t'. Now, by Lemma 2.6.16{(viii), n(t') < n(t). Therefore, the induction
hypothesis is applicable: BPAL-ID - & + t' = ¢’. Consider the following com-
putation: BPAL-ID - s+t = 8§ +t = {3+t = viq(d) + ora (LE]°) +t =
6+0_rel(5) +1= Urel(a) +t= O-rel(a) +Ure](t ) +Vrd(t) = 0-rel(a"'t ) +Vrel(t)
Urel(t ) + vea(l) = L.

s E a, where a € A. Then s /- Therefore s + t 5 Vv and, since s + t~mdnm t,
t % /. Using Lemma 2.6.16(i ) we obtain BPA},-ID - t = @ + t. We also have s % s.
Therefore s+t > s+t" and t > ¢’. From Lemma 2.6.16(v) we obtain; BPA~-ID+t =
Tre(t') + vy (t). Two cases can be distinguished:

(@ t=t'.Now,s+t2 s+ tandt >t so by Lemma 2.6.16(vi) we have BPAY-ID +
s+t=|s+t]“and BPA},-ID - t = | t|”. So we can derive, using Proposition
2.6.9(ii) BPAL-ID - s+t =[s+t1%= 5|9+ [t]=[al®+ | t|=a+[t]®=
lal®+ [t]%=la+t]”=[t]"=¢,

(b) t £ t’. Now, by Lemma 2.6.16(viii), n(t') < n(t). Therefore, the induction
hypothesis is applicable: BPA},-ID + a + t' = t. Consider the following com-
putation: BPAj,-ID - s+t =a+t=lal“+t = vwa(g) + ora(lal®) +t =
a+UreI(a) +t = ovei(a) +t = ore(a) +0'rel(t Y+ V() = O'rv;-_l(a+t )+ vralt) =
Urel(t ) + vea () = t.

s = § -5, where 8 is a basic term. Then we have BPAL-ID - s = § - s’ = § and,
using (i o (i ), BPAdn—]D FS+t=t.

s=a-s',wherea € A and s’ is a basic term. Then s L¢ands+t3s'. By Lemma
2.6.16(ii) we have BPAJ-ID + t = a-t' +t. Since s+t ~pay o t wealso have ¢ S ¢ for
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some t’ such that 8’ ~g,, p t'. By induction we have BPA},-ID + s = t’. Consider
the following computation: BPAL-ID+-s+t=a-s' +t=a-t' +t=1=t

(vii). s = § - s, where §' is a basic term. Then we have, using Proposition 2.6.11,
BPA}-ID+ s =6 - 8" = & and, using (iii), BPAL-ID - s + t = L.

(viii). s = a - s', where g € A and s’ is a basic term. Then s % s and s + t 2 5'. Since
$+ t ~pa,, »t we also have t Zt' for some t' such that s ~ppagen § - By induction
we therefore have BPAL,-ID + s’ = t'. We also have s > sand s + t = s + t" and
t % t". By Lemma 2.6.16(ii) we have BPA},-ID - t = g - t' + t and BPAL,-ID + t =
orel(t”) + Vil (t). Two cases can be distinguished:

(@) t=t". Now,s+t=s+tandt > t, soby Lemma 2.6.16(vi) we have BPAj,,-ID +
s+t=Ls+t]%and BPAL,-ID + t = | t]® So we can derive, using Proposition
2.6.9()-(iii): BPAJ-ID - s+t = |5+ t)1Y = [s]¥+ [t]Y = la s+ |t]¥ =
la)®-s"+1t]=a-s'+[t]=a|® s +[t]”=|la-s'|“+|t]"=|la s +t]¥=
la-t'+tl=[t]"=1t - - -

(b) t % t”. Now, by Lemma 2.6.16(viii), n(t”’) < n(t). By the induction hypothesis
we then have BPA}-ID + s + ¢ = t”. Consider the following computation:
BPAL -IDFs+t=a-s'+t=[al® s +t=(vial@) + o (lal®))-s +t =
(@a+oval(a)) s'+t=a-U+ow(a) -8 +t=0w(a) -5 +t=0ra(a-s)+t=
Orel () +t = Ore(8) + Tra(t”) + Ve (t) = Ora(s + t7) + vealt) = oralt”) +
Vi (l) = t.

(ix). s =" +s”,where s’ and s” are basic terms. Since s + §" + t ~y, p t we also have
8+t ~may,p tand s + t ~ga, o t. By induction we have BPA;,-ID+ s +t =t and
BPA},-ID+s” +t =t ThenBPA,-ID+s+t=s"+s"+t=s5"+t=1t.

(x). s = 0ra(s’), where s is abasicterm. Thens > s’ and s+t % s'+t' and t ¢’ for some
t’ such that 8" + t" ~gs, . t'. By induction we have BPAL-ID - s + 1" = ¢’ and by
Lemma 2.6.16(v} we have BPAJ(-ID & t = gy (t') + Vil (t). Then BPAL-ID s+t =
Orel(8) +1 = Tra (8"} + Tret (V') + Vi () = Orel (8" +) + Vel (1) = Tra(t’) +vralt) = 1.

Remark 2.6.18 (Completeness of BPAJ,-ID}
Completeness of BPA],-ID is also claimed (without proof) in Theorem 5.4 of [11] (where
BPA,-1D} is called BPA4n—1D).

Definition 2.6.19 (Axioms for the Ultimate Start Delay)
We define Axioms USD1-USD4 for the ultimate start delay as given in Table 18 on the next
page. Note that they precisely correspond to the equalities of Proposition 2.6.9(i)-(iv).

Remark 2.6.20 (Proving Soundness and Completeness Indirectly)

Next to proving soundness and completeness directly (outlined in Remarks 2.4.13 on
page 17 and 2.2.18 on page 9), we can also take a sound and complete process theory
P, and replace some of its axioms by some new axioms that exactly correspond to the
equalities of P that are used to prove the completeness of P. The resulting new theory
will then also be sound and complete.
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lal®=a UsD1

[x-y]®=1x]"y usD?2
[x+y]9=1x]"+1y]® USD3
lo'rel(x) Jw =0 usD4

Table 18: Additional axioms for the ultimate start delay.

For an example of this method, see Corollaries 2.6.21 and 2.6.22 below. Furthermore,
this method is used in the proofs of Corollaries 2.8.25, 2.8.26, 3.6. 17 3.6.18, 3.7.20,
3.7.21, 3.7.26, and 3.7.27.

Corollary 2.6.21 (Soundness of BPA g-ID + USD1-USD4)
The set of closed BPAgn-1D terms modulo bisimulation equivalence is a model of BPA g-ID
+ USD1-USD4.

Proof This follows directly from the soundness of BPA},~ID (see Theorem 2.6.14 on
page 38) and the fact that Axioms USD1-USD4 are derivable in BPAJ,-ID (see Proposi-
tion 2.6.9 on page 34). [}

Corollary 2.6.22 (Completeness of BPAg-ID + USD1-USD4)
If we add Axioms USD1-USD4 of Table 18 to BPA 4:-1D, we again have a complete axiom-
atization of the set of closed BPAg—ID terms modulo bisimulation equivalence.

Proof Careful inspection of the dependencies between the proofs in this section re-
veals that the proof of Theorem 2.6.17 only relies upon RSP(USD) to ensure Proposition
2.6.9(i)-(iv). So, we obviously do not need RSP(USD) anymore if we add the corresponding
Axioms USD1-USD4. Note that in this way we get a purely equational axiomatization (i.e.
without conditional axioms or principles). n

2.7 Soundness and Completeness of BPA;,,

Definition 2.7.1 (Signature of BPA ;)

The signature of BPAy,, consists of the undelayable atomic actions {a|a € A}, the unde-
layable deadlock constant 3, the immediate deadlock constant 8, the alternative composi-
tion operator +, the sequentral composition operator -, the time unit delay operator o,
and the “now” operator vye.

Definition 2.7.2 (Axioms of BPAg,,)

The process algebra BPAg, is axiomatized by the axioms of BPA,-ID given in Defini-
tion 2.5.2 on page 22 and Axioms DRTSID, A6ID, A7ID, and DCSID shown in Table 19 on
the following page: BPAg,, = A1-A5 + A6ID + A7ID + DRT1-DRTS5 + DRTSID + DCS1-DCS4
+ DCSID.
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Or(8) =8  DRTSID
x+6=x A6ID

d-x=9 A7ID
via(8) =5  DCSID

Table 19: Axioms for 8.

Remark 2.7.3 (A6ID versus A6)

Note that in a setting with immediate deadlock we do not have anymore that x + § = x,
as d + 8 = 8. We do however still have g + § = g. See also Remark 2.3.3 on page 12 and
Remark 2.5.3 on page 22. -

Remark 2.7.4 (Derivability of DRT3 and DRT5)
Note that from Axiom A6ID, DRT1, DRT2, and DRTSID we can derive Axiom DRT3 and
DRTS5, as we have:

3-x=0ra(d)  x=0ra(dX) = ra(B) =
and, similarly:
Orai(X) +0 = Frel(X) + Ora{8) = Ora(x + 8) = Tral(x)

However, we still choose to include DRT3 and DRT5 even for theories that contain 3, as
our goal is not to find a minimal axiomatization, but instead to find a convenient one
(with regard to ease of proofs and calculations).

Definition 2.7.5 (Summation Convention with Respect to Immediate Deadlock)
In a setting with immediate deadlock, we will use the convention that a summation over
the empty set yields the immediate deadlock:

>ti=4.

ie@

Definition 2.7.6 (Semantics of BPAg,,)

The semantics of BPAj;, are given by the term deduction system T{BPAg,,) induced by the
deduction rules for BPA,-ID given in Definition 2.5.4 on page 23, minus the deduction
rule oy (x) = x, plus the deduction rules given in Table 20 on the following page.

Definition 2.7.7 (Bisimulation for BPA;,)

Bisimulation for BPAy,, is defined as follows; a binary relation R on closed BPAg, terms
is a bisimulation if the following transfer conditions hold for all closed BPAg,, terms p
and g:

Q). If R5(p,q) and T(BPA,) E P Z p’, where a € A, then there exists a closed term ¢/,
such that T(BPA,) £ g = q’ and RS(p’,q"),
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ID(x) D(x), D(y) ~ID(x)
D(x-y) D(x + y) Orel(X) = X

D(5)

Table 20: Deduction rules for ID.

(ii). If RS(p,q) and T(BPAy,) = p < p’, then there exists a closed term g’, such that
T(BPAL,) = q -~ g’ and RS(p’,q'),

(iii). If RS(p,q) and T(BPAy,) =p = ./, where a € A, then T(BPAZ,) £ q =
{iv). If RS(p,q) and T(BPAg,,) = ID(p}, then T(BPA3,,) = ID(q).

Two BPAy,, terms p and g are bisimilar, notation p ~waz. G if there exists a bisimulation
relation R such that R{p, gq).

Definition 2.7.8 (Bisimulation Model for BPA,,)
The bisimulation model for BPAy,, is defined in the same way as for BPA. Replace “BPA”
by “BPAg,,” in Definition 2.2.11 on page 8.

Definition 2.7.9 (Basic Terms of BPAy)
We define (o, §, 8) -basic terms inductively as follows:

(i). Immediate deadlock é is a (o, §, 6)-basic term,
(ii). if a € As, thenaisa (0,8, &) -basic term,
(iii). if @ € A and tis a (¢, §, 8)-basic term, then g - t is a (0, §, 8)-basic term,
(iv). it t and s are (o, &, 5) -basic terms, then t + sis a (o, 4, 8)-basic term,
(v). iftisa (0,4, 5)-basic term, then ove (1) is a (o, 8, 5)-basic term.

From now on, if we speak of basic terms in the context of BPAg,,, we mean (o, §, §)-basic
terms.

Definition 2.7.10 (Number of Symbols of a BPAy,, term)
We define n(x}, the number of symbols of x, inductively as follows:
(i). We define n(8) =1,
(ii). for a € A5, we define n(g) =1,
(iii). for closed BPAg4. terms x and y, we define n(x + y) = n(x-y) = n(x) + n(y) + 1,
(iv). for a closed BPA4yt term x, we define n{ oy (x}) = (Vi (X)) = n(x) + 1.

Theorem 2.7.11 (Elimination for BPAg,,)
Let t be a closed BPA,, term. Then there is a basic term s such that BPA3,, -t = s.
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(x+y) - z—-x-z+y-z RA4

x-¥v-z—-x-(y-2) RAS

Orel(X}) -y — Orea(X - ¥) RDRT?2

d-x—0 RA7ID

Vra(g) ~ 4 RDCS1

Vel (X +¥) = Via(X) + vialy)  RDCS2

Vel (X © ¥) = Vir(X) -y RDCS3

Vrel{ Ore{X)) — g RDCS4
Vral(8) — 0 RDCSID

Table 21: Term rewriting system for BPA 4.

Proof The term rewriting system of Table 21 is associated to BPA3, by assigning a
direction to the axioms. With the method of the lexicographical path ordering it is easily
proven that this term rewriting system is strongly normalizing. Give - the lexicographical
status for the first argument and define the following well-founded partial ordering on
constant and function symbols:

Vrel > " > +
v
Urel

flon <

We give the following reductions for the rewriting rules RA7ID and RDCSID:

& X e O X X

>1pe O
Vel ( é) "o Vrel * ( 6)
>0 O

Note that the reductions for the other rewriting rules have already been given in the
proofs of previous elimination theorems.

Next, we will prove that the normal forms of the closed BPA,,, terms are basic terms.
Thereto, suppose that s is a normal form of some closed BPAy,, term. Furthermore, sup-
pose that s is not a basic term. Let s’ denote the smallest subterm of s which is not a basic
term. Then we can prove that s’ is not a normal form by case analysis. We distinguish
all possible cases:

(i). s’ is an atomic action, g, or §. But then s’ is a basic term. This is in contradiction
with the assumption that s’ is not a basic term, so this case does not occur.

(ii). s’ is of the form s7 - 5, for basic terms s} and s,. With case analysis on the structure
of basic term s):

(a) If s is & then rewriting rule RA7ID can be applied, and hence s’ is not a normal
form.
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(b) If 5 is of the form g for some g € A;, then ] - 55 is a basic term, and so s’ is a
basic term which again contradicts the assumption that s’ is not a basic term.
This case can therefore not occur.

(c) If 57 is of the form d -t for some a € As and some basic term t, then rewriting
rule RAS can be applied. So, s’ is not a normal form.

(d) If 57 is of the form t; + t; for ¢, and t, basic terms. Then rewriting rule RA4 is
applicable. Therefore, s’ is not a normal form.

(e) If s) is of the form o (t) for some basic term t. Then rewriting rule RDRT? is
applicable. So, s” is not a normal form,

(iii). " is of the form s7 + s; for basic terms s7 and 5. In this case 5" would be a basic
term, which contradicts the assumption that s’ is not a basic term. Therefore, this
case cannot occur.

(iv). s" is of the form ora(t) for some basic term t. But then s’ is basic term too, so the
case does not occur.

{v). s’ is of the form v (t) for some basic term t. But then one of RDCS1-RDCS4 or
RDCSID is applicable, so s’ is not a normal form.

In any case that can occur it follows that s’ is not a normal form. Since s’ is a subterm of
s, we conclude that s is not a normal form. This contradicts the assumption that s is a
normal form. From this contradiction we conclude that s is a basic term, which completes
the proof. [}

Remark 2.7.12 (Elimination for BPAg,)
Elimination for a slightly different version of BPAj,, is also claimed (without proof) in
Section 3.4 of [10].

Theorem 2.7.13 (Soundness of BPA,;)
The set of closed BPAg,, terms modulo bisimulation equivalence is a model of BPAg,,.

Proof For soundness of Axioms A1-AS5, DRT1-DRT4, and DCS1-DCS4 we refer to the
proof of soundness of BPAy,-ID. To extend these proofs from BPA,.,-ID to BPAZ,,, we
have to check that the bisimulations given in previous soundness proofs respect the ID
predicate (as required by transfer condition (iv.) in 2.7.7 on page 46). However, as the
fact that they do can be easily checked, we will not give details.

It remains to prove soundness of the axioms from Table 19 on page 46. For all axioms,
we look at the transitions of both sides at the same time.

Axiom DRTSID Take the relation:
R = {(o-rel(é.) :é)}

We look at the transitions of both sides at the same time. We have O'rel(S) -+ and
S + . Also, ~ID( 07 (6)) and —ID(J).

Axiom A6ID Take the relation:
R = {(s,5), (s +6,5)|s € C(BPA3) }
We look at the transitions of both sides at the same time. We have s + & — p iff
s — p, and note that (p,p) € R. Also, ID(s + 9) iff ID{s) A ID(§) iff ID(s).
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Axiom A7ZID Take the relation:
R={(§-58)|s€ C(BPAL,)}

We look at the transitions of both sides at the same time. We have § -5 - and & + .
Also, ID(d - 5) and ID(9).

Axiom DCSID Take the relation: o
R = {{vr(8),8)}

We look at the transitions of both sides al the same time. We have Viel{8) + and
5 + . Also, ID{(v.q(8)} and ID(J).

Remark 2.7.14 (Soundness of BPAg,)
Soundness of a slightly different version of BPAg, is also claimed (without proof) in Sec-
tion 3.5 of [10].

Lemma 2.7.15 (Towards Completeness of BPA,)
Let x be a closed BPAg,, term and let a € A. Then we have:

(). T(BPAz,) EXx =/ = BPAz, FX=a+X,

(ii). T(BPAZ,) EX>y = BPAj, FX=a-y+X,

(fii). T(BPAZ,) £ ID(x}) = BPA,, +~x=29,

(iv). T(BPAy,) = ~ID(x) == BPAG -x+48 =X,

(v). T(BPAz,) EX%» = BPAZ,+ X = Vy(X),

(vi). T(BPAg,) =X %y => BPAg, - X = Gra(Y) + Vya(X),
(vii). T(BPAZ,) Ex2y = n{x) > n(y),
(viii). T(BPAZ,,) ExZy = n(x) > n{y).

Proof For part (i)-(vi) we assume, by Theorem 2.7.11 and Theorem 2.7.13, without
loss of generality, that x is a basic term, and apply induction on the structure of basic
terms. For part (vii) and (viii) we again have to use induction on the general structure of
terms.

(i). Suppose that T(BPA},,) = x> ./. Case 1: x = 4. This is in contradiction with
T(BPA3,} E x>/, so this case does not occur. Case 2: x = b, where b € As.
Because T(BPAj,,) &= x> ./, it must be the case that b = a. So we have BPAg,, +
x=b=b+b=ag+b=a+x Case3: x=Db -x',whereb € As and x" is a
basic term. This is in contradiction with T(BPAg.) & x 2/, so this case does not
occur. Case 4: x = X' + x”, where x’ and X" are basic terms. As T(BPAZ,,) = x = /,
necessarily T(BPAg,) = X’ = / or T(BPAZ,) = X’ = /. Therefore, by the induction
hypothesis, BPAg,, - X" = @ + X’ or BPA3,, + X" = a + x”. But then in both cases
BPAg Fx =X +Xx"= d+X +X" =a+x Case 5 X = g,q(x’), where x is a basic
term. This is in contradiction with T(BPAZ,) = x = /, so this case does not occur.
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(ii).

(iii).

(iv).

().

{vi).

Suppose that T(BPAg,) £ x=>y. Case 1: x = §. This is in contradiction with
T(BPAZ,) E x 2y, so this case does not occur. Case 2: x = b, where b € As. This
is in contradiction with T(BPAEN) £ x 2y, so this case does not occur. Case 3:
x=bh-x',whereb € As and x' is a basic term. Then, because T(BPAy,,) E x Sy it
mustbethatb =a and x’ -y So,BPAj Fx=x+x=b-X+x = a- y + x. Case 4.
x = X’ + x”, where X’ and x are basic terms. As T(BPAg,) = X > y, necessarily
T(BPAZ,,) ] y or T(BPAg,,) = x” = y. Therefore, by the induction hypothe-
sis, BPAz, - X' = a -y +x" or BPAg, + X" = g - y + x”. But then in both cases
BPAZ Fx =X +X"=a-y+X + X" =a-y+x. Case 5 X = oya(X'), where X' is
a basic term. This is in contradiction with T(BPA},,) £ x = y, so this case does not
OCCur.

Suppose that T(BPA,) £ ID(x). Case 1: x = 4. Then we have BPA7, - x = &
is trivially fulfilled. Case 2: x = g, where a € A;. This is in contradiction with
T(BPAg,;) E ID(X), so this case does not occur. Case 3: x = a-x,wherea € Ag
and x’ is a basic term. This is in contradiction with T(BPAg,) = ID(x), so this case
does not occur. Case 4: x = x" + X/, where x” and x"’ are basic terms. Then, because
T(BPAg4.) E ID(x), it must be the case that T(BPAEH) = ID(x),ID(x"”). So, by the
induction hypothesis, we have that BPA;,, - X' = §,x” = 4. But then also BPAg,, +
X=X +Xx"=86+6=20. Case 5: x = Tl (X'), where X’ is a basic term. This is in
contradiction with T(BPAg,,) = ID(x), so this case does not occur.

Suppose that T(BPAZ,) £ —-ID(x). Case 1: x = 4. This is in contradiction with
T(BPAg) = —ID(x), so this case does not occur. Case 2: x = a, where a € As.
ThenwehaveBPAdrtl—x+6 =g+0=a=x Case3: x =g x',wherea € As and
X’ is a basic term. ThenBPAdﬂl—x+6-a X+d=4a-x +6 X =(a+3) X
a-x'=x Cased: x =x" +x" , where x’ and X'’ are basic terms. As T(BPAdn) =
-ID(x), necessarily T(BPA;H) = ~ID(x') or T(BPAg,) & —ID(x"}. Therefore, by
the induction hypothesis, BPAg, +- X' + § = X" or BPAg - x” + § = x”". So, in both
cases, BPAj - x+3=x"+x"+§ =% +x" =x. Case 5: X = 0y (X'), where ¥’ is a
basic term. Then BPAg,, - x + 8 = 0ra (X'} + & = 0ra(X') = x.

Suppose that T(BPAZ,) = x %. Case 1: x = §. By Axiom DCSID we have BPAZ,, +

X =06 = v(8) = vra(x). Case 2: x = g, where a € As. We have BPA;, - X = a =
Vi (d) = vra(x). Case3: x=g-x where a € As and X’ is a basic term. We have
BPAdrt [ x =a-xX =v(a) -x' = vrel(a X ) = Vel (X). Case4d: x =X + X" where
x" and x”’ are basm terms. As T(BPA3,) £ X +, necessarily T(BPA3,) = X’ %+ and
T(BPA,) x” % . Therefore, by the lnductlon hypothe51s BPA - X' = vrel(x )
and BPAg - x" = vrel(x”) But then also BPAg, - x = X"+ X" = vy {X') + vy (x7) =
Viel (X + X)) = Ve (Xx). Case 5: x = Ope (X'}, where X’ is a basic term with =ID(x).
This is in contradiction with T(BPAg,) = x +, so this case does not occur. Case 6;
X = owg{x’), where X’ is a basic term. Then, by T(BPAy,) & x A , it must be the
case that ID(x’). So, by (iii), we have that BPAg,, + X" = §. Therefore, BPAg, - x =
Orel (X'} = 011 (8) = 2 = Vrel{Trel (X)) = Vi (X).

Suppose that T(BPAZ,) = x2y. Case 1: x = 4. This is in contradiction with
T(BPAg,) = X > ¥, so this case does not occur. Case 2: x = 4, where g € As. This
is in contradiction with T(BPAZ,) E x Z y, so this case does not occur. Case 3:
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(vii).

X = da-X,where a € A; and x is a basic term. This is in contradiction with
T(BPAT;H) = x 2y, so this case does not occur. Case 4: x = x' + x”/, where x’ and
X" are basic terms. As T(BPAg,) £ x > y, necessarily (1) T(BPAZ,) = x' =y, x" >,
or, (2) T(BPAL,) = X' % ,x" %y, or, 3) T(BPAL,) E ¥ Sy, x" 2y’ wherey =
Y + ¥". In the first case, by the induction hypothesis, we have BPAg, - x' =
Ore1(y) + v (x'), and, by (v), BPAg, + X" = via(x’’). Therefore, BPAy, + x =
X +x' = O'rel()’) + Ve (X') + Veel(X") = Orel(¥) + Veet(X' + X)) = ora(y) + via(x).
The second case is treated analogously. In the third case we have, by the induc-
tion hypothesis, BPAg, - X" = gl (y') + via (X)), X" = ora(y”} + via(x”). There-
fore we have BPA3, F X = X' + X" = 07 (y) + Ve (X') + O (37) + Via(x'’) =
Orel (V' + V") + vl (X + X)) = grel(y) + vrel(X). Case 5: x = Ope(X'), where x' is
a basic term. Because T(BPA,) = x5y, it must be the case that X' = y. So we
have BPAd_n FXx = O-rel(x’) = O-rel(y) = O-rel()") +é = O-rel(Y) + Vrel(o—rel(xr)) =
Trea(y) + Vea(X).

Suppose that T(BPAg,) = x>y, Case 1: x = 4. This is in contradiction with
T(BPAg,) E X Z y, so this case does not occur. Case 2: X = b, where b € A;. This
is in contradiction with T(BPAZ,) £ x =y, so this case does not occur. Case 3:
x = X' - X", for certain terms x' and x”. Then, because T(BPA3,) = x =y, we ei-
ther have T(BPAz,) £ ¥ % /and y = x”, or we have T(BPAR,) = x' % X"’ and
y = X" - x" for some term x'”. In the first case, we have n(x) = n(x’ -+ x") =
n(x’)+n(x")+1 > n(x") = n(y), and in the second we can apply the induction hy-
pothesis to arrive at n{x’) > n(x’""), soweget n(x) = n(x’-x"} = n(x)+n(x")+1 >
n(x""y+n(x)+1=nx"-x") =n(y). Case 4: x = x' + x", for certain terms x’ and
x"". Since T(BPAg,) = x 2 y, necessarily T(BPAy,,) = x' Zyor T{(BPAg,) = X" Ly
Therefore, by the induction hypothesis, n(x’) > n(y) or n{x”") > n(y). In both
cases n(x) = n(x’ + x”) = n(x’) + n(x’) + 1 > n(y). Case 5: x = ora(X'), for a
certain term x'. This is in contradiction with T(BPAZ,) F x = y, so this case does
not occur. Case 6: x = v (X'}, for a certain term x’. Since T{BPAy,) £ x 4 ¥, nec-
essarily T(BPAg,) F x’ 5 y. Therefore, by the induction hypothesis, n(x’) > n(y).
So, n(x) = n(via(x')) = n(x’) + 1 > n(y).

ii). Suppose that T(BPA3,) F x> y. Case 1: x = 4. This is in contradiction with

T(BPA,) = X A ¥, so this case does not occur. Case 2: x = g, where a € A;s. Thisis
in contradiction with T(BPAZ,,) = x < y, so this case does not occur. Case 3: x = X’ -
x”, for certain terms x’ and x”’. Then necessarily, X’ = x"” and y = ' - X"’ for some
term x”’. We now can apply the induction hypothesis to arrive at n(x’) > n(x’""), so
wegetn{x) = n(x"-x") =nx")+n{(x")+1 > n(xX"")+n(x")+1 =nx"-x") = n(y).
Case 4: x = x’ + x"/, for certain terms x" and x”. As T(BPAg,) k& x 2y, necessarily
(1) T(BPAZ,) E X’ 2 y,X" %, or, (2) T(BPAL) E X"+ ,x" >y, or, (3) T(BPAj,,) =
x %y x" %y where y = y +y’. In the first case, by the induction hypothesis,
n(x’) > n(y). Son(x) =n(x’ +x"”) = n{x'}y + n(x") +1 > n(y}. The second case is
treated analogously. In the third case, by the induction hypothesis, n(x") > n(y’)
and n(x"”) > n(y"). Son(x) =n(x'+x") =n(xX)+nxX")+1>n(/)+ny")+1=
n{y). Case 5. x = or(X’), for a certain term x'. Because T(BPAy,) F x if-y, it
must be the case that X' = y. Then we have n(x) = n(gya(x’)) = n(x’) +1 =
n(y) +1 > n(y). Case 6: x = v;(x’), for a certain term x’. This is in contradiction
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with T(BPAg.) = X > y, so this case does not occur.

Theorem 2.7.16 (Completeness of BPAg,,)
The axiom system BPAg, Is a complete axiomatization of the set of closed BPA,, terms
modulo (strong) bisimulation equivalence.

Proof Suppose s + t ~p,; t. We will prove, with induction on the structure of basic
term s, that BPAg, + s + & = t. By Theorem 2.7.11 we can restrict ourselves to basic
terms without loss of generality. The proof is done with induction on n(s), using Lemma
2.7.15{vii)-(viii} and case distinction on the forin of basic term s.

{i).

(ii).

(iii).

(iv).

{v).

s = 0. Using Axiom A6ID we have BPAg -s+t=§+t=t+d =t.

s = J. Then, smce for u € A, we have T(BPAZ,) =5 ~ also T(BPAL) Es+t—p
iff T(BPA3,) = t > p, and for a € A, T(BPAL,) = s + t L Jiff T(BPAZ) Et 2 /.
Furthermore, we have =ID(s + t}, since T(BPAg,) = —ID(s). Since s + t ~y,; 1, we
also have T(BPAg,) F -ID(t). Using Lemma 2.7.15(iv) we have BPAg - s + t =
d+t=t+d=t.

s = a, where a € A, From the deduction rules we have T(BPAy,) & s % /and
T(BPAg) E s+t /. Since s+1 ~upyy t wealso have T(BPA,) =t = /. By Lemma
2.7.15(i) we obtain BPAg -t =g + t. S0, BPAg Fs+t=a+t =t

s =& -s', where s’ is a basic term. Then we have BPA - s = 8 - s’ = § and, using
(i), BPAdrt FS+t="L

s=d-5, where a € A and s’ is a basic term From the deduction rules we obtain
T(BPAdrt) =525 and T(BPAL,) Fs+t =5 Sinces+t ~mag, t, we then also have
T(BPAy,) = t > t' for some t’ such that s’ ~mag, U BY the 1nduct10n hypothesis we
have BPA;,, - s" = t'. From Lemma 2.7. 15(11) we have BPAG, -t =a -t +t. So,
BPAG FSs+t=a-s'+t=a-t' +t=t B

- $=5"+5”, where s’ and s” are basic terms. Since ' + " + t ~,; t, we also have

s+t ~maz T and 8" +t¢ ~maz, £ BY the induction hypothesis we then have BPA3,,
sS+t=ts"+t=1S0,BPA Fs+t=5+s5"+t=5+t=t.

. S = O (s’), where s’ is a basic term. From the deduction rules we have T{BPAg,} =

Ora(s’) % s and since s + t ~maz, [ We also have T(BPAg,) = ¢ St,s+t3s+t
for some t’ such that s" + t’ ~g,. t'. By Lemma 2.7.15(vi) we have BPAy, + t =
Trel (') + v (t). By the induction hypothesis we have BPAg,, + s" + t' = t’. So,
BPAE_rt Fs+t=0w(s) +t=0rw(s) + 0ra(t’) + Vialt) = orals’ + t’) + Vre(t) =
O-rel(t’) + Vrel(t) =t

Remark 2.7.17 (Completeness of BPAg,,)
Completeness of a slightly different version of BPAg,, is also claimed (without proof) in
Section 3.5 of [10].
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2.8 Soundness and Completeness of BPA},,

Definition 2.8.1 (Signature of BPA4r)

The signature of BPAy consists of the undelayable atomic actions {gala € A}, the de-
layable deadlock actions {a|a € A}, the undelayable deadlock constant §, the delayable
deadlock constant &, the immediate deadlock constant 8, the alternative composition oper-
ator +, the sequential composition operator -, the time unit delay operator o, the “now”
operator vy, and the unbounded start delay operator | |.

Definition 2.8.2 (Axioms of BPA4)

The process algebra BPAg. is axiomatized by the axioms of BPAgZ, given in Defini-
tion 2.7.2 on page 45, and Axioms ATS and USD shown in Table 14 on page 32: BPAy: =
Al-A5 + A6ID + A7ID + DRT1-DRT5 + DRTSID + DCS1-DCS4 + DCSID + ATS + USD.

Definition 2.8.3 (Recursion Principle for BPAg)

Next to the axioms mentioned in Definition 2.8.2, the system BPAg, also contains the
recursion principle RSP(USD) shown in Table 15 on page 33. For more information on
recursion principles and their status with respect to axioms, see [14].

Definition 2.8.4 (Semantics of BPAg;)

The semantics of BPAg. are given by the term deduction system T(BPAgay) induced by the
deduction rules for BPAy,, given in Definition 2.7.6 on page 46 and the deduction rules
given in Table 16 on page 33.

Remark 2.8.5 (Semantics of BPAgr)
Note that for any closed BPAg term x, we have that —ID(| x]“). Hence, there is no de-
duction rule for ID([ x}*).

Definition 2.8.6 (Bisimulation and Bisimulation Model for BPA4()

Bisimulation for BPAg and the corresponding bisimulation model are defined in the
same way as for BPAj,, and BPA respectively. Replace “BPAg,.” by “BPAax” in Defini-
tion 2.7.7 on page 46 and “BPA” by “BPA4” in Definition 2.2.11 on page 8.

Definition 2.8.7 (Basic Terms of BPAyy,)
We define (0o, g, 8, 6) -basic terms inductively as follows:

(i). Immediate deadlock & is a (o, 3,6, 8)-basic term,
(ii). If @ € As, then g and a are (0,9, §,6)-basic terms,

(iii). ifa € Asand tisa (J,Q,(S,S)—basic term, theng - t and a - t are (0,4, 8, 8)-basic
terms,

(iv). if t and s are (o, 6, 6, ) -basic terms, thent + sisa (o, 4, d, &) -basic term,
(v). if tisa (o, Q,(S,S)-basic term, then o (t) isa (0,9, 8, 5)-basic term.

From now on, if we speak of basic terms in the context of BPA4,, we mean (7,4, 6, ) )-
basic terms.

54



Theorem 2.8.8 (General Form of Basic Terms of BPA ) )
Module the commutativity and associativity of the +, and modulo superfluous & sum-
mands, all basic terms t of BPAy are of the form:

t= Zg'si-l' Zﬁ+zck-uk+2dl+20rel(vo)

i<m JenT  k<p l<q o<r
form,n,p,q,r € N, aj,bj,cx,d1 € As, and basic terms s;, ui, and v,.

Proof Trivial, by inspection of the definition of basic terms, Definition 2.8.7. Observe
that the general form of basic terms is closed under the formation rules gives in Defini-
tion 2.8.7. |

Remark 2.8.9 (General Form of Basic Terims of BPAgy)
Note that the case t = & is generated whenwe takem = n =p = g = r = 0. See also
Definition 2.7.5.

Definition 2.8.10 (Number of Symbols of a BPAg;; term)
We define n(x), the number of symbols of x, inductively as follows:

(i). We define n(8) =1,
(ii). for a € As, we define n{g) = n(a) =1,
(iii). for closed BPA4« terms x and y, we define n(x + y) = n(x-y) = n(x) + n(y) +1,
(iv). for a closed BPAgy term x, we define n(0re (X)) = n(vVia(X)) = n(|x]*) = n{x) + 1.
Proposition 2.8.11 (Properties of BPAJ,, Part I}
For BPA 4 terms x and y, and any a € As, we have the following equalities:
(). BPA} - 1al®=a
(ii). BPAG,+ Lx - y)¥ = IX]“-y
(ifi). BPAL - [x+ ]9 = [x]“+ [¥I®
(). BPAYy - Lovat(%) € =
(v). BPAL.+ [61“=6
(V). BPAgn = vye(a) = d

(vii). BPAge - [X]®+ 8 = [x]®

Proof The proofs for equality (i)-(iv} and {vi} given in Proposition 2.6.9 on page 34,
with respect to BPAg4+-ID, remain valid in the setting of BPAgr, as can be easily checked.
Equality (v} and (vii) do not appear in Proposition 2.6.9. Consider the following com-
putation for equality (v):
BPAg -6 = |8]”

= Vrel(g) + Oral léj “)

=98 + Tra(d)

= Or(5)

=6+ Orel(5)

= Vrel(é') + Ora(d)
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Using RSP(USD) we obtain: _
BPAj, +d =|d8]”

Finally, consider the following computation for equality (vii):
BPAg = Ix]% + g = Ve (X} + Ora (1X]%) + Q = Vre{x) + orallx]?) = [x]¥
Note the use of Axiom DRTS5 in the second step. m

Proposition 2.8.12 (Properties of BPAj,, Part II)
For any BPAg: term x we have the following equality:

BPAL - 8-x=96
Proof Using Proposition 2.8.11(ii) we derive:
BPAG F6-x=18]" - x=18-x]“=|8]"=0

Lemma 2.8.13 (Representation of BPA},; Terms)
Let t be a basic term. Then either:

(. BPAL Ht= 5, or,
(i). BPAf, +—t =vyq(t) + 4, or,
(iii). BPAL, -t = |t] or,
(iv). there exists a basic term s such that BPA},, - t = V(t) + 0ra(s) and n(s) < n{t).

Proof Let £ be a basic term. By Theorem 2.5.9, we may now proceed by case analysis
on the form of basic terms. Suppose, by Theorem 2.8.8, that t has the following general

form;
t= Zg-si-'_ Zﬁ_!_ ch 'Hk+ng+ Zo-rel(vo)
i<m Jj<n™  k<p I<q o<r

for m,n,p,q,r € N, a;,bj, cx,d; € As, and basic terms s;, u;, and v,. We distinguish four
cases:

(i). There are no summands: p=g=m=n=r=10.

(ii). Every, and at least one, summand starts with an undelayable action: m+n = 1 and
p=g=r=10.

(iii). Every, and at least one, summand starts with a delayable action: p + g > 1 and
m=n=r=>0.

(iv). Neither of the above; there are both summands that start with delayable action and
ones the start with undelayable actions, or there are summands that start with the
time unit delay operator: p+g+rzlandm+n+r=1

As can be easily seen, this covers all cases. We now prove that the four cases we distin-
guish exactly correspond to the four cases in the formulation of the theorem:
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(i). We have p =g =m =n =r = 0. So, by Definition 2.7.5, t = § and BPA},, - t = §.

(ii). Wehavem+n=landp=g=r =0. So:

t= ZFTI'_'S‘HI_ZEJ-

i<m j<n—

for m,n € N, a;,b; € As, and basic terms s;. Then we have the following computa-
tion:

BPAG - t= 3 ai-si+ > bj= 3 viea(as) -5+ D vea(by)

i<m Jen™— i<m J<n
=> Veel(di - 81) + > Vrel (b)) = Vrel (Z ai- i+ Zﬁ)
m jan = f<m jen=
= Vil (Zg'&"{' Z(ﬁ”f‘é)) =Vrel(zg__=_l;'sl'+ ZQ—FQ)
i<m j<n T i<m J<n—

= Vra(t +é) = Vra(t) + Vrel(é) = Vra (1) +é

(iii). Wehavep+g=1andm =n=r =0. So:

t = ch-uk+2d1

k<p I<q

for p,g € N, ¢y, d; € As, and basic terms u. Using Proposition 2.8.11(i)-(iii) we then
have the following computation:

BPAL HT= D k- + D dr= D lep)®-ux+ D Ldif®

k<p I<qg k<p I<g
W
= > Lok ugl®+ D (di)” = [Z Ci - Uy + Zd:}
k<p I<q k<p I<gq
=1t)®

(iv. Wehavep+g+r=landm+n+r=1. So:

t = Z%-S,"ﬁ‘Zﬁﬁ- ch-uk+zd1+zo-rel(vo)

i<m Jan™  k<p l<g o<r

form,n,p,q,r € N, a;, by, cx, di € As, and basic terms s;, u;, and v,. Then we have
the following compulation:

BPAL Ft= D ai-si+ > b+ D ok i+ 2 dit D ora(Vo)

i<m Jen™ k<p i<q o<r
= > vea(a) - si+ D vialby +
i<m - j<n -
Dol uk+ D 1dilC+ D oralvo)
k<p — I<q o<r
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= 2 Vea(di s + Y vea(b)) +

i<m Jj<n
Z (Vrel(c_k) + O'rel(lg_lc_Jw)) s U+ Z(Vrel(fﬁ) + Urel(l.é.lw)) +
k<p = = i<q = =
Z Orel (Vo)
o<r
= Z Vrei(_i_i' si) + Z Vrel(ﬁ) +
i<m Jj<n -
Z (Vrel(c_k) + Oyefcr)) - Up + Z(Vrel(ﬂ) + oraldy)) +
k<p - I<g -
Z Grel(vo)
o<r
= Z Vrel(g ' Sl’) + Z vrel(b) +
f<m Jj<n -
Z (Vrel(c=k) Uk + Orea(Ck) - Uk) + Z(Vrel(il,) + oy (dr)) +
k<p 1<g -
Z Trel{ Vo)
o<r
= Z Vrel(ﬁ - 8i) + Z Vrel(él) +
i<m Jj<n -
D (Vear(C - Mr) + Tra(Cr - Ue)) + D (Ve (d) + Ora(dD)) +
k<p I<g -
Z Ore{Vo)
o<r
=V1-¢_.1(Zﬂ-si+ D bj+ > k- uk+2¢) +
i<m— jen— k<p I<g—
Trel (Z k- Uy + Y di+ Zvo)
k<p i<g o<r
=Vrel(zg'5i+ Z_EQ-F
i<m Jj<n—
Z (ﬂ " U+ Urel(lﬂjw) - Ug) + Z(il_"‘ Urel([ﬂjw)) +
k<p - I<q — -
Z Urel(vo)) +
o<r
Trel (Z Cy - Ur + Zd1+ zvo)
k<p l<g o<r

=Vea| 2 ai-si+ ) b+
f<m J<n

Z (C=k+ a—rel(l.gjw)) T Ty Z(ﬂ*‘ Urel(l.g___ljw)) +

k<p I<qg
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Z o'rel(Vo)) +

a<y

md(z ckup+ Y di+ Zvo)

k<p I<q o<r
= Vr (Z&'Sﬁ 2.bj+
i<m— jen
Dl uk+ 2 ldil®+ > ord(vo)) +
k<p — l<qg — o<r
O7rel ch-uk+Zd1+ Zvo
k<p I<g o<r

=Vre1(zg-si+ Dhi+ D c-uxt > dr+ Zo'rel(vo)) +

i<m JenT  k<p l<gq o<y

(5o mesarsy)

k<p l<gq o<r

= Vi (t) + Orei(s)

Where we define:

S=D - mk+ D di+ D Vo

k<p l<g o<F

Note that n(s) < n(t) is now trivially satisfied: every summand of s also appears as
a subterm of ¢, and by m + n + r = 1, t must contain summands that do not appear
in s. Therefore, t must contain at least 2 more symbols than s.

=
Lemma 2.8.14 (Simplified Representation of BPA],, Terms)
Let t be a basic term. Then either:
(i). BPA, -t =4, o,
(if). BPAg -t =1+ 2,
Proof This lemma follows almost immediately from Lemma 2.8.13; case (i) men-

tioned there corresponds to case (i) here, and cases (ii)-(iv) mentioned there correspond
to case (ii) here. We distinguish the four cases from Lemma 2.8.13:

(). BPAL t = &.
(ii). BPAL, - t = viq(t) + 8. Then we have, using Axiom A3:
BPAG Ft=vea(t) + 8 =vq(t) +d+5 =t + 3.
(iii). BPAL, + t = [t]“. Then we have, using Proposition 2.8.11(vii):

BPA  Ht=1t]"=1t]"+8=t+3.
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{iv). BPA4 + t = via(t) + 0re(s). Then we have, using Axiom DRT5:

BPAG F t = Via(t} + Orea(8) = via(t) + ora(s) + 8 =t + 3.

Remark 2.8.15 (Representation of BPAj,, Terms)
The main use of Lemmata 2.8.13 and 2.8.14 will be in induction proofs regarding regard-
ing the (yet to be treated) theories PAj,; and ACPg, (see Sections 3.6 and 3.7).

Theorem 2.8.16 (Elimination for BPA],,)
Let t be a closed BPA 4 term. Then there is a basic term s such that BPAj, + t = s.

Proof First a term rewriting system is given. Then, it is shown that this term rewriting
system is strongly normalizing and that the normal forms of the closed BPAg+ terms
are basic terms. The term rewriting system is given in Table 22. The rewriting rules

(x+y)-z—=x2z+y-z RA4
(x-y)-z-x-(y-2) RAS
Teel({X) - ¥ — Opet{X - ) RDRT?
lal® - a RATS
la]®—a RUSD1
[x-yj¥—x}-y RUSD?
[x+¥]¥— |x]“+y]® RUSD3
lora(x) ¥ =& RUSD4
1§19~ & RUSD5
d.x—90 RA7ID
V(@) - a RDCS1
Vrt(X + ¥) = Ve (%) + viei{y)  RDCS2
Vel (X ¥) = Ve (x) - y RDCS3
Vrel(Orel (x}) — & RDCS4
Viel(d) — a RDCS5
Vil (8) = & RDCSID

Table 22: Term rewriting system for BPA 4.

RA4, RAS, RDRT2, RATS, RA7ID, RDCS1-RDCS4, and RDCSID are obtained directly from
the axioms. The rewriting rules RUSD1-RUSD5 and RDCS5 are added to deal properly
with the recursive definition of ultimate start delay. The corresponding equalities are
derivable from the axioms as is shown in Proposition 2.8.11.

With the method of the lexicographical path ordering it is shown that the term rewrit-
ing system is strongly normalizing. Thereto the operator - is assigned the lexicographi-
cal status for the first argument and the following well-founded partial ordering on the
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signature of BPA . is defined:

1% > a
v
Vil > . > o+
A" \")
a OUrel

We give the following reduction for the rewriting rule RUSDS5:

18194 L6127
>1po O

Note that the reductions for the other rewriting rules have already been given in the
proofs of previous elimination theorems.

It remains to prove that every normal form of a closed BPAy, term is a basic term.
Suppose that s is the normal form of a closed BPAg« term. Furthermore, suppose that s
is not a basic term and that s’ is the smallest subterm of s which is not a basic term. We
distinguish all possible cases:

(i). " is of the form a or a for some a € Ag, or of the form 8. Then ¢’ is clearly a basic
term, so this case does not occur.

(ii). s’ is of the form s; - s, for basic terms s and s,. With respect to basic term s, the
following cases can be distinguished:

(a) s; = &: then RAZID is applicable, so s is not a normal form.

(b) s1 =4 for some g € As. Then s’ is a basic term. This contradicts the assump-
tion that s’ is not a basic term.

{c) sy = a for some a € As. Then s’ is a basic term, and we have again a contra-
diction.

(d) sy =a- 57 for some a € A;s and basic term s7. Then rewriting rule RAS is
applicable, so s’ is not a normal form.

{e) s1 = a - s] for some a € As and some basic term s}. Then rewriting rule RA5
is applicable, so s is not a normal form.

i

(f) s1 = 5] + 57 for some basic terms s] and s;. Then rewriting rule RA4 is appli-
cable, so s’ is not a normal form.

{(g) $1 = ore(s]) for some basic term s7. Then rewriting rule RDRT? is applicable,
s0 s’ is not a normal form.

(iii). s* is of the form s; + s} for basic terms s] and s}. Then s’ is a basic term itself, so
this case cannot happen.

(iv). s’ is of the form o (s} for some basic term s, Then again s’ is a basic term itself,
so this case cannot happen either.

(v). s is of the form v.q{(s’’), where s is a basic term. Then one of RDCS1-RDCS5 or
RDCSID can be applied, so s’ is not a normal form,
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(vi). s is of the form | s” |“ for some basic term s”. Then one of RATS or RUSD1-RUSDS5
can be applied, so s’ is not a normal form.

In every case s’ is a basic term or a rewriting rule is applicable. If s’ is a basic term this
contradicts the assumption that it is not. If a rewriting rule is applicable then s" and s
are not a hormal form. This contradicts the assumption that s is a normal form. From
this contradiction we conclude that s is a basic term. [ |

Remark 2.8.17 (Elimination for BPA 4)
Elimination for a somewhat different version of BPA4y is also claimed (without proof) in
Section 3.4 of [10].

Theorem 2.8.18 (Soundness of BPA,,)
The set of closed BPAg terms modulo bisimulation equivalence is a model of BPA},,.

Proof The soundness of each of the axioms of BPA4+ has already been proven in the
previous soundness theorems, so we do not repeat those proofs here. [

Remark 2.8.19 (Soundness of BPA)
Soundness of a somewhat different version of BPAg is also claimed (without proof) in
Section 3.5 of [10].

Lemma 2.8.20 (Towards Completeness of BPA )
Let x be a closed BPA 4+ term and let a € A. Then we have:

(). T(BPAgn) =x 2/ = BPAj,Fx=a+Xx,

(ii). T(BPAag) EXx>y = BPAj,FX=4a-y+X

{fiij). T(BPA4n) & ID(X) = BPA}, - x =0,

(iv). T(BPAgy) £ ~ID(x) = BPA}, +x+38 =X,

(v). T(BPAar) EX» = BPAL.+ X = va(X),

(vi). T(BPAan) ExZy = BPA}, + X = 0ra(y) + vya(X),
(vii). T(BPAgn) E X% x = BPAL, - x =1x]%
(iii). T(BPAg:) Ex >y = n(x) > n(y),

(ix). T(BPAgn) ex5y = x=yvn(x) > n(y).

Proof For part (i)-(vii) we assume, by Theorem 2.8.16 and Theorem 2.8.18, without
loss of generality, that x is abasic term, and then apply induction on the structure of basic
terms. For part (viii) and (ix) we again have to use induction on the general structure of
terms.

(i). Suppose that T(BPA4) E x> ./ Case 1: x = 4. This is in contradiction with
T(BPAgt) E x> ./, so this case does not occur. Case 2: x = b, where b € As.
Because T(BPAg) E x> +/, it must be the case that b = a. So we have BPA], +
X=b=b+b=a+h =a+x Case3 x = b, where b € A;s. Because
T(BPAart) = x %/, it must be the case that b = 4. So we have BPA},, - x = b =
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(ii).

(iii).

(iv).

12 = Vet (B) + 0vet (LB1%) = Vea(B) +Vea (D) +0ra (1BIY) = B+ B]9 = a+b = a+x.
Case 4: x = b - X', where b € A; and x’ is a basic term. This is in contradiction
with T(RBPAq:) = x > v/, so this case does not occur. Case 5: x = b - X/, where
b € As and x’ is a basic term. This is in contradiction with T(BPAgy) E x > V/, 80
this case does not occur. Case 6: x = x’ + X", where X’ and x” are basic terms. As
T(BPAgn) E X > ./, necessarily T(BPAar) = x' = / or T(BPAgr) = x" 3 /. There-
fore, by the induction hypothesis, BPAdrt X =g+ x or BPA , - x" = a+x"”. But
then in both cases BPAj, - x = x" +x" =a + X’ +x = a+x. Case 7: X= a‘rel(x’),
where X’ is a basic term. This is in contradiction with T(BPAgr) &= x > ./, so this
case does not occur.

Suppose that T(BPAgqn) & x>y. Case 1: x = 5. This is in contradiction with
T(BPAg4:) = x 2 y, so this case does not occur. Case 2; X = b, where b € As. This
is in contradiction with T(BPAg4:) = X = ¥, so this case does not occur. Case 3:
x = b, where b € A;. This is in contradiction with T(BPA4.) £ x 3 y, so this case
does not occur. Case4: x = b - x', where b € A and x' is a basic term. Then,
because T(BPAgn) = X >y, it must be that b = g and X' = y. So, BPA}, - x =
X+x=hb-X+x=g-y+x Case’ x =b-X,whereb € As and x’ is a ba-
sic term. Then, because T(BPAg ) = x > y, it must be that b = g and ¥’ = y. So,
BPAjﬂl—x=b-x’=a-y (@a+a)-y=ag-y+a-y=4d-y+x Case6:
x = x' + x"”, where X’ and x” are ‘basic terms. As T(BPAgy) = x 2 y, necessarily
T(BPA4) £ X 2y or T(BPAgy) = X' % y. Therefore, by the induction hypothe-
sis, BPAj,, + ¥ = a -y + x" or BPAj + X” = g - y + x”. But then in both cases
BPAL X=X +X =g -y+X +X' =a-y+x Case 7 X = ga(x'), where X’ is
a basic term. This is in contradiction with T(BPAay) F X 2y, so this case does not
occur.

Suppose that T(BPAgy) & ID(x). Case 1: x = 4. Then BPA],, - x = 4 is trivially ful-
filled. Case 2: x = g, where a € A;. This is in contradiction with T (BPA4rt) = ID(x),
50 this case does not occur. Case 3: x = 4, where a € As. This is in contradiction
with T(BPAg,) F ID(x)}, so this case does not occur. Case 4: x = g - ¥, where
a € As and x’ is a basic term. This is in contradiction with T(BPA4+) = [D{x),
so this case does not occur. Case 5: X = a - X', where a € Az and X’ is a ba-
sic term. This is in contradiction with T(BPAg:) &= ID{X), so this case does not
occur. Case 6: x = x' + X/, where X’ and x” are basic terms. Then, because
T(BPAg4) = ID(x), it must be the case that T(BPA4) = ID(x'),ID(x"). So, by
the induction hypothe51s we have that BPAY, ~ x' = 4,x” = 4. But then also
BPAj - x=x"+X" =6+46=25.Case7: x = Ora{X’), where ¥’ is a basic term. This
is in contradiction with T{BPA4+) £ ID{x), so this case does not occur.

Suppose that T(BPAgr) = —ID(x). Case 1: x = §. This is in contradiction with
T(BPAgt) = —ID(x), so this case does not occur. Case 2: x = g, where a € As.
BPA;, - x+ 38 =a+8 =a = x Case3: x = a, where a € As. Then we have
BPAG - x+8 = a+3 = @)%+ = vra(@) +cfre1(laJ Y)+d=a+f+ow(lal®) =
A+ (la) )—vrel(a)ﬂrrel([aj “) = [aJ =g =x. Cased: x = g-x,wherea € A;
and x’ is a basic term. BPA},, - X+ = g-X ‘+8=a-X+5-x =(g+8)-X =a-x =x
Case 5: X = a - X', where g € As and X’ is a basic term. Then, using Case3 BPAL, -

xtd=a-X+8=a-x+3-x =(a+8) -X =a-x =x. Case6: x = x' + X", where x’
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V).

(vi).

and x'* are basic terms. As T(BPA4) £ —ID{x), necessarily T(BPAg4y) = —~ID(x’) or
T(BPAgr) = —ID(x""). Therefore, by the induction hypothesis, BPAJ,, - x" + § = X’
or BPA}, + X" +8 = x”. So,inboth cases, BPAj, - x+d =X + X" + 3 =X +x" = x.
Case 7: X = 0pa(x'), where X' is a basic term. Then we have BPA}, + x + § =
Ora (X') + é = Ora(X') = X.

Suppose that T(BPA4n) F x 2 . Case 1: x = §. By Axiom DCSID we have BPAG, +
X=08=vq(8) = vig(x). Case 2: x = a, where a € As. We have BPA}, - x =
a = vl = vrel(x) Case 3: x = a, where a € As. This is in contradiction with
T(BPAdn) = x + , so this case does not occur. Case 4: x = a- x',wherea € As and
X' is a basic term Wehave BPAj +X=d - X = Vyel(d) - X" = vrel(g XY = va{x).
Case 5: x = a - X', where a € As and ¥ is a basic term. This is in contradiction
with T(BPAg) & X %, so this case does not occur. Case 6: x = X’ + x/, where x’
and x” are basic terms. As T{BPAgy) £ X &, necessarily T(BPAg) £ X’ % and
T{(BPA4+) = x”’ 2. Therefore, by the induction hypothesis, BPAgy + X = v (x')
and BPA G, - X’ = via(x”). But then also BPA, - X = X"+ X" = Vel (X') + Vra (X’) =
Via{X + X'") = via(x). Case 7: x = 0.q(X'), where X’ is a basic term. Then, by
T(BPAgn} = x = , it must be the case that ID(x’). So, by (iii), we have that BPAL, +
x" = 8. Therefore, BPAj - X = Ora(X') = 07a(8) = § = Via(Tra (X))} = Vra(X).

Suppose that T(BPAgn) £ x> y. Case 1: x = $. This is in contradiction with
T(BPA4r) = x > y, so this case does not occur. Case 2: x = a, where a € As. This
is in contradiction with T(BPAg) = x >y, so this case does not occur. Case 3:
x = a, where a € As. Because T(BPAgn) = x = y, it must be the case that y = a.
So we have BPAJ,, - x = a = |a]” = vra(@) + ova (l2]®) = ora(a) + Vralg) +
8 = orala) + via(@) + Via (Urel(la “N) = ora(@) + Via (Viala) + Urel(laj 9Y) =
Tre1 (@) + Vel (laJ “) = ore(@) + Vrel(@) = Orel(¥) + Vrar(x). Cased: x =g -x , where
a € Ag and X' is a basic term. This is in contradiction with T(BPAg) = x>y, so
this case does not occur. Case 5: x = a - x', where g € A5 and x’ is a basic term.
Because T(BPAgy) = x = y, it must be the case that y = a - x". So we have BPA},, -
x=a-x =lal x (vrel(a) +0ve (La]®) - X' = vra(@) - X + ova (lal®) - ¥ =
Trel ([aJ ) X +Vrel( ) X +5 C:"rel(a X )+Vrel(a) X""é'x’ = Urel()’)"'(vrel(g) +é) -
X = ora(y) + (Vie (@) + Vi (orel(LaJ )X = Ore(¥) + Ve (@ + 0rar (12]9)) - X =
Tret (¥) + Veet (et (@) + 071 (12) ) X = 0rat(y) +vrex(lg1“’)-><’ = gra(y) +Vrel(a)'
X' = 0w {y) + Vea(a - X'} = 0ra(y) + vrel(x) Case 6: x = X' + X/, where x and x”
are basic terms. As T(BPAdn) = X 3y, necessarily (1) T(BPAdn) Ex Sy x %
or, (2) T(BPAare) = X +,x" %y, or, 3) T(BPAw) = X' 2y, X" <3 where y
Y + ¥”. In the first case, by the induction hypothesis, we have BPAj,, + X’
ora(y) + via(X'), and, by (v), BPAY, + X’ = vra(x”’). Therefore, BPAL, - x
X + X' = 0r(y) + Vi (X') + Vel (") = G (¥) + Via(X' +X7) = ora(y) + via ().
The second case is treated analogously. In the third case we have, by the induc-
tion hypothesis, BPAg: F X' = Gra () + Vel (X)), X7 = T (V) + Vo (X7}, There-
fore we have BPAj + x = X' + x" = ova(y) + via(X') + 0w (') + vea(X”7) =
Ol (Y +Y") + via (X' + X)) = Gra (V) + v (Xx). Case 7: x = 0pq(x’), where x’ is
a basic term. Because T(BPAgn) = x>y, it must be the case that X' = y. So we
have BPAfi’rt F X = Ora(X') = 0raly) = ora(y) + _é = Trel(y) + Vra{ora{x’)) =
Trel{Y) + Vrel{X).
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{wii).

(viii).

{ix).

Suppose that T(BPAg) = x> x. Case 1: x = §. This is in contradiction with
T(BPAa) E x> x, so this case does not occur. Case 2: x = 4, where g € As.
This is in contradiction with T (BPAgy) E X 2 x, so this case does not occur. Case 3:
x = a, where a € As. Then we have, using Proposition 2.8.11(i), BPAj, - x = a =
lal®=|x|® Case4: x = a-x,wherea € As and X’ is a basic term. This is in con-
tradiction with T{(BPAg4) & x Z x, so this case does not occur. Case 5: X = a - X,
where a € As and x’ is a basic term. Then we can derive, using Proposition 2.8.11(i)
and (i), BPAj . - x = a-x" = [a]”- X = la -x']® = |x]®. Case 6: x = x" + x”,
where x’ and x'’ are basic terms. Then we can derive, using Proposition 2.8.11(iii)
and the induction hypothesis, BPAJ,, - x = X" + x” = [ x|+ [x' |9 = |[¥ +X"|¥ =
|x|® Case 7: x = gr(x’'), where x’ is a basic term. This is in contradiction with
T(BPA4+) E x 2 X, so this case does not occur.

Suppose that T(BPAg) k& X 4 y. Case 1. x = &. This is in contradiction with
T{(BPA4) = x >y, so this case does not occur. Case 2: X = b, where b € As. This
is in contradiction with T(BPAg4:) E X =y, so this case does not occur. Case 3:
x = b, where b € Ajs. This is in contradiction with T(BPAg,) £ x>y, so this
case does not occur. Case 4: x = x' + x”, for certain terms x’ and x’’. Then, be-
cause T(BPAg:) E x 2y, we either have T(BPAg) = X° 2 v and y = X", or we
have T(BPAg4t) E X Z x" and y = X" - x” for some term x’’, In the first case,
we have n(x) = n(x' - xX’) = n(x’) + n(x’) + 1 > n(x”’) = n(y), and in the sec-
ond we can apply the induction hypothesis to arrive at n{x’) > n(x’’), so we get
nx) = nx -x") =nx)+nx"Y+1>nx"")+nx)+1=nx"- -x") =n(y.
Case 5: x = X’ +x”, for certain terms x’ and x”. Since T(BPAg4n) = X = y, necessarily
T(BPAg4s) E X' = y or T(BPA4r) = x” 2 y. Therefore, by the induction hypothesis,
n(x’) > n(y) orn(x") > n(y). Inbothcases n(x) = n(x’+x”) = n(x}+n(x")+1 >
n(y). Case 6: x = o{X'), for a certain term x’. This is in contradiction with
T(BPA4) E X 2 y, so this case does not occur. Case 7: X = v (X'), for a certain
term x'. Since T(BPAgr) = x = y, necessarily T(BPAan) = X’ > y. Therefore, by the
induction hypothesis, n(x’) > n(y). So, n(x} = n{v{x)) = n(x’) + 1 > n(y).
Case 8: x = |x']% for a certain term x'. Since T(BPAgn) £ x >y, necessarily
T(BPA4) E x> y. Therefore, by the induction hypothesis, n{x’) > n(y). So,
n(x) = n(lx'|”) =n{x’} +1 > n(y).

Suppose that T(BPAqw) = x 2> y. Case 1: x = §. This is in contradiction with
T(BPA4) & x 2 y, so this case does not occur. Case 2: x = g, where a € As. This is
in contradiction with T(BPAg4y) E x = v, so this case does not occur. Case 3; x = g,
where a € Ags. Because T(BPAg) = x > y, it must be the case that x = y, and we
are done. Case 4: x = X' - X", for certain terms x’ and x’. Then necessarily, X' > x'
and y = X - x”" for some term x'. We now can apply the induction hypothesis
to arrive at n{x’) > n(x""}, sowe get n(x) = n(x’ - x”") = n(xX) + n(x’) +1 >
n(x") + n(x’y +1 = n(x’" -x”") = n(y). Case 5: x = x’ + x”, for certain terms
x" and X”’. As T(BPAar) & x Z y, necessarily (1) T(BPAan) = x' Z y,x” %, or, (2)
T(BPAgy) E X +,x' 2 y, or, (3) T(BPAg) E X %y ,x" 23" wherey =y +y". In
the first case, by the induction hypothesis, n{x’) > n(y). So n(x) = n(x’ + x’'} =
n(x’) + n{(x”) +1 > n(y). The second case is treated analogously. In the third
case, by the induction hypothesis, n(x’) > n(y’)} and n(x”) > n{(y’"). So n(x) =
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nx'+x") =nx)+nx")+1>n()+n(y’)+1=n(y). Case 6: x = o (x’), for
a certain term x’. Because T(BPAgy) E X = y, it must be the case that x’ = y. Then
we have n(x) = n(oa(x’)) =n(x) +1 =n(y) +1 > n(y). Case 7: x = v4(x’}), for
a certain term x’. This is in contradiction with T(BPAgr) E X = ¥, so this case does
not occur. Case 8: x = |x'|® for a certain term x'. Because T(BPAgn) = x 3y, it
must be the case that x = y, and we are done.

Remark 2.8.21 (Towards Completeness of BPA},,)
Note that Lemma 2.8.14 on page 59 now also follows as a corollary from Lemma 2.8.20(iii)
and (iv) by the law of the excluded middle.

Theorem 2.8.22 (Completeness of BPAZ,)
The axiom system BPA},. is a complete axiomatization of the set of closed BPA. terms
modulo bisimulation equivalence.

Proof Suppose that s + t ~ga,, t- We will prove that BPAJ, - s + t = t. By Theorem
2.8.16 we can restrict ourselves to basic terms s and t. The proof is done with induction
on n(s), using Lemma 2.8.20{viii}-(ix) and case distinction on the form of basic term s.

(i)
(ii).

(iii).

(iv).

w).

s = &. Using Axiom A6ID we have BPA}, s+t =8+t =t+d =1

s = 8. Then, since for u € Ay we have T(BPA4r) = s + , also T(BPAq) s+t 3 p
iff T(BPA4r) = t 2> p,and fora € A, T(BPAgy) & 5 + t = ./ iff T(BPAg) E t 5 /.
Furthermore, we have —ID(s + t), since T(BPAgr) E -ID(s). Since s + £ ~p,  {, We
also have T{BPAg,) = —ID{t). Using Lemma 2.8.20(iv) we have BPAJ, - s+t =
d+t=t+d="t

s = g, where a € A. From the deduction rules we have T(BPAdrt) = s 4% ./ and
T(BPAdr) F S+t = /. SINCES+T ~p,, t we also have T(BPA4n) =t = /. By Lemma
2.8.20(i} we obtain BPAG, Ht =g+t So, BPAj Fs+t=a+t =L

s=4.Thend > 5. Therefores+t = s+t and t = ¢’ with s+t ~g,,, t'. With Lemma
2.8.20(vi) we have BPAJ,, - t = 0p (') + vra(t). Two cases need to be considered:

(@ t =t. Now,s+t>s+tandt>t, sobyLemma 2.8.20(vii) we have BPA}, +
s+t =|s+t|”and BPAY, ~ t = | t]*. So we can derive, using Proposition
2.8.11(i) and (iii) and Lemma 2.8.20(iv): BPAj + s+t = |s + t]% = | s]“+{t)" =
LS1°+1t]=8+ [t]” =181+ [t]Y =18+ tI® = 1] =

(b) t # t'. Now, by Lemma 2.8.20(ix), n(t’) < n(t). Therefore, the induction
hypothesis is applicable: BPAJN + & +t' = t'. Consider the following com-
putation: BPAG, - s+t =5+t = [8]|7+t = via(d) + ora{ld]”) +t =
5+Jrel(5) +1 = 0pl(8) +t = ora(5) + O'rel(t ) tvialt) = Ure](a‘l't +Vrel(t) =
O'rel(t } + Ve () =t

s = a, where a € A. Then s % /. Therefore s + t > ./ and, since s + ¢ ’“mdn Lt
Usmg Lemma 2.8. 20(1) we obtain BPAj,, — t = a + t. We also have s Zs. Therefore
s+t3s+t and t > ¢, From Lemma 2.8.20(vi} we obtain: BPAL -t = gral(t’) +
Vrel (). Two cases can be distinguished:
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(vi).

(vii).

(xi).

i) $=48&-8,wheres

@ t =t'. Now, s+t =5 +tand t > t, so by Lemma 2.8.20(vii) we have BPAZ,
s+t=|s+t]“and BPA}, + t = [t]“. So we can derive, using Proposition
2.8.11%) and (iii): BPAL - s+t = |[s+t]Y = |s]Y+ |t]Y = [a)®+ | t]¥ =
a+|t]*=1al®+[t|"=la+t]"=1t]*=

(b) t = t’. Now, by Lemma 2.8.20(ix), n(t') < n(t). Therefore the induction hy-
pothesis is applicable: BPA},, + a + ¢/ = t'. Consider the following compu-
tation: BPAG, - s+t = a+t = {g]”+t = via(@) + ova (lal®) +t =
a"'o'rel(a) +1 = 0p{a) +t = ora{a) +U'rel(t ) +Vra(t) = oyala+t ) +Vra(t) =
Tra (') + vealt) = t.

s = J -8, where s’ is a basic term. Then we have BPAj s = § - ' = § and, using

(i), BPAL, - s+t = t.

s =a-s',where a € A and s’ is a basic term. From the deduction rules we obtain
T{BPA4) = s> s and T(BPAqn) =5+t > 5. Since s + t ~gps, [, we then also have
T(BPA4) £ t 2 t' for some t' such that s’ ~mwag, {. By the induction hypothesis we
have BPAj,; - s' = t’. From Lemma 2.8.20(ii) we have BPA},, - t = a - ' + t. So,
BPAj(Fst+t=a-§+t=a-t'+t=t B

f

is a basic term. Then we have, using Proposition 2.8.12, BPAj;, +
s=46&-5 =& and, using (iv), BPAj - s+ = t.

.S =a-s,wherea € Aands is a basic term. Then s 2 s ands+t-‘1s’ Since

S+t ~ms,, t we also have t 2t for some t’ such that 8" ~ga_ . t'. By lnductlon we
therefore have BPAJ, - s' = t'. We also haves 2 sand s+ t = s +t"andt % ¢”. By
Lemma 2.8.20(ii) we have BPAJ -t =a - t' + t and BPA} - t = g (t”) + v ().
Two cases can be distinguished: B

(@ t=t". Now,s+t>s+tand t > t, so by Lemma 2.8.20(vii) we have BPAJ,, +
s+t =|s+t]and BPAj, +- t = [t]*. So we can derive, using Proposition
2.8.11()-(ii: BPAL F s+t = |s+¢t]Y = [s]®+ [t]® = |la- -]+ |t]¥ =
la]®-s'+t]°=a-s'+[t]"=[a|“ s +[t]"=|a-s J“’+[tJ‘”— la-s" +t]°=
la -t +t]*=[t]"=t.

() t £ t’. Now, by Lemma 2.8.20(ix), n(t”) < h(t). By the induction hypothe-
sis we then have BPAdH s+ t’ =t’, Consider the following computation:
BPAdJ.tr—sH—a s'+t=al” s +t— (Vra(@) + 0ora (L2))) - 8" +t = (@ +
Orala)) -s'+t=a-t' +O'rel(a) 8"+t = opala)-s’ 1= O—rel(_fi'S’) +f= O’rel(ﬁ"‘
t= Urel(s) + O—rel(t ) + Vrel(t) = Urel(S + t”) + Vrel(t) = U'rel(t") + Vrel(t) =1

. 8§ =5 + 5", where s’ and s” are basic terms. Since s’ + 5" + t ~4,,_ t, we also have

8"+ ~pa,, tand s” +t ~y,, t. By the induction hypothesis we then have BPAY,
§+t=ts"+t=1t So,BPA} Fs+t=8+s5"+t=5+t=t

§ = Orel(s’), where s’ is a basic term. From the deduction rules we have T(BPAgr) =
Ore1 (') 2 5" and since s + t ~moag, T We also have T(BPAqn) = tZt,s+tSs 4+t
for some ¢’ such that s + t' ~g,, t'. By Lemma 2.8.20(vi) we have BPA}, - t =
Ora (t') + vra(t). By the induction hypothesis we have BPAJ, ~ s + t' = t'. So,
BPA:in Fs+it= O’re}(S') +t= O-rel(sf) + O'rel(t’) + Vrel(t) = CJ'-rel(-‘j’ + t’) + vrel(t) =
o-rel(tl) + Vrel(t) = L.
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Remark 2.8.23 (Completeness of BPAgy)
Completeness of a somewhat different version of BPAg4, is also claimed (without proof)}
in Section 3.5 of [10].

Definition 2.8.24 (Axiom for the Ultimate Start Delay and Immediate Deadlock)
We define Axiom USD5 for the ultimate start delay of immediate deadlock as shown in
Table 23. Note that it precisely corresponds to the equality of Proposition 2.8.11(v).

16]9=68  USD5

Table 23: Axiom for | 5%

Corollary 2.8.25 (Soundness of BPAg,, + USD1-USD5)
The set of closed BPAy, terms modulo bisimulation equivalence is a model of BPAgy +

USD1-USD5.

Proof This follows directly from the soundness of BPA}],, (see Theorem 2.8.18 on
page 62) combined with the fact that Axioms USD1-USD5 are derivable in BPAj,, (see
Proposition 2.8.11 on page 55). |

Corollary 2.8.26 (Completeness of BPA4¢ + USD1-USD5)

If we add Axioms USD1-USD4 of Table 18 on page 45 and Axiom USD5 of Table 23 to
BPA 41, we again have a complete axiomatization of the set of closed BPAgy: terms modulo
bisimulation equivalence.

Proof Careful inspection of the dependencies between the proofs in this section re-
veals that the proof of Theorem 2.8.22 only relies upon RSP{USD) to ensure Propaosition
2.8.11(i)-(v). So, we obviously do not need RSP(USD) anymore if we add the correspond-
ing Axioms USD1-USDS5. Note that in this way we get a purely equational axiomatization
{i.e. without conditional axioms or principles). [
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3 Concurrent Process Algebras

3.1 Introduction

In this section we prove soundness and completeness for some discrete-time concurrent
process algebras, i.e. process algebras containing a merge operator. We will not explore
the field of concurrent process algebras as thoroughly as we did for basic process alge-
bra. However, we feel that we have shown which paths to take in proving soundness and
completeness for concurrent process algebras.

The first algebra we examine is PAg,-ID, which is basically BPAg,-ID with a (free)
merge operator added. We also look at PAg-ID’" which intuitively very similar to PAg,-ID,
but only defined in a slightly different way. We then proceed by replacing the (free) merge
operator with a merge operator capable of communication; this yields ACPg~ID. We
again examine a slightly different version: ACPy,-ID’.

Finally, we take a look at PAy and ACPy,. These theories also contain the ultimate
start delay and the immediate deadlock. As ACPy combines all features described here
in one theory, the completeness result for ACPy is in a sense “the mother of all com-
pleteness results” when it comes to discrete-time process algebra’s.

3.2 Soundness and Completeness of PAg,~ID

Definition 3.2.1 (Signature of PAg,-1ID)

The signature of PAj,,~ID consists of the undelayable atomic actions {d|a € A}, the unde-
layable deadlock constant 8, the alternative composition operator +, the sequential com-
position operator -, the time unit delay operator oye, the “now” operator vy, the (free)
merge operator ||, and the left merge operator |_ .

Definition 3.2.2 (Axioms of PAy,~ID)

The process algebra PA.-ID is axiomatized by the axioms of BPAg.~ID given in Defini-
tion 2.5.2 on page 22, Axioms DRTM1-DRTM4 shown in Table 24, and Axioms DRTM5-
DRTM6 shown in Table 25 on the following page: PA3,-ID = A1-A5 + DRT1-DRTS +
DCS1-DCS4 + DRTM1-DRTMG. '

x|ly=xlLy+ylLx DRTMI1

all x=a-x DRTM?2
a-xly=a-xly DRTM3
(x+» Lz=x|Lz+ylLz DRTM4

Table 24: Axioms for the (free) merge.

Definition 3.2.3 (Semantics of PA ,~ID)

The semantics of PAg,-ID are given by the term deduction system T (PAZ,-ID} induced
by the deduction rules for BPAg,-ID given in Definition 2.5.4 on page 23 and the deduc-
tion rules for the {free) merge given in Table 26 on the following page.
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Trei(X) |L Veel(y) = Q DRTMS5
Orei(x) L (vea(¥) + 0ra(2)) = ora(x | 2) DRTM6

Table 25: Additional axioms for PAg,-ID.

a a a
XX Y X=X
x[ly=>x Iy xfy2xiy XLy Zx iy
x>y Y= x5

a a 7]
Xlly—y xlly—x xLy—vy
xZ2x, y2y xZIx, yZy

x[lyZx Iy xLyZ X Ly

Table 26; Deduction rules for the (free) merge.

Definition 3.2.4 (Bisimulation and Bisimulation Model for PAg,-ID)

Bisimulation for PAg,-ID and the corresponding bisimulation mode] are defined in the
same way as for BPA;,-8 and BPA respectively. Replace "BPAy,—6” by “PAy,~ID” in Def-
inition 2.4.5 on page 14 and “BPA” by “PA,,~ID” in Definition 2.2.11 on page 8.

Definition 3.2.5 (Basic Terms of PAy,-ID)
If we speak of basic terms in the context of PAg-ID, we mean (o, §)-basic terms as de-
fined in Definition 2.5.6 on page 23.

Definition 3.2.6 (Number of Symbols of a PAg,-ID Term)
We define n{x), the number of symbols of x, inductively as follows:

(i). For a € As, we define n(a) =1,

(ii). for closed PAg,-ID terms x and y, we define n(x + y) = n(x-y) = n(x || y) =
nix L y) = n(x) + n(y) +1,

(iii). for a closed PAZ~ID term x, we define n{oa(x)) = n(vya(x)) = n(x) + 1.

Remark 3.2.7 (Proving Elimination using the Direct Method)

In some settings the term rewriting analysis method for proving elimination mentioned
in Remark 2.4.10 on page 15 does not work, as the term rewriting system we arrive at
is not strongly terminating. In these cases, we apply a direct method: we simply prove
that for all closed terms elimination can be achieved by examining all possible cases. Al-
though conceptually simple, this method often gives rise to very lengthy proofs, expo-
nentially so for theories that contain many features. See Theorem 3.2.8 on the next page
for an example of this method.
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Theorem 3.2.8 (Elimination for PAg,-ID)
Lett be a closed PAZ,~ID term. Then there is a closed BPAZ,,~ID term s such that PAZ,,-ID -

s=1

Proof Let t be a closed PA3,-ID term. The theorem is proven by induction on n(t)
and case distinction on the general structure of t.

().

(ii).

(iii).

{iv).

(v).

(vi).

t = g for some a € As. Then ¢ is a closed BPAG,-ID term.

t =ty +1t; for closed PAg,~ID terms t; and t;. By induction there are closed BPAy,-1ID
terms s; and s; such that PAg,-ID + ; = 53 and PAg,-ID + t; = 5,. But then also
PAg-ID + t; + t; = 57 + 8 and ;1 + s, is a closed BPAL~ID term.

t = t; - t; for closed PA,-ID terms t; and t,. This case is treated analogously to
case (ii).

t = ora (1) for a closed PA,-ID term t;. This case is treated analogously to case
(ii).

t = vye(t1) for a closed PAg,-ID term t;. This case is treated analogously to case
(ii).

t = t1 |l t; for closed PAg,~ID terms t; and t;. By induction there are closed
BPA;-ID terms s; and s; such that PAy-ID + t; = 57 and PA3-ID + t; = s,.
By Theorem 2.5.12, the elimination theorem for BPA,,~ID, there are basic terms
r1 and r; such that BPAg-ID + 51 = r1 and BPAg.-ID + s; = rz. But then also,
PAG-ID + 1y = 1, PAG-ID - t; = ¥, and PAG-ID +~ t; Il 2 = 1y | r2. We prove
this case by induction on the structure of basic term r;:

{a) i =aforsomea € As. ThenPAG-IDr-t Lt =rlLre=allr=a-r,
and g - r; is a closed BPAg,-ID term. - -

(b} r1 = a - ] for some a € As and basic term r]. Then PAg-ID - t; L &, =
nllr=a-rllrn-= a - (ry || r2). By the induction hypothesis there exists
a closed BPAZ,~ID term p such that PA7,-ID ¥} || ¥, = p. Then, PAg,-ID
Lt =4a- (r1 1l r2) =4a-p, andg p is a closed BPAy,-ID term.

(c) r1 = ry +r{ for basic terms ] and r7. ThenPAL-ID - t| Lt = |L ¥ =
(ry +¥YILra =7 IL7r2 +# IL#. Byinduction there exist closed BPAEH-]D
terms py and p; such that PA;-ID + 77 L r2=p prandPA-ID+-ry |Lr; =
ThenalsoPA3-ID+-t1 Lt =1 IJ_ ro=r L F2+r] |L ¥2 = p1+p2, and p; +p2
is a closed BPAg,~ID term.

{d) r1 = ora(ry) for abasic term ;. By Lemma 2.5.10 there is a basic term #; such
that either PA-ID - r2 = viei(r2) or PA4—ID - r2 = via(r2) + ora{r;) with
n(ry} < n(ry). With case analysis we obtain:

i. ¥2 = vra{rz). Then PAE;(‘ID Fhltk =nillr = O'rel(r'l) L #2
Ore1(Fy) L vralrz) = g, and § is a closed BPAdn—lD term.

il. ¥5 = Ve (F2) + O’rel(l"z) for a basic term ¥y, Then PA3-ID + t; | I; =
rillre = O'rel(ri) L= Urel(ri) L (vrei(r2) + G'rel(ré)) = U_rel(ri IL ré)
By the induction hypothesis there is a closed BPA3,-ID term p such that
PAG~ID 1y |L 7, = p. But then also PA3-ID + t1 L t2 = ova(#] L ¥5) =
Ol (p), and ore (p) is a closed BPAL,,-ID term.
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(vii). t = t; |l t2 for closed PAg-ID terms ¢, and t;. Then PAg-ID + & Il t2 =
ti IL t2 + 2 [L t;. By (vi) there are closed BPAZ-ID terms p; and p; such that
PAg-ID + & | t = p; and PA3,-ID + &; [L t1 = p2. But then also PAG-ID +
tilitz=t, L ta+tz2 |L t1 = p1 + p2, and p1 + p2 is a closed BPAy,-ID term.

Corollary 3.2.9 (Elimination for PAy,-ID)
Let t be a closed PAy,,-ID term. Then there is a basic term s such that PAg,-ID+ s = t.

Proof This follows immediately from:
(i). The elimination theorem for PAg,-ID (see Theorem 3.2.8),
(ii). the elimination theorem for BPAg,-ID (see Theorem 2.5.12),

(iii). the fact that all axioms of BPA,-II) are also contained in PAg,-ID.

Remark 3.2.10 (Elimination for PAg,,—ID)
Elimination for PA,-ID is also claimed (without proof) in Theorem 3.2 of [11].

Theorem 3.2.11 (Soundness of PA;,-ID)
The set of closed PAg,~ID terms modulo bisimulation equivalence is a model of PAg,~ID.

Proof Soundness is proven following the same lines as in the previous soundness
theorems.

Axiom DRTM1 Take the relation:
R={(s,8),(slt,tlis),(slt,slLt+t] s)|s,te C(PAL-ID)}
First we look at the transitions of the left-hand side;

(i). Suppose that s || t = p. First we look at the (s || ¢,t || 5) pairs. By inspection
of the deduction rules we can conclude that either s > p; and p = p1 || ¢, or
t 2 p, and p=slip,ors® /andp=tort 4 ./ and p = s. Therefore, either
tsStiipL,ortlsZpalls ortils>t ort s> srespectively, and note
that (p1 Il t,t 1) € R, (s || p2,p2 1| 8) € R, (t,t) € R, and (s,s) € R.
Continuing with the (s || t,s L t + ¢ [L $) pairs, we also have eithers || t Zp
t,ortlls3p, || s,ors|Lt3¢t or t |Ls>s Therefore, ecither s | t +
tlsipifit,orslLt+tlls>palls,orsllt+tlls>t,orslLt+tlls>s
respectively, and again note that (p1 Il t,p1 Il t) € R, (s |l pz,p2 || 8) € R,
(t,t) € R, and (s,s) € R.

(ii). Suppose that s || t = /. This case cannot occur.

(iif). Suppose that s || t 2 p. First we look at the (s || ¢,¢t || s) pairs. By inspection
of the deduction rules we can conclude that s > p;, t > p,, and p = p1 || pa.
Therefore, t || s > p2 || p1, and note that (py || p2,p2 Il P2} € R.

Continuing with the (s || t,s |L t + t [ s) pairs, we also have s || t % py L p2
and t Il s3 p; |L p1. Therefore, s L t+t|Ls3p; L p: + p2 L p1, and note
that (p1 Il p2,p1 L P2 + P2 IL P1) € R.
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Secondly, we look at the transitions of the right-hand side:

(i). Suppose that t || s > p. This case is handled in the same way as the corre-
sponding (sub)case for the left-hand side shown above.

(ii). Suppose that t [l s & ./. This case cannot occur.

(iii). Suppose that t || s = p. This case is handled in the same way as the corre-
sponding (subjcase for the left-hand side shown above.

(iv). Suppose that s | t + t |L s > p. By inspection of the deduction rules we can
conclude that either s & p; and p=pilltort>p,andp=p, | s orss v
andp=tort Lt v/ and p = s. Therefore, either s || tZplit,orshtds| P2,
ors || t St ors | t= s respectively, and note that (p; || t,p1 Il t) € R, (s ||
p2,p2 |l 8) € R, (t,t) € R, and (s,s) € R,

(v). Supposethats | t+t| s % p. This case cannot occur.

(vi). Suppose that s |L t + t |L s Z p. By inspection of the deduction rules we can
conclude that s > p1, t < p,, and p = py L p2 + p2 IL p1. Since both s and ¢
can perform a o transition, we obtain s || t 2 py || p», and note that (p; |

p:,p1 Lp:+p2 L P1) €R
Axiom DRTM2 Take the relation:

R={(s,8),(g@Lsa-s)|s€C(PAg-ID)]

We look at the transitions of both sides at the same time, The only possible transi-
tion of the left-hand sideisa | s £ s, the only possible transition of the right-hand
side is g - s % 5, and note that (s,s) € R.

Axiom DRTM3 Take the relation:
R={(s,8),(a-slLta-(slt))|se C(PAL-ID)}

We look at the transitions of both sides at the same time. The only possible tran-
sition of the left-hand side is a-sit Z s || t, the only possible transition of the
right-hand side is g - (s || t) 25|l t,and note that (s | t,s || t) € R.

Axiom DRTM4 Take the relation:
R={(s,8),({s+t) LuysLu+t| u)|s,t,uec C(PA-ID)}
First we look at the transitions of the left-hand side;

(i). Suppose (s+t) L u > p. By inspection of the deduction rules we can conclude
that either s % py and p = py || u, or t>p,andp = p, || u, ors2 ./ and
p=uort>/andp = u So,eithersf uZp; | w,ortLusp, i u, or
slLuu ort| u2u. respectively. Therefore, eithers L u+t | u>pq |l u,
orsLu+tlluZp;lluorsLu+tllu>uors | u+t L u> urespectively,
and note that (py || u,p1 || u) € R, (p, || u,p2 |l u) € R, (u,u) € R, and
(u,u) € R.

(ii). Suppose (s +t) L u > ./. This case cannot occur.
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(iii). Suppose (s+¢) { u>p. Thens+t > py, u=p,, and p = py L p,. Then one

of the following situations has occurred:

(@) sZp; and t +: then s LuZp,Lp; and t U_ug—». Therefore, s || u +
t L u> pi L p2, and note that (p1 L p2,p1 L p2) € R.

(b} s ZandtZ p1: this case is handled in the same way as the previous one.

© s>q1,t% gy andpy =gy +g: thens L uZ gy Lpandt L uqz L pe.
Therefores || u+t L u > g1 |L p2+92 L p2, and note that ((g1+4g2) L p2,
a1 lLp:+q2 L p2) €R

Secondly, we look at the transitions of the right-hand side:

(i). Suppose s | u + t |L u > p. By inspection of the deduction rules we can con-
clude that either s > p; andp = p; lw,ort<p,andp = p  u,ors >/
andp = u,ort>./and p = u. Therefore, either (s + t} Lu>p, || u, or
G+ Lludp, luyor{(s+tLuu or(s+¢ [Lu>u, and note that
(p1llu,prllu) € R, (p2l u,p2 ll u) € R, (u,u) € R, and (u,u) € R.

(ii). Supposes || u+t | u 4 /. This case cannol occur.

(iii). Suppose s |L u + t |L u = p. Then this must be due to one of the following:
@sluipandtiu % : then s% g, usq, and p = g1 |L g2. Therefore,
s+t5grand (s+t) Lu2 g1 L g», and note that (g1 L 42,91 L g2) € R.

(b) s |Lu+ and t |L u > p: this case is handled in the same way as the previ-
ous one,

©slLlupn,tilusp,andp =p; +pathens > g1, t > dgo, u g3, py =
a1 L g3, and p2 = g2 1L q3. Therefore, s+t = g1+g2 and (s+1) L u = (g +
gz) . g3, and note that ((g1 +42) L 93,91 L g3 + g2 L g3) € R.

Axiom DRTM5 Take the relation:
R = {{ora(s) L v(0),8) |s,t € C(PA,~ID)}

We look at the transitions of both sides at the same time. Observe that there are no
transitions possible on the left-hand side: o (s) L via(t) - . Also for the right-
hand side there are no transitions possible: § - .

Axiom DRTM6 Take the relation:
R = {(5,8), (Gra(s) L (Vra(t) + ora(W)),0vals L u)) |s,t,u € C(PAL~ID)}

We look at the transitions of both sides at the same time. Observe that the only
possible transition of the left-hand side is Trel (5) 1L (vya{t) + Orea (1)) S s |L 1, and
that the only possible transition of the right-hand side is oye (s L u) = s §f u, and
note that (s [L u,s | u) € R.

Remark 3.2.12 (Soundness of PA,-ID)
Soundness of PAz,-ID is also claimed {without proof) in Theorem 3.3 of [11].
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Remark 3.2.13 (Conservativity etc.)

In Theorem 3.2.15 and 3.2.16 below we use the concepts conservative extension, opera-
tionally conservative extension, path format, and sum of term deduction systems. For a
formal definition of these concepts see Section 2.4.1 of [13], and the references given
there.

Remark 3.2.14 (Proving Completeness using Verhoef’s Theorem)
Instead of using the direct proof method (outlined in Remark 2.2.18 on page 9) to prove
completeness, we can also use Verhoef’s General Completeness Theorem [25] to derive
completeness of a process theory P, given the completeness of a subtheory P’ of P, In
order to do this, we need to prove that P has the elimination property for P’, and that P
is a conservative extension of P,

See Theorems 3.2.15 and 3.2.16 below for a example of this proof method. Further-
more, this method is used in the proofs of Theorems 3.4.15, 3.6.14, and 3.7.17.

Theorem 3.2.15 (Conservativity of PA;,,-ID with respect to BPA;,-ID)
The equational specification PAg,-ID is a conservative extension of the equational specifi-
cation BPAg,-ID.

Proof In order to prove conservativity it is sufficient to verify that the following con-
ditions are satisfied:

(i). Bisimulation equivalence is definable in terms of predicate and relation symbols
only,

(ii). BPAZ,-ID is a complete axiomatization with respect to the bisimulation equivalence
model induced by T(BPAy,-ID) (see Theorem 2.5.17),

(iii). PAZ-ID is a sound axiomatization with respect to the bisimulation equivalence
model induced by T(PAg,,-ID) (see Theorem 3.2.11),

(iv). T(PAg,-ID) is an operationally conservative extension of T(BPAZ,-ID).

And in order for T{PAg,-ID) indeed to be an operationally conservative extension of
T(BPAg,-1D) we must verify the following conditions:

(i). T(BPAg,-ID) is a pure, well-founded term deduction system in path format,
(ii). T(PAg-ID) is a term deduction system in path format,
(iii). T(BPA,-ID} & T(PA-ID) is defined.
That the above properties hold can be trivially checked from the relevant definitions. m

Theorem 3.2.16 {Completeness of PAg,,-1D)
The equational specification PA,,-1D is a complete axiomatization of the set of closed
PAg,,-ID terms modulo bisimulation equivalence.

Proof By Verhoef’s General Completeness Theorem (see {25], or Theorem 2.4.26 of
[13]) this follows immediately from:

(i). PAg-ID has the elimination property for BPA-ID (see Theorem 3.2.8),
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(ii). PAg-ID is a conservative extension of BPA3-ID (see Theorem 3.2.15).

Remark 3.2.17 (Completeness of PA g,-1D)
Completeness of PA3,-ID is also claimed (without proof) in Theorem 3.3 of [11].

3.3 Soundness and Completeness of PAg,—1D’

Definition 3.3.1 (Signature of PA,,-1D’)

The signature of PA,,-ID’ is identical to the signature of PA4-ID as given in Definition
3.2.1; it consists of the undelayable atomic actions {a|a € A}, the undelayable deadlock
constant 8, the alternative composition operator +, the sequential composition operator -,
the time unit delay operator oy, the “now” operator v, the (free) merge operator ||, and
the left merge operator | .

Definition 3.3.2 (Axioms of PA,-1ID’)

The process algebra PA3,~ID’ is axiomatized by the axioms of BPAy,-ID given in Defini-
tion 2.5.2 on page 22, Axioms DRTM1-DRTM4 shown in Table 24 on page 69, and Axioms
DRTM7-DRTM11 shown in Table 27: PA3,-ID" = A1-A5 + DRT1-DRT5 + DCS1-DCS4 +
DRTM1-DRTM4 + DRTM7-DRTM11.

ora(x) La=24 DRTM7

ga(x) La-y=28 DRTMS8

Trel(X) L (_£_+ y) = ora(x) Ly DRTM9
ret{X) L (@-Y+2) =0va(x) Lz DRTMIO
ora(X) | ora(y) = oralx Ly)  DRTM11

Table 27: Additional axioms for PAZ-1D".

Definition 3.3.3 (Semantics of PA;,~ID’)
The semantics of PAg,,-ID’ are given by the term deduction system T (PAg.~ID’) which is
identical to the term deduction system T(PAg,~ID) given in Definition 3.2.3 on page 69.

Definition 3.3.4 (Bisimulation and Bisimulation Model for PA-ID")

Bisimulation for PAg,,-ID’ and the corresponding bisimulation model are defined in the
same way as for BPA;,,-d and BPA respectively. Replace “BPA;,-6” by “PAg-ID"” in Def-
inition 2.4.5 on page 14 and “BPA” by “PA3-ID'” in Definition 2.2.11 on page 8.

Definition 3.3.5 (Basic Terms of PAy,-ID’)
If we speak of basic terms in the context of PAg,~ID’, we mean (o, §)-basic terms as
defined in Definition 2.5.6 on page 23,

Definition 3.3.6 (Number of Symbols of a PAy,-ID’ Term)
We define n(x), the number of symbols of x, inductively as follows:
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(). For a € As, we define n(g) =1,

(ii). for closed PAZ,-ID’ terms x and y, we define n{x +y) = n(x-y) = n(x || y) =
n(x L ¥} = n(x) +n(y) +1,

(iii). for a closed PA3-ID’ term x, we define n(gre(x)) = n(via (X)) = n(x) + 1.

Theorem 3.3.7 (Elimination for PAy,~ID’)

Let t be a closed PAL,-IIY term. Then there is a closed BPAL,-ID term s such that
PAZ,-ID s =t.

Proof First a term rewriting system is given which is proven to be strongly normaliz-
ing. Thereafter, it is shown that every normal form of a closed PAg,,-ID’ term is a closed
BPA 4.-ID term.

The term rewriting system used is given in Table 28. Note that we have added natural
number subscripts n to the merge operators, in order to deal with the mutually recursive
nature of definition of these operators. For a description of this technique, and a rigorous
formal justification of its use, see Theorem 3.2.3 of [13] and the references given there.

xIl,y—=xLy+ylL,x RDRTMI1

al,x—a-x RDRTM2

a-xl,y—a &I,y RDRTM3

(x+yy L,z—-xl,z+yll,z RDRTM4

ore{x) L,a— 28 RDRTM7

oral(X} IL,a-y— 2@ RDRTMS8

ora(X) U, {a+y) = dralx) L, ¥ RDRTM9
ora(X} I, (@ -y +2z) — ora(x} I, 2 RDRTM10
ora(x) I, ora(y} = ora(x L, ¥) RDRTM11

Table 28: Additional rewriting rules for PA4,-ID’".

Using the method of the lexicographical path ordering we prove that the term rewriting
system associated with PAg~-IDY' is strongly normalizing. Thereto, the operator - is as-

signed the lexicographical status of the first argument, and the following well-founded
ordering on constant and function symbols is used:

A<T <+t << |, <l < I <-+-< I, <llh< L <-...

H

That the left-hand side of every rewriting rule is bigger than the right-hand side with
respect to the ordering >, , is shown by the following reductions:

X ”n y>'lpox |I:y>'lpox ||:)’+X ||:)’
e (X X)L (X HF») + (11X L, (x 11Xy
X L, y+y L, x
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all,x>wg lyx>palix-al;x
>po A+ X
A Xl Y d X, Y (a-x I, ») - (@- x5, ¥
o {@-%) - ((@-x 5, ) I (a-x 15, )
w0 (@ X) - {@- X W, V) P (@-%%) - (@a-*x |, »)
P d - (X 1, ¥)
X+ L zrpe (X+Y) zrp (x+y) z+(x+y) ;2
o X+ L z+ (x+* W) L,z (XL, 2) + (¥ 1L, 2)
Ora{x) L, 4 >y Orel (%) ”.:g
>‘1po£
Oret{X) L, 8- Y i OralX) ;a-y
>11;02
Orel (%) L, (@+¥) 2o Gra(x) L5 (@ +Y) >y Fra(x) L, (@+* )
>1po Orel (X) L, »
Orel(x) L, (@Y +2) >ipe Ora(X) L} (@Y +2) > Ora(x) L, (@2-y+*2)
> Oval (X) 1L, Z
Ora(X) L, re1(y) =i Ora(X) 1} Oret(¥) »pn Oret(Orat{X) 1 Orea(¥})

™10 Trel (TP (%) 1L, 0761(3)) >ipe Oral(x L, ¥)

It remains to prove that every normal form of a closed PAg,-ID’ term is a closed BPAg,-ID
term. We prove this as follows: suppose that s is a normal form of a closed PAj,,-ID’
term, and furthermore suppose that s is not a closed BPAg,-ID term. Now consider the
smallest subterm s’ of s that is not a closed BPAg,-ID term. Then, s must be of the
form s = s; || sp or of the form s = s, | s; for closed BPAg,-ID terms s, and s;. By
the elimination theorem for BPA3 -ID, Theorem 2.6.12, we may assume that 51 and s;
are basic terms. Now in the first case, s’ = s || s, clearly rewriting rule RDRTM1 is
applicable. This contradicts the assumption that s is a normal form, so this case cannot
occur. In the second case, ' = 57 |L 8, it is not clear at first sight that a contradiction
can be derived. So, the following cases have to be considered for basic term s1:

{D. 5 = a for some g € As. Then rewriting rule RDRTM? is applicable.

(ii). s; = a - 87 for some a € A and closed BPAg,-ID term s7. Clearly, rewriting rule
RDRTMS3 is applicable.

(iii). s1 = s + 57 for some closed BPAZ,-ID terms s) and s{. This time rewriting rule
RDRTM4 is applicable.

(iv). s1 = ora(sy) for some closed BPAy,-ID term sj. The following cases can be consid-
ered for the general form of basic term s,:

(@) s, = a for some a € A, In this case rewriting rule RDRTM?7 is applicable.,

(b) s; = a-s; for some a € A and basic term 5. In this case rewriting rule RDRTM8
is applicable.
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(€ s2= ¥ ai-s2:+ > bj+ 3 ova(syy) form,n,p € N, a;, b; € As, and s and 5y k
i<m— j<n=— k<p
basic terms. In this case at least one of the rewriting rules RDRTM9, RDRTM10,
and RDRTM11 is applicable.

In every case a rewriting rule is applicable. Therefore s’ is not a normal form.

We see that in both cases s’ is not a normal form. But this contradicts the assumption
that s is a normal form. From this contradiction we conclude that s does not contain a
merge operator. Therefore s must be closed BPA3,-ID term, which had to be proven. m

Corollary 3.3.8 (Elimination for PAy,~ID’}
Let t be a closed PA,,~IIY term. Then there is a basic term s such that PA,-ID) s =t.

Proof This follows immediately from:
(i). The elimination theorem for PAg,-ID' (see Theorem 3.3.7),
(ii). the elimination theorem for BPAg,,-ID (see Theorem 2.5.12),

(iii). the fact that all axioms of BPAj.~ID are also contained in PAZ,-ID’.

Remark 3.3.9 (Elimination for PAg,-ID’)
Elimination for a slightly different version of PAg,-ID’ is also claimed (without proof) in
Theorem 3.4.2 of [13] (where PAg,-ID)’ is called PAsqa,).

Definition 3.3.10 {Ground Equivalence of Equational Specifications)

Two equational specifications L; = (Z1,E7) and L, = (Z;, E;) are called ground equiv-
alent if they have identical signatures, i.e. 3; = %,, and the same equalities over closed
terms hold in both systems, i.e. for all closed terms s and t over the signature X, (or X;)
wehaveli —s=tiff L, —s=1.

Definition 3.3.11 (Ground Equivalence of Term Deduction Systems)

Two equational specifications T; = (£,,D1) and T, = (3, D;)} are called ground equiv-
alent if they have identical signatures, i.e. £; = 55, and the same equalities over closed
terms hold in both systems, i.e. for all closed terms s and t over the signature X; (or Z;)
we have s ~p, tiftf s~ t.

Theorem 3.3.12 (Ground Equivalence of PA4,-ID and PAg,-ID")
For all closed PA,,-ID terms s and t we have PAy,-ID + s = t if and only if PAZ,—IIY +
s=t

Proof It suffices to show that, for closed terms, every axiom of PAj,-ID’ is deriv-
able from the axioms of PA3,-ID, and vice versa, that, for closed terms, every axiom of
PAg.~ID is derivable from the axioms of PAg.~ID’. We can restrict ourselves to the ax-
ioms that are not shared by both theories.
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Part1

First, we show that Axioms DRTM7-DRTML11 of PAg,-ID’ are derivable in PAg,-ID:

Axiom DRTM7
PAG-ID + 0ra(X) 1L a=

Consider the following derivation:

=%

PAgID - Ora(x) L 2 = ora{x) L Vrel(g_..) = é

Axiom DRTM8
PA,,~ID + ore(x) L a-y= é

Consider the following derivation:
PA4ID + ora(x) IL a-y= Ora(X) 1L Vrel(g) ¥ = gre(x) 1L Vrel(g‘ y) = Q

Axiom DRTM9
PAc;rt'[D F o (X) L (g +¥) = oral(x) L y

By the Lemma 2.5.10, there is a basic terms s such that either PAZ,-ID + y = vya(¥)
or PA4-ID F ¥ = via(y) + Ora(s). So, there are two cases to be distinguished.

(i). PA3-ID + ¥ = via (). Then we have:

PAG-ID - ara(x) L (@ +¥) =
ore(X) IL (@ + vra(¥)) =
Orat(X) L (vraf{@) + vra(¥)) =
Orel(x} L vra{a +y) =
8=
ora(x) IL vea(y) =
ora(X) L ¥y

(ii}. PAZ-ID -y = via(y) + Ore(s). Then we have:

PAgreID F Ova(x) L (@ +y) =
ore(x) 1L (g+ Vi (¥) + Orals)) =
ora(x) 1L (vrel(g) +vra(y) + orals)) =
Orel(X) L (Vrel(g"' y) + ora(s)) =
Tra(x) L Ora(s) =
Orea(X) L (Vrel{y) + Ora(s)) =
Ova(X) L ¥

Axiom DRTM10
PAG-ID - Ora(x) L (@ -y +2) = 0ral(X) |L Z

Handled in the same way as the previous case.

80



Axiom DRTM11
PAG-ID - gra (X} L 0vei(¥) = oval(x IL ¥)

Consider the following derivation: PAg-ID + 0ra(X) L 0l () = dra(x) |L (8 +
Frel () = ora(x) L (Vrel(é) + a_rel(Y)) = graf{x |L Y)-

Part H

Secondly, we show that Axioms DRTM5-DRTM6 of PA,,~ID are derivable in PAZ-ID":

Axiom DRTMS
PAEH_ID’ = Urel(x) ”_ Vrel()}) =0

Use the general form of basic term y. Take:

y=Y aiti+ ) bi+ > ora(m)
i<m” J<n T k<p
form,n,p € N, a;,b; € As, and basic terms t; and ug. Then we have:
PA-ID"
Orel(X) IL Veal(y) =

Orel{X) | Vrel (Z ai- t+ zb‘f' Z O'rel(uk)) =

i<m J<n™  k<p

ore(x) L Z Vrel(g' ) + Z Vra(b;) + Z Vrel(o'rel(uk))) =

f<m J<n = k<p

Orel (X)L Z Vrel(g) iy Z v (bj) + Z Vrel(o're](uk))) =

f<m J<n =  k<p

ora(x) L | Yar-ti+ D b+ Zg) =

i<m J<n—  k<p

ora(Xx) L Zg'ti+2ﬁ+é)=

i<m JenT
gra(X) L é =
o)

Axiom DRTM6
PAgrt_ID’ = 0-rt;-zl(x) U. (Vrel()’) + o-rel(z)) = Urel(x ”_ Z)

Use the general form of basic term y. Take:

y= Zg_zi'fi+2ﬁ+ > ova(ug)

i<m J<n™  k<p
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for m,n,p € N, a;,b; € As, and basic terms t; and ug. Then we have:

PAL.-ID' +
Oret(X) IL (Vea(y) + Ova(2)) =
Urel(x) li_ Vrel (Z ai - & + Zb + Z Urel(uk)) +0'rel )) =
i<m jan— k<p

i<m Jjen k<p

z Vrel(al t:) + Z Vil ( _]) + Z Vrel(o-re](”k) + O-rel(z))

i<m Jj<n k<p

ore (X} L (Z Vre](a) i + Z Vel ( J) + Z Vrel (Trel (Uk)) + Ore(2)
(Z di-ti+ Y byt D, 6+o’rel(z))

i<m J<n™—  k<p

O-I’Elx)u.(zai tr+Zb +0rel ):

i<m Jen—

Trel (X) |L Orea(2) =

Orel(x |L 2)
[
Theorem 3.3.13 (Ground Equivalence of T(PAy,-ID) and T (PAg,-1ID"))
The term deduction systems T{PA,,-ID) and T(PA,,-IY) are ground equivalent.
Proof Both term deduction systems have the same signature and the same set of

deduction rules. Then it is trivial that the same equalities hold between closed terms. m

Remark 3.3.14 (Proving Soundness and Completeness using Ground Equivalence)
Next to the direct method for proving completeness {outlined in Remark 2.2.18 on
page 9), the indirect method {(outlined in Remark 2.6.20 on page 44, or Verhoef's method
(outlined in Remark 3.2.14 on page 75), we can also derive completeness of a process
theory P from the given completeness of a “sufficiently similar” process theory P’. As it
turns out, the intuitive notion “sufficiently similar” can be formalized by the notion of
ground equivalence. Using this method, we can also derive the soundness of P.

See Theorem 3.3.15 below for technical details, and the proofs of Corollaries 3.3.17,
3.3.19, 3.5.12, and 3.5.14 for applications of this proof method.

Theorem 3.3.15 (Soundness and Completeness)

Let Ly and L, be ground equivalent equational specifications. Let T, and T, be ground
equivalent term deduction systems. Then, L1 is a sound axiomatization with respect to the
bisimulation equivalence model induced by T, if and only if L, is a sound axiomatization
with respect to the bisimulation equivalence model induced by T,. Also, L, is a complete
axiomatization with respect to the bisimulation equivalence model induced by T, if and
only if L, Is a complete axiomatization with respect to the bisimulation equivalence model
induced by T>.
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Proof Let L1 and L; be ground equivalent equational specifications, Let Ty and T;
be ground equivalent term deduction systems. Suppose that L; is a sound axiomatiza-
tion with respect to the bisimulation equivalence model induced by T,. Let s and ¢t be
closed terms. Suppose that L, +~ s = t. By the ground equivalence of Ly and L, we ob-
tain L; + s = t. Using that L, is a sound axiomatization with respect to the bisimulation
equivalence model induced by T; we have that s ~;, t. By the ground equivalence of T
and T, it follows that s ~;, t. The proof in the other direction is analogous. The second
part of the theorem is proven analogously. [ |

Remark 3.3.16 (Soundness and Completeness versus Elimination)

Note that it is useless to extend Theorem 3.3.15 to include an elimination result, as in
general elimination is used to prove ground equivalence between L, and L;. In the proof
of Theorem 3.3.12 on page 79, for example, we use elimination 1o allow ourselves 1o re-
strict the proof to basic terms.

Corollary 3.3.17 (Soundness of PAg,-ID")
The set of closed PAZ,~ID' terms modulo bisimulation equivalence is a model of PAg,,-1I) .

Proof This follows immediately from the following observations and Theorem 3.3.15:

(i). PAg,~ID and PAg,-ID’ are ground equivalent equational specifications (see Theo-
rem 3.3.12),

(ii). T(PAZ-ID) and T{PAg,~ID’) are ground equivalent term deduction systems (see
Theorem 3.3.13),

(iii). Soundness of PAg,-ID (see Theorem 3.2.11}.

Remark 3.3.18 (Soundness of PA;,,-1D")
Soundness of a slightly different version of PAy,-ID’ is also claimed (without proof) in
Theorem 3.4.3 of [13] (where PAg,~ID’ is called PAsqy).

Corollary 3.3.19 (Completeness of PAg,~ID')
The equational specification PA,,,~IIY is a complete axiomatization of the set of closed
PA4,,-ID' terms module bisimulation equivalence.

Proof  This follows immediately from the following observations and Theorem 3.3.15:

(i). PAg.-ID and PAg,-ID’ are ground equivalent equational specifications (see Theo-
rem 3.3.12),

(ii). T(PAg4-ID) and T(PAg,-ID’) are ground equivalent term deduction systems (see
Theorem 3.3.13),

(iii). Completeness of PAg,-ID (see Theorem 3.2.16).

Remark 3.3.20 (Completeness of PA3-1D’)
Completeness of a slightly different version of PAg-ID’ is also claimed (without proof)
in Theorem 3.4.5 of [13] {(where PA4.,-ID’" is called PAsq;).
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3.4 Soundness and Completeness of ACPy-1D

Definition 3.4.1 (Communication Function)

For this section, and all sections to come, we presume the existence of a fixed, commuta-
tive, associative, complete function y : As X As — Ag, that can be considered a parameter
of the respective theories. The function y has to be strict in the sense that it should al-
ways evaluate to § when one or both of its parameters is 4.

Definition 3.4.2 (Signature of ACP;,.-ID)

The signature of ACPg~ID consists of the undelayable atomic actions {ala € A}, the un-
delayable deadlock constant §, the alternative composition operator +, the sequential
composition operator -, the time unit delay operator T, the “now” operator vy, the
(communicating) merge operator ||, the left merge operator | , and the communication
merge operator | .

Definition 3.4.3 (Axioms of ACPg,-ID}

The process algebra ACPg,-ID is axiomatized by the axioms of PAj,.~ID given in Defini-
tion 3.2.2 on page 69 minus Axiom DRTM1, plus Axioms DRTCM1-DRTCM5, DRTCM12-
DRTCM13, and DRTCF1-DRTCF2 shown in Table 29, and Axioms DRTCM6-DRTCM7
shown in Table 30 on the next page: ACPg,-ID = A1-A5 + DRT1-DRT5 + DCS1-DCS4
+ DRTM2-DRTM6 + DRTCM1-DRTCM7 + DRTCM12-DRTCM13 + DRTCF1-DRTCF2.

xlly=xLy+ylLx+xly DRTCM1
alb-x=(alb)-x DRTCM?
a-xib=1(alb) x DRTCM3
a-xlb-y={alb) - (xly DRTCM4
gra(x) | ora(y) = gra(x|y) DRTCM5
(x+y)lz=x|lz+ylz DRTCM12
x| (yv+z) =xly+xl|z DRTCM13
alb=¢ if yla,b) =c+48  DRTCF1

alb=4 ify(a,b) =8 DRTCF2

Table 29: Axioms for the (communicating) merge.

Remark 3.4.4 (Axioms DRTCF1-DRTCF2)

Note that, by Definition 3.4.1, if we dropped the condition ¢ # § in DRTCF1, then DRTCF2
would be a special case of DRTCF1, and so DRTCF2 would not be needed anymore. How-
ever, for historical reasons we retain DRTCF1 and DRTCF2 as given in Table 29.

Definition 3.4.5 (Semantics of ACPg,,-ID)

The semantics of ACP,-ID are given by the term deduction system T{(ACPg,-ID) in-
duced by the deduction rules for PA3,,-ID given in Definition 3.2.3 on page 69 and the
deduction rules for the (communicating) merge given in Table 31 on the next page.
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DRTCM6
DRTCM7

O-rel(x) ! Vrel(Y)

=0
Ve (X) | oval(y) =8

Table 30: Additional axioms for ACPg.~ID.

x&x, y2y. yab) =c xAx, yEy. ya,b) =c
xIySx Iy xXlySx |y
x&x, yL / ylab) =c x2x, y2% vilab) =c
x|y =% X|y=x
x2 . y5y, viab) =c x2,y2y, vab) =c
xly=y xly=y
x2 . y2 i, vlab) =c x4 y2y ylab) =c
xlly= x|y
x=x,ySy
x|yZx 1y

Table 31: Deduction rules for the (communicating) merge.

Definition 3.4.6 (Bisimulation and Bisimulation Model for ACPg,-ID)

Bisimulation for ACPg,-ID and the corresponding bisimulation model are defined in the
same way as for BPAj-6 and BPA respectively. Replace “BPAg,-3" by “ACPg,-ID” in
Definition 2.4.5 on page 14 and “BPA” by “"ACPy.~-ID” in Definition 2.2.11 on page 8.

Definition 3.4.7 (Basic Terms of ACP;,,~ID)
If we speak of basic terms in the context of ACPg,~ID, we mean (o, §)-basic terms as
defined in Definition 2.5.6 on page 23.

Definition 3.4.8 (Number of Symbols of an ACPg,,-ID Term)
We define n{x), the number of symbols of x, inductively as follows:

(i). For a € As, we define n(a) =1,

(ii). for closed ACPg,~ID terms x and y, we define n(x +y) = n(x-y) = n(x || y) =
nx Ly} =n(xly) =n(x) +n(y) +1,

(iii). for a closed ACPg.-ID term x, we define n(oe(x)) = n(v1(x)) = n(x) + 1.

Theorem 3.4.9 (Elimination for ACP,,-ID)
Let t be a closed ACPy,~ID term. Then there is a closed BPAZ,,~ID term s such that
ACPL-ID s =t.
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Proof Let t be a closed ACPy,~ID term. The theorem is proven by induction on n(t)
and case distinction on the general structure of ¢.

(i).

(ii).

(iii).

(iv).

{v).

{vi).

t = a for some a € As. Then t is a closed BPAy,~ID term.

t = 41 + t2 for closed ACPy,-ID terms f; and f;. By induction there are closed
BPAy,-ID terms s; and s; such that ACPg,-ID + t; = 57 and ACPg-ID + & = s5.
But then also ACPg-ID + t) + t2 = s1 + 52 and s1 + $2 is a closed BPAy,-ID term.

t = t1 - t; for closed ACP,~ID terms t; and t;. This case is treated analogously to
case (ii).

t = gy (1) for a closed ACPg.~ID term t;. This case is treated analogously to case
(ii).

t = via(ty) for a closed ACP4,-ID term t,. This case is treated analogously to case
(ii).

t = t1 |L t; for closed ACPg,-ID terms t; and t;. By induction there are closed
BPA;,,-ID terms s; and s; such that ACP3,-ID + t; = §5; and ACP4~ID + t; = s5.
By Theorem 2.5.12, the elimination theorem for BPA;,-ID, there are basic terms
r1 and r, such that BPAy-ID + s; = r; and BPA5,-ID + s = rz. But then also,
ACP . -ID -t = 1, ACP-ID - t, = 12, and ACPL-ID - 81 L 12 = 11 L ¥2. We
prove this case by induction on the structure of basic term ry:

(@) ry=aforsomeac As. Then ACPz,-ID+-t) Ltr=nllrn=allrn=4-r,
and g - r; is a closed BPA,-ID term.

(b) r1 = a - ry for some a € As and basic term ry. Then ACP;-ID - t; | t; =
rilr=a-rlLlr= a- (ry || r2). By the induction hypothesis there exists a
closed BPAg,~ID term p such that ACPZ,-ID + r; || 2 = p. Then, ACPg-1ID +
tilltz=a-(rillr) =a-p,and 4 - p is a closed BPAg,—ID term.

(¢} r1 = ry + ¥} for basic terms ry and r,". Then ACP3,-ID - t; Ltz =#1 L ¥ =
(rp+rY) ILr2 =ri L r2+ry [Lr2. By induction there exist closed BPAg,-ID
terms p1 and p; such that ACP-ID + r] |L ¥2 = p1 and ACPg-ID - ) L ;2 =
pz. Thenalso ACPy.-IDr-t; | b =F L ra+ ¥ ILr=p1+pand py +p, is
a closed BPA 1D term.

(d) 71 = ora(ry) for a basic term 7. By Lemma 2.5.10 there is a basic term #; such
that either ACPy-ID + r; = vy (r2) or ACPg,-ID F 12 = viad(#2) + Oval(r;)
with n(ry) < n(ry). With case analysis we obtain:

i r2 = via(rz). Then ACP,-ID - t1 Ltz = L, = gra(ry) L =
Orel(F]) 1L vea(re) = 3, and § is a closed BPAy,~1D term.

ii. ¥2 = Vra(r2) + gra(r3) for a basic term ¥;. Then ACP3-ID + t1 L &, =
riiLr = O_rel(ri) Ltz = O'rel(ri) Lr= O'rel(ra) L (vie(re) + O'rel(rrz)) =
ovel(r] L 73). By the induction hypothesis there is a closed BPAg,-ID term
p such that ACP5-ID + v} | r; = p. But then also ACPg-ID + t; |L t; =
orel(ry L #5) = ora{p), and ora(p) is a closed BPAg,~ID term.
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(vii). t = t | t; for closed ACPz,-ID terms t; and t. By induction there are closed
BPA,,.-ID terms s; and s; such that ACPg-ID + £; = 57 and ACPg,~-ID + t; = s,.
By Theorem 2.5.12, the elimination theorem for BPAg,-ID, there are basic terms
r1 and r; such that BPAg~ID + s1 = r; and BPA-ID + s, = r;. But then also,
ACPq~ID - t; = 1, ACP3~ID + t2 = rp, and ACPg,-ID - t; | t; = 7 | r2. We prove
this case by simultaneous induction on the structure of basic terms #; and r;. We
examine all possible cases:

(@) r1 =g and r; = b for some a,b € As. Suppose that y(a,b) = c. Then we have
ACPg-ID -ty | t; =1 | r; =gl b =g, and ¢ is a closed BPAz,-ID term.

(b) ry=aandr,=bh- r, for some a,b € As and some basic term r;. Suppose that
yv{a,b) = c. Thenwe have ACPg-ID -ty [t = | o =alb- ¥, =c- ¥, and
c - ¥ is a closed BPA,,-ID term. - B

(c) ry=a-rjand r; = b for some a,b € As and some basic term r;. This case is
treated symmetricalTy to the previous case.

(d) rpn =a-r and r; = b - r, for some a,b € As and some basic terms r; and
;. Suppose that y(a,b) = c. Then we have ACPL-ID - t1 [ t; = ¥y | 1 =
a-rilb-ry=c-(r; | r;). By the induction hypothesis there exists a closed
BPA,,~ID term s’ such that ACPg,-ID  #] || #; = 5. SO ACPg,-ID - &, | t; =
c- (K llry) =¢-s,and ¢ & is a closed BPAG,,-ID term.

{e) ¥y = r] + 1y for some basic terms r] and r{, and r; is of arbitrary form. Then
ACPg -ID -ty |tz =11 | #2 = (Fy + ¥{) | r2 = 1 | ¥2 + ¥{ | r2. By the induction
hypothesis there exist closed BPA,-ID terms p; and p, such that ACPg,-ID +
ri | r2 = p1 and ACPg,-ID + r{ | r = p2. So, we have ACP3,-ID + t; | t; =
ry |l v2 + ¥ | F2 = p1 + po, and py + p; is a closed BPAg,-ID term.

(f} r1 is of arbitrary form and r; = r} + rj for some basic terms r, and r5. This
case is treated symmetrically to the previous case.

(g) ¥1 = ora(r]) for some basic term ], and r; is of arbitrary form. By Lemma
2.5.10 there is a basic term r; such that either ACPg-ID + r; = vp(r) or
ACPg.-ID - 3 = vy (r2) + ore(¥s) with n(ry} < n{r;). With case analysis we
obtain: '

i. 72 = vra(r2). Then ACPg,-ID -t 1 62 = 11} 72 = Gra(r)) | via(r2) = §, and
4 is a closed BPAg,~ID term.

ii, ¥2 = Vre{Fr2) + Ora(ry) for a basic term r5. Then ACPL-ID + & | t; =
Filry = O_rel(ri) | (Vear(ra2) + o-rel(ré)) = a're](ri) l O-rel(ré) = o_rel(ri | ré)
By the induction hypothesis there is a closed BPA,,-ID term p such that
ACPL-ID + r} | ¥, = p. But then also ACP4-ID - t; | t; = cya(ry | ¥3) =
Trel(p), and oy (p) is a closed BPAG,~ID term.

(h) ry is of arbitrary form and r; = 0va(r;) for some basic term #5. This case is
treated symmetrically to the previous case.

(vili). t =1t; || t; for closed ACPg,~ID terms t; and t;. Then ACPg -ID -t ||t =t |l ta +
ta |L ty +ty | t2. By (vi) and (vii) there are closed BPAg,-IID terms p1, p,, and ps, such
that ACP L -ID -t |L t; = p1, ACP - ID =12 | t; = p2, and ACP4 .~ ID - t11t; = p3.
But then also ACP3-ID -t ||tz =t Lt +t, L t1 + & | t2 = py + p2 + p3, and
p1 + p2 + ps is a closed BPAG,-ID term.
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Corollary 3.4.10 (Elimination for ACPg.-ID)
Let t be a closed ACP,,-ID term. Then there is a basic term s such that ACPg~ID+ s = t.

Proof This follows immediately from:
(i). The elimination theorem for ACP -ID (see Theorem 3.4.9),
(ii). the elimination theorem for BPAg,-ID (see Theorem 2.5.12),

(iii). the fact that all axioms of BPAg,,~ID are also contained in ACP4 -ID.

Remark 3.4.11 (Elimination for ACPg -ID)
Elimination for ACPg,-ID is also claimed (without proof) in Theorem 4.2 of [11].

Theorem 3.4.12 (Soundness of ACP;,,~ID)
The set of closed ACP,~1D terms modulo bisimulation equivalence is a model of ACPy,~ID.

Proof We only prove soundness for the axioms which are added to BPAg,,-ID to ob-
tain ACPg,-ID.

Axioms DRTM2-DRTM6 The proofs for the soundness of these axioms with respect to
PAg-ID that are given in Theorem 3.2.11 remain valid, since there are no new de-
duction rules dealing with | .

Axiom DRTCM1 Take the relation:
R={(s,8),(slt,tlls),(slit,slLt+tlLs+stt)]s,te C(ACPs-ID)}
First we look at the transitions of the left-hand side:

(i). Suppose thats || t 2 p. First we look at the (s || t,t || s) pairs. By inspection of
the deduction rules we distinguish the following cases:
@ s>prandp=p I t. Thentlls > ¢t |l p1,and (p1 I §,t | p1) €R
b) t>pandp=s|p,. Thent| s> pzlls and (sl p2,p2 || 5) € R.
() s3> /andp=t. Thentl| s>¢ and (t,t) € R.
(d t> Jandp=s Thent||s>s, and (s,s) € R.
(e) sﬁm, t<p y(b,c) =a,andp = p1 || po. Thent || s p; || p1, and

{p1 llp2,p2 l 1) € R.

) s LA Jit S pa, y(b,c) =a,and p = p,. Then t || s 2 p,, and {p2, p2) € R.
(g s LA p1, t >, y(b,c) =a,and p = py. Then t || s > p1, and (p1,p1) € R.
We continue with the (s || t,s || t+t |L s) pairs. Distinguishing the same cases
as above, we derive:
(@ slLtEplt. Thens| t+tls+sitSpllt,and (pqy ]l t,t] p1) € R.
b) tLs3pylls.Thens|Lt+tils+sit2t] pyand (s pap2lls) €R.
(© sl t2¢ Thens |l t+tlls+s|t>t and (t,t) € R
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(d) tls>s. Thens | t+t] s+s|t>s and (s,5) €R.

(€) s[t% pyllpo. Thens [Lt+t L s+s[t> py || p2,and (py || p2, b1 || p2) € R.
() s|t>p, Thens | t+tll s+s|t3p,, and (p2,p2) € R.

(g) sitZpy. Thens | t+¢t|ls+s]t>py,and (p1,p1) € R.

(ii). Suppose that s | t 2 ./. By inspection of the deduction rules we can con-
clude that s 2 J,t=/,and y(b,c) = a. Therefore, t || s 2 ./, and continuing,
slts . /sos|Lt+tlls+sit>.

(iii). Suppose that s || t & p. By inspection of the deduction rules we can conclude
that s~ p; and t > p, and p = p1 || p;. Therefore, t || s> p, || p, and
note that (p; [l p2,p2 || p1) € R. Continuing, we also have s || t % p; |L p2
tLsZp, |l pr,and s |t > py | ps. Therefore, s |L t +¢ Ls+slt3py Il pa+
pz IL p1 + P11 p2, and note that {(py i p2,p1 L p2 + P2 L p1+P11P2) €ER.

Secondly, we look at the transitions of the right-hand side:

(i). Suppose that t || s > p. This case is handled in the same way as the corre-
sponding (sub)case for the left-hand side shown above.

(ii). Suppose that t | s = ./ This case is handled in the same way as the corre-
sponding (sub)case for the left-hand side shown above.
(iii). Suppose that t | s 2 p. This case is handled in the same way as the corre-
sponding {sub)case for the left-hand side shown above.
(iv). Suppose thats [t + ¢ [L s+ 5|t = p. By inspection of the deduction rules we
distinguish the following cases:
(@ sZprandp =p, |l t. Thens | t%pl I t,and (p1 I t,p1 ([ 8) € R.
(b) t2 pyandp=p; || 5. Thens || t = sl pp, and (s || po,p2 Il 8) € R,
(c) s3 . /andp =t Thens| t=>t,and (t,t) € R.
(d) t2 . /andp =s. Thens |l t 25, and (s,s) € R.
@ sZp,t5py, ybe) =a,and p = py || p2. Thens || t % py || ps, and
(Pbl | p2,p2 Il P1) € R.
() s>/, t = ps, y(b,c) =a,and p = p;. Then s || t = p;, and (p2,p2) € R.
@ s p1,tS, y(b,c) =a,and p = p1. Thens || t £ py, and (p1,p1) € R.
(v). Suppose thats L t+ ¢t |l s+ s|t=./. By inspection of the deduction rules we
can conclude that s & JytS o, and y(b,c) = a. Therefore, s || t 2 /.
(vi). Suppose thats Lt +t L s+ 5|t > p. By inspection of the deduction rules we

can conclude that s Z py, t Zpa,and p = py L pa + P2 L p1 + p1 | p2. Since
both s and t can perform a o transition, we obtain s || t 2 p; || p2, and note

that {p1 llpz.,p1 L2+ P2 L7 + P11l P2) €R.
Axiom DRTCM2 Take the relation:
R={(s,5),(alb-s(alb) -s)|s € C(ACPg,-ID)}

We look at the transitions of both sides at the same time. First, if y(a,b) = & there
are no transitions possible on either side, and we are done. Otherwise, suppose
y(a,b) = c. Then the only possible transition on the left-hand sideisa-s| b S s,
and the only possible transition on the right-hand side is (g | b) - s & 5, and note
that (s,s) € R. -
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Axiom DRTCM3 Take the relation:

R=1{(s,8),(a-s|b (alb)-s)|s € C(ACPg,-ID)}
This axiom is treated symmetrically to the previous axiom.

Axiom DRTCM4 Take the relation:

R = {(S,S),(g__'3|g“ ts(glg) " (S ” t)) lS,te C(ACPc_lrt-[D)}

We look at the transitions of both sides at the same time. First, if y(a,b) = & there
are no transitions possible on ecither side, and we are done. Otherwise, suppose
y(a,b) = c. Then the only possible transition on the left-hand sideis @-s|b-t Ss

t, and the only possible transition on the right-hand side is (g | b) - slhHoySstt,
and note that (s || t,s || t) € R.

Axiom DRTCMS Take the relation: -

R = {(Urel(s) | c'“r'el(t)| Urel(s | t)) lSr e C(ACPEI(“[D)}

We look at the transitions of both sides at the same time. The only possible transi-

tion of the left-hand side is oyq (s) | Fra{t) < s | t, and the only possible transition
of the right-hand side is ova(s | t) = s|t, and note that {s | t,s|t) € R.

Axiom DRTCM6 Take the relation:

R = {(ora(s) | vra(1),8) |s € C(ACPy~ID)}

We look at the transitions of both sides at the same time. Ohserve that there are no

transitions possible on the left-hand side: gy (s) [vra(t) - . Also for the right-hand
side there are no transitions possible: § .

Axiom DRTCM7?7 Take the relation:

R = {{(vra(x) | Ora1(¥),9)}
This axiom is treated symmetrically to the previous axiom.

Axiom DRTCM12 Take the relation;

R=1{(s,9),((s+¢t) |u,s|lu+tiu)|s,t,ue C(ACPy,-ID)}

First we look at the transitions of the left-hand side.

(i). Suppose that (s+t)|u = p. By inspection of the deduction rules we distinguish
the following cases:

b
(@ s—~p1,u —C'Ez, y(b,c) =a,and p = py | p2. Thens|u = p; || p, so also
slu+tlu-=pyl pz and note that (p; || p2, b1 Il P2} € R.

b) t LA p1, U= py, y(b,c) = a,and p = p; || p,. This case is treated symmet-
rically to the previous case.

€ s/, usps y(bc) =a,andp = p,. Thens|u2 py, soalsos|u+
t1u = ps, and note that (pz, p;) € R.
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(d) ¢ LA N = po, y(b,c) = a, and p = p,. This case is treated symmetrically
to the previous case.

(e) sﬁph us./, y(b,c) =a,and p = p;. Then s | usp,soalsos|u+
t | u = pq, and note that (p1,p1) € R.

H = p1, U</, y(b,c) = a, and p = py. This case is treated symmetrically
to the previous case,

(ii). Suppose that (s +¢) |u % e

{(a) sﬂ\/,ufv\/,andy(b,c) =a. Thens|u2 ./, soalsos]u+t|uf-\/.

b) t LA J, u=/, and y(b,c) = a. This case is treated symmetrically to the
previous case,

(iii). Suppose that (s+1) |u = p. By inspection of the deduction rules we distinguish

the following cases:

@ sZp,ta, uZp,andp =p1|pe Thens|uZpyiprand tiu®, so
slu+t|lupy|py, and note that (py | p2, P11 p2) € R.

(b) s+, t%pi,upy, and p = p1 | p2. This case is treated symmetricaily to
the previous case.

(c) 5% p1, £ =p, u=ps and p = (p1 + p2) | p3. Thens |u>py | ps and
tlu = p2lps3, soslu+tiu — p1lps+p:lps, and note that ({p1+p2) |p3, p1lp3+
p:1p3) € R.

Secondly, we look at the transitions of the right-hand side:

(i). Suppose thats|u+t|u > p. Byinspection of the deduction rules we distinguish
the following cases:
{(a) si’»pl, usp,, y(b,c) =a,and p = py || p2. Thens + ti’-pl, so (s +
t) |u S p1 |l p, and note that (py || p2,p1 |l P2) € R,
(b) t LA p1, U= ps, y(b,c) = a,and p = p; || po. This case is treated symmet-
rically to the previous case.
(c) S—b'\/, U= ps, y(b,c) =a,and p = ps. Thens+t£’-J, so(s+t)|usp,,
and note that (p;, po).
(d) t b NAYi < p2, y(b,c) = a, and p = p,. This case is treated symmetrically
to the previous case.
© sZp,usy ybc)=aandp=p). Thens+t 2 p,s0 (s+ ) |uspy,
and note that (p1,p1).
{f) ¢ L p1, U=/, y(b,c) = a, and p = py. This case is treated symmetrically
to the previous case.
(ii). Suppose thats|u+t|lu = ./. By inspection of the deduction rules we distinguish
the following cases:
(a) Sﬂ\/, u—c-\/, and y{b,c) = a. Thens+t£.\/, so(s+t)|lud ..
b) tZ ./, us .y and y(b,c) = a. This case is treated symmetrically to the
previous case.
(iii). Suppose thats|u+t|u > p. By inspection of the deduction rules we distinguish
the following cases:
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(@ s> p1,t+,u"pyand p = p1|pz. Thens+t = p1,s0 (s+1) |u ™ py|pe,
and note that {(p1 | p2,p1 | p2) € R.

b) s+,t3%p1,u> p,, and p = p; | po. This case is treated symmetrically to
the previous case.

(© sf-pl,t‘—r‘;pz, U ps,andp = py | ps + P2 | ps. Thens + t 5 py + pa, S0
(s+1) [u~ (p1+Pp2) | p3, and note that ({py +p2) IP3,P11P3 +P21P3) € R

Axiom DRTCM13 Take the relation:
R=1{(s,5),(s1(t+u),slt+s|u)|s,t,u e C(ACPg,-ID)}
This axiom is treated symmetrically to the previous axiom.
Axiom DRTCF1 Take the relation:
R={(albo)}

We look at the transitions of both sides at the same time. By the definition of Axiom
DRTC¥1 we have that y{a,b) = ¢ # §. Then the only possible transition of the left-
hand sideisa | b < ./, and the only possible transition of the right-hand side is

c= .
Axiom DRTCF2 Take the relation:
R=1{(albd)}

We look at the transitions of both sides at the same time. As, by the definition of
Axiom DRTCF2, we have that y(a, b) = §, there are no transitions possible on either
side.

Remark 3.4.13 (Soundness of ACPg,~-ID)
Soundness of ACPg-ID is also claimed (without proof) in Theorem 4.2 of [11].

Theorem 3.4.14 (Conservativity of ACPg,-ID with respect to BPAy,-ID)
The equational specification ACPy,-ID is a conservative extension of the equational spec-
ification BPAg,,-ID.

Proof In order to prove conservativity it is sufficient to verify that the following con-
ditions are satisfied:

(i). Bisimulation equivalence is definable in terms of predicate and relation symbols
only,

(ii). BPA3,-1D is a complete axiomatization with respect to the bisimulation equivalence
model induced by T{BPAg,-ID) (see Theorem 2.5.17),

{iii). ACP4,-ID is a sound axiomatization with respect to the bisimulation equivalence
model induced by T(ACPy-ID} (see Theorem 3.4.12),

(iv). T(ACPZ,-ID) is an operationally conservative extension of T(BPA3-ID).

And in order for T(ACPg,~ID) indeed to be an operationally conservative extension of
T (BPAg,-ID) we must verify the following conditions:
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(). T(BPAy,-ID) is a pure, well-founded term deduction system in path format,
(ii}. T(ACP4,-ID) is a term deduction system in path formal,
(iii). T(BPAj,-ID) ® T(ACPZ,-ID) is defined.
That the above properties hold can be trivially checked from the relevant definitions. m

Theorem 3.4.15 (Completeness of ACPg,-ID)
The equational specification ACP,,-ID is a complete axiomatization of the set of closed
ACP.~1ID terms modulo bisimulation equivalence.

Proof By Verhoef’s General Completeness Theorem (see [25], or Theorem 2.4.26 of
[13]) this follows immediately from:

(i). ACPg,-ID has the elimination property for BPA4,-ID (see Theorem 3.4.9),

(ii). ACPg,-ID is a conservative extension of BPAy-ID (see Theorem 3.4.14).

Remark 3.4.16 (Completeness of ACPy,~ID)
Completeness of ACP-ID is also claimed (without proof) in Theorem 4.2 of [11].

3.5 Soundness and Completeness of ACPg~ID’

Definition 3.5.1 (Signature of ACPg,-ID’)

The signature of ACP,,-ID’ is identical to the signature of ACPg.~ID as given in Definition
3.4.2; it consists of the undelayable atomic actions {ala € A}, the undelayable deadlock
constant ¢, the alternative composition operator +, the sequential composition operator -,
the time unit delay operator o, the “now” operator v, the (communicating) merge
operator ||, the left merge operator |, and the communication merge operator | .

Definition 3.5.2 (Axioms of ACPg,,-ID’)

The process algebra ACPy,-II) is axiomatized by the axioms of PA3.,-ID’ given in Defini-
tion 3.3.2 on page 76 minus Axiom DRTM1, plus Axioms DRTCM1-DRTCM5, DRTCM12-
DRTCM13, and DRTCF1-DRTCE2 shown in Table 29 on page 84, and Axioms DRTCM8§-
DRTCM11 shown in Table 32 on the next page: ACPy-ID' = A1-A5 + DRT1-DRT5 +
DCS1-DCS4 + DRTM2-DRTM4, DRTM7-DRTM11 + DRTCM1-DRTCM5 + DRTCM8-13 +
DRTCF1-DRTCF2.

Definition 3.5.3 (Semantics of ACP4 -ID’)

The semantics of ACPg,~ID’ are given by the term deduction system T (ACP,~-11)’) which
is identical to the term deduction system T{ACPj,-ID) given in Definition 3.4.5 on
page 84.

Definition 3.5.4 (Bisimulation and Bisimulation Model for ACPg4,-ID’)

Bisimulation for ACPg,-ID) and the corresponding bisimulation model are defined in the
same way as for BPAg,-6 and BPA respectively. Replace "BPAg,-6" by “ACPy,~ID’” in
Definition 2.4.5 on page 14 and “BPA” by “ACPg,.-ID’” in Definition 2.2.11 on page 8.
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alow(x) =6  DRTCMS

o'rel(x) | a= g DRTCM9
a-x{or(y} =9 DRTCMI10
Ore{(x) l@a-y=4  DRTCMI11

Table 32: Additional axioms for ACPg,~ID’.

Definition 3.5.5 (Basic Terms of ACP;,~ID’)
If we speak of basic terms in the context of ACPg,-ID’, we mean (&, §)-basic terms as
defined in Definition 2.5.6 on page 23.

Definition 3.5.6 (Number of Symbols of an ACPg,,-ID" Term)
We define n{x), the number of symbols of x, inductively as follows:

(i). For a € As, we define n(g) =1,

(ii). for closed ACP4,-ID’ terms x and y, we define n(x + y) = n{x-y) = n(x |l y) =
n(x Ly} =nkxly =nx) +n(y) +1,

(iii). for a closed ACPy.-ID’ term x, we define n(ora(x)) = n(vea(x)) = n(x) + 1.

Theorem 3.5.7 (Elimination for ACPg,,-1D’)
Let t be a closed ACPg,-ID' term. Then there is a closed BPAg,~ID term s such that
ACP-ID s =L

Proof First a term rewriting system is given which is proven to be strongly normaliz-
ing. Thereafter, it is shown that every normal form of a closed ACP3.~ID' term is a closed
BPA;.—ID term.

The term rewriting system used is given in Table 33 on the following page. Note that
we have added natural number subscripts n to the merge operators, in order to deal with
the mutually recursive nature of definition of these operators. For a description of this
technique, and a rigorous formal justification of its use, see Theorem 3.2.3 of [13] and
the references given there. Using the method of the lexicographical path ordering we
prove that the term rewriting system associated with ACP_,.-ID’ is strongly normalizing.
Thereto, the operator - is assighed the lexicographical status of the first argument, and
the following well-founded ordering on constant and function symbols is used:

g<o—rel<+<‘< I.Lz!]2<“2< |.|.3!|3<"'< “—n’|n<”n< u.,,+1yl,,+1<---

That the left-hand side of every rewriting rule is bigger than the right-hand side with
respect to the ordering >, is shown by the following reductions:

XL,y X XY mpX X y+x W yrpx IXy+x IFy+x Xy
P (X2 L (X 1F )+ (x X)L (x 11Xy + (x 11X ) LAx 11X y)
e X L, ¥y +Y L, x+Xx[,¥
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xlLby-xILy+yILx+xly RDRTCM1
all,x—a-x RDRTM?2
a-x,,y—a-(xI,y RDRTM3
x+» L,z—-xl,z+y L,z RDRTM4
Irel(x) L, a—8 RDRTM7
Ora(x) L,a-¥—8 RDRTMS8
agrea(x) L, (@+¥) = ova(x) L, ¥ RDRTMS
ora(x) L, (a-¥+2) —owa{x) UL, 2 RDRTM10
Oret(x) L, Orea(¥) = ora(x 1L, ¥) RDRTM11
alb—c¢ ify(a,b) =c+6 RDRTCF1
al,b—34 if y(a,b) =6 RDRTCF2
alb-x—(alb -x RDRTCM2
a-xl,b—(alb) -x RDRTCM3
a-xl.b-y—I(al.b- &I,y RDRTCM4
Ore(X) |,00a(y) =~ ora(x1,)) RDRTCMS
al,ora(x) —~ 8 RDRTCM8
Ora(x) 1,2 ~ & RDRTCM9
a-xl|,ova(y) - 8 RDRTCM10
Orea{x} l,@a-y—~ 4 RDRTCM11
(x+y) l,z—xl,z+y|,2 RDRTCM12
xl,{y+2) - x|, y+xl,z RDRTCM13
Table 33: Term rewriting system for ACPg,,-1D’.
al,prpnai’h
>ipo £
al,brydlib
>pe O
alb-Xxrpdlib-xrp(alXb-%) - (alfb-X) rp(@l,b-*x) - (- %)

>l;pu (g Ing) * X

=

>lpo (glng) * (2 " X) >]1::(: (glng) X (2 X) >'1pu (glng) AR *X)
X B>y d  XIFE >y, (@-x1¥B) (- x1XB) »pe (@-"x|,B) - (@-X%)
(@ X) o (@1,B) * (@ X) e (g ]LB) - (-7 X)

>);:m (g |n-2)

>lpo (g |ng) - X
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- Xlpb Y pd - X15,B Y (@-xI5,B-y) - (g x5, y)
o (@ X125 By} - ((a-x1* b-y) l,(@a-xI|7 b-¥y))

-2
o (- X | Y) - (@ x1X B-y) |, (a-x|* B-y))
o (A [, B) - (@-X I, B-¥) >y (@) - (@-"x 1, B" - )
o (@ 1,00 2) - (X I, ¥)
Orel{X) 1,011 (¥) >1po Tre1(X) |:O'rel()’) >1po Trel (Trel (X) |:0'rel()/))
>0 Oret{ Tre1 (X) 1,070 () >ipo el (X 1, 1)
a |, Ore () Zipo A |:0—re1(x)
>1po O
Trel (X) N D Orel(X) l:g
>1po 8
a-x |"0'rel()") o d - X |:Urel(Y)
>Ipo
Orel (X) 1.4 Y >0 Trel (X) |:£1_., 4
>0 &
X+ W) [LZrpe (X+¥) Xz (x+y) T2+ (x+y) X2
o {X ¥ V) 1,2+ (X +7Y) 1,2 > (x1,2) + (¥ 1,2)
XL(Y+2) X 12y + 2} 5 x X (y+2) + XX (y +2)
o X [, (¥ +72Z) + X[, (¥ +7 2) = x 1,(¥) +x1,(2)

llon

Note that we do not give reductions for RDRTM2-RDRTM11, as these already have been
given in the proof of Theorem 3.5.7, and since the new ordering is a proper extension of
the old one, these proofs remain valid.

It remains to prove that every normal form of a closed ACPg,-lI) term is a closed
BPA;,-ID term. We prove this as follows: suppose that s is a normal form of a closed
ACPg4,-ID’ term, and furthermore suppose that s is not a closed BPAG,-ID term. Now
consider the smallest subterm s’ of s that is not a closed BPA-ID term. Then, s" must
be of the form s’ = 51 || 52, of the form s’ = 51 |L 53, or of the form s’ = 51 | 5;, for closed
BPAZ:-ID terms s; and s;. By the elimination theorem for BPA4,-ID, Theorem 2.6.12,
we may assume that s; and s, are basic terms. Now in the first case, s’ = s || 53, clearly
rewriting rule RDRTCM]1 is applicable. This contradicts the assumption that s is a normal
form, so this case cannot occur That the second case, ' = 57 [L 2, cannot occur is proven
in the same way as already done in the proof of the elimination theorem for PAZ,-IDY,
Theorem 3.3.7. So it remains to derive a contradiction for the third case, ' = 51| sz. The
following cases can be considered for basic terms s; and s, (for some a,b € As and basic
terms s7,57, 85,57 )

(i). If s7 = g and s; = b we can apply RDRTCF1 if y(a,b) = §, if not, we can apply

RDRTCEF2.
(i). If s1 = g and 52 = b - 53, we can apply RDRTCM2.
(iii). If 57 = g and 52 = 0ya(s}), we can apply RDRTCMS.

(iv). s, =

=

- 51 and s; = b, we can apply RDRTCM3.
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(v). sy =g-syands; =b - s3, we can apply RDRTCM4.
(vi). If s; = a - 57 and 5; = 0ra(s}), we can apply RDRTCM10.

(vii). If 51 = 0vei(s)) and s = b, we can apply RDRTCMS.
(viii}. If 51 = ora(sy) and s2 = b - 53, we can apply RDRTCM11.
(ix). If 81 = o (sy) and sz = gy (55), We can apply RDRTCMS.

x). If s7 = 5] + s and s, is of an arbitrary form, we can apply RDRTCM12.
(xi). If 51 is of an arbitrary form and s, = s, + 57, we can apply RDRTCM13.

This sums up all possible sixteen cases (with seven cases thrown together in (x). and (xi).).
In all of these cases we can apply one of the rewriting rules, so s’ is not a normal form.
This contradicts the assumption that s is a normal form. From this contradiction we con-
clude that s does not contain a merge operator. Therefore s must be closed BPA3,-ID
term, which had to be proven. [ ]

Corollary 3.5.8 (Elimination for ACPg-ID’)
Let t be a closed ACPy,~ID' term. Then there is a basic term s such that ACPy,-ID' + s = t.

Proof This follows immediately from:
(i). The elimination theorem for ACP-ID’ (see Theorem 3.5.7),
(ii). the elimination theorem for BPA3.,-ID (see Theorem 2.5.12),

(iii). the fact that all axioms of BPAg,,-1D are also contained in ACPg~ID’.

Remark 3.5.9 (Elimination for ACP4.-1D’)
Elimination for a slightly different version of ACPg~ID’ is also claimed (without proof)
in Theorem 3.6.4 of [13] (where ACPy,~ID’ is called ACPy,).

Theorem 3.5.10 (Ground Equivalence of ACPg,,-ID and ACPg,-ID’)
For all closed ACPy,-ID terms s and t we have ACPy-ID - s = tif and only if ACPg,-1D +~
s=1r

Proof It suffices to show that, for closed terms, every axiom of ACPg-ID’ is deriv-
able from the axioms of ACPg,-ID, and vice versa, that, for closed terms, every axiom
of ACP4-ID is derivable from the axioms of ACP4-ID’. We can restricl ourselves to the
axioms that are not shared by both theories. Furthermore, the proofs regarding Axioms
DRTM5-DRTM11 that are given in Theorem 3.3.12 on page 79, with respect to PAg,-ID
and PA4.-IDY, remain valid with respect to ACP4,~1D and ACPg,-1D'.
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Part 1

First, we show that Axioms DRTCM8-DRTCM11 of ACPg,-ID’ are derivable in ACP g ~ID:
Axiom DRTCMS8

Consider the following derivation:
ACP4-ID + g | 0va(x) = vie(@) | Oraa(x} = &
Axiom DRTCM9
ACPg-ID - o (x) @ =4
This axiom is treated symmetrically to the previous axiom.

Axiom DRTCM10
ACPEH-ID [ a-X | Urel(Y) = 2

Consider the following derivation:

ACP-ID g - x| orel(y) = Viald) - x| Ora(¥) = viald - X) | ova(y) = 8

Axiom DRTCM11
ACPg-ID - gra(x) lga-y =2

This axiom is treated symmetrically to the previous axiom.

Part I
Secondly, we show that Axioms DRTCM6-DRTCM7 of ACP,-ID are also derivable in
ACP5.-ID":

Axiom DRTCM6
ACPyID’ F Grer(x) | Via(y) = 8

Use the general form of basic term y. Take:

Y= diti+ D b+ D Tralun)

i<m Jj<n—  k<p
for m,n,p € N, a;,b; € As, and basic terms t; and uy. Then we have:

ACPE.rt_[D’ + 0'rtzl(x) | Vrel(Y) =

Orel(X) | Vrel (Z a-ti+ ) b+ > Urel(uk)) =

i<m fen™  k<p

Orer{X) | (Z Vrel(ﬁ' ti) + Z Vrel(E_i) + Z Vrel(o'rel(uk))) =
i<m J<n - k<p

Orel(x) | (z Vie{dy) -t + Z Vrel(ﬁ) + Z Vrel(o'rel(uk))) =

“i

f<m J<n - k<p
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P

(arel(X) | Zg - ti) + | Orel(X) | Zﬁ) + (crrel(X) | Zg) =
i<m Jjen— k<p

(Z Orel (X) 'g ti) + Z Orel(X) |2) + (Z Orel(X) |g) =

i<m J<n k<p
2.9+ 8+ 3=
i<m J<n k<p
)

Axiom DRTCM7?
ACPg-ID' - vya(x) | Ora(y) = &

This axiom is treated symmetrically to the previous axiom.

Theorem 3.5.11 (Ground Equivalence of T(ACPg,,-ID} and T(ACPg~ID'})
The term deduction systems T(ACPy,~ID) and T(ACP,,,-ID') are ground equivalent.

Proof Both term deduction systems have the same signature and the same set of
deduction rules. Then it is trivial that the same equalities hold between closed terms. m

Corollary 3.5.12 (Soundness of ACP;,,-1D')
The set of all closed ACPg,-IIY terms modulo bisimulation equivalence is a model of

ACP D'

Proof This follows immediately from the following observations and Theorem 3.3.15:

(i). ACPg,-ID and ACP,~ID)' are ground equivalent equational specifications (see The-
orem 3.5.10),

(ii). T(ACPg-ID) and T(ACPg,-ID’) are ground equivalent term deduction systems
(see Theorem 3.5.11),

(iii). Soundness of ACP3,,-ID (see Theorem 3.4.12).

Remark 3.5.13 (Soundness of ACP;,-ID’)
Soundness of a slightly different version of ACPg,,-ID’ is also claimed (without proof) in
Theorem 3.6.5 of [13] (where ACPg,~ID’ is called ACPqy,).

Corollary 3.5.14 (Completeness of ACPy,~ID’)
The equational specification ACPg,,-ID is a complete axiomatization of the set of closed
ACPy, IV terms modulo bisimulation equivalence.

Proof This follows immediately from the following observations and Theorem 3.3.15:
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{i). ACPg.~ID and ACPg,~ID’ are ground equivalent equational specifications {see The-
orem 3.5.10),

(ii). T(ACPg,-ID) and T(ACPg,-ID’) are ground equivalent term deduction systems
(see Theorem 3.5.11),

(iii). Completeness of ACPg-ID (see Theorem 3.4.15).

Remark 3.5.15 (Completeness of ACP4,-ID’)
Completeness of a slightly different version of ACPg,-ID’ is also claimed (without proof)
in Theorem 3.6.7 of [13] (where ACPy,-ID’ is called ACPq;).

3.6 Soundness and Completeness of PAj,,

Definition 3.6.1 (Signature of PAgy)

The signature of PAgy; consists of the undelayable atomic actions {ala € A}, the delayable
atomic actions {ala € A}, the undelayable deadlock constant 3, the delayable deadlock
constant 8, the immediate deadlock constant &, the alternative composition operator +,
the sequential composition operator -, the time unit delay operator o, the “now” oper-
ator vy, the unbounded start delay operator | |%, the (free) merge operator ||, and the
left merge operator || .

Definition 3.6.2 (Axioms of PAg,)

The process algebra PAg4y is axiomatized by the axioms of BPAg4r given in Definition 2.8.2
on page 54, Axioms DRTM1 and DRTM4 shown in Table 24 on page 69, Axiom DRTM6
shown in Table 25 on page 70, and finally Axioms DRTM2ID-DRTM3ID, DRTM5ID, and
DRTMID1-DRTMID2 shown in Table 34: PA4. = A1-A5 + A6ID + A7ID + DRT1-DRTS +
DRTSID + DCS1-DCS4 + DCSID + ATS + USD + DRTM1 + DRTM2ID-DRTM3ID + DRTM4 +
DRTMSID + DRTM6G + DRTMID1-DRTMID?2.

all (x+8)=g-(x+9) DRTM2ID
a-x|L(y+g)=a-(xll(y+8)) DRIM3ID
arei(x) L (vra(y) +8) =8 DRTMS5ID
x|Ld=26 DRTMID1

SlLx=46 DRTMID?

Table 34: Additional axioms for PAax.

Definition 3.6.3 (Semantics of PAyp)

The semantics of PAg,c are given by the term deduction system T (PAgy¢) induced by the
deduction rules for BPAg given in Definition 2.8.4 on page 54 and the deduction rules
for the (free) merge with immediate deadlock shown in Table 35 on the next page.
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x 2 x', ~ID(y) y2y, -ID(x) x 2 x', -ID(y)

xlly2x iy xly2xlly XILy2x |y
x =/, "ID(y) y 4 7ID(x) X, ~ID(y)
xlly=y xlhy2x xLy=y
X=X, y=y x>x,y2y
xIy>x |y xLy>x Ly
ID(x) ID(y)
D(x |l ¥) ID{x || y)
ID(x) ID(y)
ID(x IL y) ID(x IL y)

Table 35: Deduction rules for the (free) merge with immediate deadlock.

Definition 3.6.4 (Bisimulation and Bisimulation Model for PAg.)

Bisimulation for PA g and the corresponding bisimulation model are defined in the same
way as for BPAg, and BPA respectively. Replace “BPAy,” by “PA4n” in Definition 2.7.7 on
page 46 and “BPA"” by “PAgy” in Definition 2.2.11 on page 8.

Definition 3.6.5 (Basic Terms of PAy4;) )
If we speak of basic terms in the context of PAgy, we mean (a,§,d,)-basic terms as
defined in Definition 2.8.7 on page 54.

Definition 3.6.6 (Number of Symbols of a PAg term)
We define n(x), the number of symbols of x, inductively as follows:

(i). We define n(é) =1,
(i). for a € As, we define n(g) = n(a) = 1,

(iit). for closed PA4 terms x and y, we define n(x+y) = n(x-y) = n{x || y) =n{x Ly} =
n(x) + n{y) +1,

(iv). for a closed PAg term x, we define n( o (x)) = n{vea(x)) = n(1x]®) = n(x) + 1.

Proposition 3.6.7 (Properties of PA},)
For PAy, terms x and y, and any a € As, we have the following equalities:

(). PAL, - lal®=a

(ii). PAj - |x-y|¥=x]"-y
(i) PAL .+ [x+y]%=1x]“+|yl®
(). PAg - ora(x)]¥ =08
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(v). PAj, - 1819=8

i) PAj.-all Ix|¥=a-|x]®
(vii. PAj;-a-xLiy]|®=a- x| Lly]®
(viii). PAgrt - vya(a) = a

(iX). PAgn+ 1X)°+ 8 =[]

Proof The proofs for equality (i)-{v) and (viii)-(ix) given in Proposition 2.8.11 on
page 55, with respect to BPAgn, remain valid in the setting of PAgr, as can be easily
checked.

Equality (vi) and (vii) do not appear in Proposition 2.8.11. Consider the following com-
putation for equality (vi):

PAgrn - a L |x]¥=1al® L [x]®
= (vra(@) + ova(lal®)) L 1x]%
=(a+owla)) L 1x]”
=g |l [x]°+oala) L [x]¢
=a |l (Ix]®+8) + orala) L (via(x) + v (|X]%))
=4a- ([ij"'é) +opala L 1x]%)
= Vrel(g) x]”+ grala L [x])
= Vrel(g : lXJw) + O'rel(a Ik l.XJw)

Using RSP(USD) we obtain:
PAL Fa ll [x]®=la- |x]°|"=1al® Ix|*=a - |x]|”
Finally, consider the following computation for equality (vii):

PAge-a-x L y]¥=1al” x L |yl®
= (vral(@) + grallal?) - x L 1¥}”
={(a+owla))-x[LIyl”
=(@-x+0ala-x)) Lyl
=a-x|LIy]|°+ovala-x L 1yl®
XL (Ly)¥+ 8) + ovala - x) L (Via(y) + orally]®))
(X HLy]®+ 8)) + orala - x L [y
ret(@) - (x| Y1) + orala - x L Ly]®)
rel{@ (x| [¥]¥)) + ovala - x IL Ly]®)

< <2 &

Using RSP{USD}) we obtain:

PAL Fa-x L ly]Y=la- (xILyl19)]°=1al® xily]®) =a- x| 1y!?)

Theorem 3.6.8 (Elimination for PAj,,)
Let t be a closed PAgy term. Then there is a closed BPAyr term s such that PAj, + t = s.
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Proof Let t be a closed PAgy term. The theorem is proven by induction on n(t) and
case distinction on the general structure of t.

(i).
{ii).
(iii).

(iv).

(v).

(vi).
(vii).
(viii).

(ix).

t = 5. Then t is a closed BPAg,, term.
t = a for some a € As. Then t is a closed BPAy term.
t = a for some a € As. Then t is a closed BPA4, term.

t = t; + t; for closed PAg, terms t; and t;. By induction there are closed BPA g
terms §; and s; such that PA, + t1 = 81 and PAj,, + t2 = sz. But then also PAJ,, +
I+t =581+ s, and $; + 5, is a closed BPA4 term.

t =t - t; for closed PAg, terms t; and t,. This case is treated analogously to case
(ii).

t = 0y (ty) for a closed PAg;, term ;. This case is treated analogously to case (ii).

t = vy (t1) for a closed PAg, term t1. This case is treated analogously to case (ii).

t = | t,]%for a closed PAgy term t;. This case is treated analogously to case (ii).

t =ty L t» for closed PAg terms tq and t». By induction there are closed BPA g
terms 51 and s, such that PA, ~ t; = s; and PAJ, + t; = s2. By Theorem 2.8.16, the
elimination theorem for BPA4y., there are basic terms #; and r; such that BPAg, +
s1 = 1y and BPAg, + s2 = rp. But then also, PAj, + t1 = ri, PAj + t2 = 1z, and
PAj. + t1 L tz = 71 |L r2. We proceed by induction on the structure of basic terms,
and distinguish all possible cases for basic term r1:

(@ 1 =6. ThenPAL -t Ltz =r lLr2 =0 L r; = 6, and & is a closed BPA4y
term.
{b) r1 = d for some a € A;. Using Lemma 2.8.14 we distinguish two cases:
i , =6. Thenwehave: PAL, -ty L b =rLro=rLd=45,anddisa
closed BPAg4; Lerm.
fi. r =r;+0 Thenwehave: PAgu mty Lo = Lo =gl (rz +3) =
a-(rz+38) =a-r;andga- r; is a closed BPAgn term.
a for some a € As. Using Lemma 2.8.13 we distinguish four cases:
i. r2=5. Thenwehave: PAL, Ft; Lt = L ro=r L6 =24 and disa
closed BPAg. term.
ii. 2 = vpa(rz) + 8. Then we have:

{0 n

PAju-tilta=nlLr
=al r
=al® r
= (vra(@) + 0ra(1al®)) L 2
= (a+orala)) L r
=allr:+orala) L r
=a ll (via(r2) +8) + orala) L (vra(rz) + 8)
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]
= 1= (1=

* (Vrer(F2) +£) +__(i
'!’2+g
-r2+g-r2

(I
p—
e
~ 4
1)
-l@
-~
~

and a - r, is a closed BPA4y term.
iii. ¥, = |r2]® Then, using Proposition 3.6.7(vi), we have: PAj + &1 Lt =
miLra=alllrl®=a-r]“=a-r;,and a- r; is a closed BPAy, term.

iv. r2 = via(r2) + ora(r;) for a basic term r; such that n(r3) < n(rz). Then

we have:

PAlLFt lLta=r ILr
=al r
=lal®l r
= (Vrel(g) + Urel(lgjw)) L re
= (@ +orala)) L r
=al r+ owla) L r
=all (vra(rz) + ora(rz)) +

ore{a) L (vra(rz) + ora(r3))

L (vralr2) + ora(ry) + 3) + orala L 1)
cAvralra) + O'rel(ré) +2) + orala L ré)
(vralrz2) + ora(ry)) + ovala L 5}
¥+ opala L ).

oo

i = I Ik

I

By the induction hypothesis there exists a closed BPAg term p such that
PAGrralLr;=p. Then, PAj -t1 Lt =g-r2+orala L ¥3) =a-r2 +
O (p), and g - r2 + Gra(p) is a closed BPAg, term.

d rn=ga- ri for some a € A;s and basic term #37. Using Lemma 2.8.14 we distin-
guish two cases:

i, ' =58 Thenwehave: PAL -t Lt =r [Lro=r L6 =35,anddisa
closed BPAg4r term.

ii. p=r,+8. Thenwehave: PAL, -ty Lo = Lre=a-r L{rz+9) =
a-(r i (r2+8)) = a- (ry Il r2). By the induction hypothesis there exists a
closed BPAqy term p such that PAj, + 71|l 2 =p. Then, PAj -t L £, =
a-(rillr2) =d-p,and g - p is a closed BPAg term.

(e) ¥1 = a - r| for some a € A5 and basic term r}. Using Lemma 2.8.13 we distin-
guish four cases:

i. ro=6. Thenwehave: PAL Fty L th=r Lrz=nlld=0,anddisa
closed BPAy4: term.
ii. r2 = vra(r2) + 8. Then we have:

PAErtl‘—tll_Lt2=r1 l_l_r;g
=a-r; |Lr
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iii.

iv.

=lal®-rilLr

= (Vrel(g) +Urel([gjw)) -1 L
=(@+orala))-rilLr
=(a-ri+awla)-r) Lr
Kt oala-r)) L
=a-rllntoala-r) lLr

Il
s

=a-r L (via(r2) + 8) + grala-ry) L (Via(r2) + )
a-(rill (vra(r) +8)) +8

=g-(rlr)+s

=a-(rFillr) +8-(r;llr)

={a+3)-(rylir)

=da- (rillr).

By the induction hypothesis there exists a closed BPAy,, term p such that
PAf - ri |l r2=p. Then, PAg - t1 Lt =g-(rjlir:) =2-p,anda-p
is a closed BPAg, term. - -

¥, = | r2 1. Then, using Proposition 3.6.7(vii), we have: PAJ,, - t; L t, =
Fillre=a-rilllr]®=a-(r | Lr2]®) =a- (r] || r2). By the induction
hypothesis there exists a closed BPAg term p such that PAJ, + #1 || 12 = p.
Then, PAj -t Ltz =a- (¥ || r2) = a-p,and a - p is a closed BPAyy
term.

¥o = vyt (F2) + v (73) for a basic term r; such that n(r;) < n(r;). Then
we have:

PAcFtL=rllr
=a-rlLr
=lal®-rlr

= (Vrel(g) + O—rel(lgjw)) ' ri IL 72

¥+ orala) - ry) L r2
i+ orgla-r)) Lr

a

=a- 1 L (via(#2) + ora(r2)} +

ora(a- 1) L (via(r2) + ora(ry))
=a-n L (viea(r2) + ora(ry) +9) +

ora(a- ry) L (vra(r2) + ora(r3))
=a- (r1 | (vra(r2) + oralry) + 3)) + ora(a-ry L ry)
(11 | (vra(r) + ora(r2)) + ovalr L 72)
(Kl r2) + ovalr L rs).

a
a

By the induction hypothesis there exist closed BPAy; terms p, and p; such
that PAG - F1 Il ¥2 = p1and PAJ - 71 IL ¥, = p2. Then, PA}, - t; |L t =
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a-(ryllry) + o ILr) =da-p1+ora(pz), and g - p1 + Ora(pz) is a
closed BPA g term.

(f) ri = ¥; + ry{ for basic terms ¥; and ;. Then PAL, + tilL t; = rilLr: =
(ri+r{) L ra=r, L ¥2+r{ L ¥;. Byinduction there exist closed BPAg4 terms
p1 and pz such that PAS, + ] L ¥2 = p1 and PAG,, + #{ |L ¥z = p2. Then also
PAL«Ft Lt =riiLrp+r] Ly = p1 + P2 and p1 + p2 is a closed BPAy
term.

{g) r1 = ora(ry) for a basic term r]. Using Lemma 2.8.13 we distinguish four
cases;

i. 7, = 6. Then we have: PAluFtiLta=rilr.=a Il 6 =24, and 6 is a
closed BPA 4 term.

ii. 2 = Via(r2) +8. ThenPA - il o =1 L r2
3) = §, and § is a closed BPAgy term.

iii. ¥2 = 1r2]®. Thenwe have: PAl -t Ltz =11 ILr2 = ova(r)) L Lr]¥ =
o-rel(ri) |.|_ (Vrel(rz) + O-rel(LVZJw) = O-rel(r; IJ_ lr2Jw) = O-rel(ri |.|. r2)- BY
the induction hypothesis there exists a closed BPAg4x term p such that
PAg = 1y Il r2 = p. Then, PAf, + ty L T2 = ogralr] || 12) = ora(p),
and o (p) is a closed BPAg term.

iv. ¥y = vral(r) + oralry) for a basic term ¥, such that n(r;) < n(r;). Then
we have: PA, F i Ltz = ni L 72 = gral(r) L (Vialrz) + ovalr;)) =
orea(r] IL ¥3). By the induction hypothesis there is a closed BPAg term p
such that PAj, - ¥ L ¥, = p. Then, PAL - t1 L2 = gral(r; L#) =
Tra (P), and ope (p) is a closed BPA g term.

Urel(r;) L (Vrel(rZ) +

(x). t =t || t2 for closed PAgr terms t; and tp. Then PAL -t [l =t1 1L t2 + 2 || t1.
By (ix) there are closed BPAg, terms p; and p, such that PA}, ~ t; L t; = p; and
PA:]rrt - tz L &1 = p2. But then also PAEN Fhlltb=ti L+ Lt =p1+ P, and
p1 + p2 is a closed BPAg4,« term.

Corollary 3.6.9 (Elimination for PA},)
Let t be a closed PAg, term. Then there is a basic term s such that PA},, s =t.

Proof This follows immediately from:

(i). The elimination theorem for PAj, (see Theorem 3.6.8),

(ii). the elimination theorem for BPA}, (see Theorem 2.8.16),
(iii). the fact that all axioms of BPAJ,, are also contained in PAg,,.

Remark 3.6.10 (Elimination for PAgy,)
Elimination for a somewhat different version of PAg is also claimed {without proof) in
Section 3.9 of [10].

Theorem 3.6.11 (Soundness of PA,,)
The set of closed PAan terms module bisimulation equivalence is a model of PA},,.
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Proof We only prove soundness for the axioms of PAg;¢ that have not been treated
in earlier soundness proofs. Note that to extend these proofs to PAg., we have to check
that the bisimulations given in previous soundness proofs respect the ID predicate (as
required by transfer condition (iv.) in Definition 2.7.7 on page 46). However, as the fact
that they do can be easily checked, we will not give details.

Axiom DRTM2ID Take the relation:

R={(s,8), (gL (s+8),a-(s+9))|s€ C(PAu}}

We look at the transitions of both sides at the same time. The only transition of the
left-hand Slde isall (s+34) % s+ 6, and the only transition of the right-hand side
isa-(s+ 6) % s+ 8, and note that (s + 8,5 + 8) € R. Finally, neither side satisfies
the ID predicate: ﬂlD(a L (s+4)) and —llD(a (s +9)) (note that ~ID(s + §) even
if ID(s) ).

Axiom DRTMB3ID Take the relation:
R={(s,5),(a-slL(t+8),a-(sl(t+d)))Is,t € C(PAan)}

We look at the transitions of both sides at the same time. The only transition of the
left-hand sideisa-s I_L (t+8) 5| (t+ 8), and the only transition of the right-hand
sideisa- (s ( t+5)) =5l (t+6) and note that (s || (t+8),s |l (t+8)) € R. Finally,
neither side satisfies the ID predicate: ~ID(a-s L (t+§)) and —dD(g (sl (t+d)).

Axiom DRTMSID Take the relation:
R = {(O-rel(s) L (Vrel(t) +é)1é) s, t € C(PAdrt)}

We look at the transitions of both sides at the same time. Observe that there are
no transitions possible on the left-hand side: oya(s) L {vie(t) +8) + . Also for the
right-hand side there are no transitions possible: § + . Finally, neither side satisfies
the ID predicate: =ID(0va(s) L (Vra(t)+8)) and ~ID(8) (note that —ID(vie(t) +8)
even if ID(t)).

Axiom DRTMID1 Take the relation:
R={(sL88)Ise C(PAa:)}

We look at the transitions of both sides at the same time. Observe that there are
no transitions possible on the left-hand side: s ||, & + . Also for the right-hand side
there are no transitions possible: & + . Finally, both sides satisfy the ID predicate:
ID(s |L 8) and ID{d) (note that ID{s |_ &) even if =ID(s)).

Axiom DRTMID2 Take the relation:
R={(d,s L d)Is € C(PAa)}

This case is treated symmetrically to the previous case.
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Remark 3.6.12 {(Soundness of PAgy)
Soundness of a somewhat different version of PAg, is also claimed (without proof) in
Section 3.9 of [10].

Theorem 3.6.13 (Conservativity of PA},, with respect to BPAg,)
The equational specification PA},, is a conservative extension of the equational specifica-
tion BPA},,.

Proof In order to prove conservativity it is sufficient to verify that the following con-
ditions are satisfied:

(i). Bisimulation equivalence is definable in terms of predicate and relation symbols
only,

(ii). BPA}, is a complete axiomatization with respect to the bisimulation equivalence
mode] induced by T(BPA4n) (see Theorem 2.8.22),

(iii). PAZ, is a sound axiomatization with respect to the bisimulation equivalence model
induced by T(PAqgy) (see Theorem 3.6.11),

(iv). T(PAgm) is an operationally conservative extension of T(BPAg.).

And in order for T(PAg) to be an operationally conservative extension of T(BPA4t) we
must verify the following conditions:

(i). T(BPA4+) is a pure, well-founded term deduction system in path format,
(ii). T(PAgy) is a term deduction system in path format,
(iii). T(BPAart) @ T(PAgr) is defined.
That the above properties hold can be trivially checked from the relevant definitions. m

Theorem 3.6.14 (Completeness of PAj,)
The equational specification PA},, is a complete axiomatization of the set of closed PAg,.
terms modulo bisimulation equivalence,

Proof By Verhoef’s General Completeness Theorem (see [25], or Theorem 2.4.26 of
[13]) this follows immediately from:

(i). PAj, has the elimination property for BPAgy (see Theorem 3.6.8),

(ii). PA%, is a conservative extension of BPAJ,, (see Theorem 3.6.13).

Remark 3.6.15 (Completeness of PAgy,)
Completeness of a somewhat different version of PAg is also claimed (without proof) in
Section 3.9 of [10].

Definition 3.6.16 {Axioms for the Ultimate Start Delay and Merge)

We define Axioms USD6 and USD? for the ultimate start delay as given in Table 36 on the
next page. Note that they precisely correspond to the equalities of Proposition 3.6.7(vi)
and (vii).
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al Ix]®=a-|x]® UsDé
a-x| lyl®=a-(x|Ilyl¥y USD7

Table 36: Additional axioms for the ultimate start delay and merge.

Corollary 3.6.17 (Soundness of PAg,; + USD1-USD7?)
The set of closed PA 4 lerms modulo bisimulation equivalence is a model of PAgy, + USD1-
UsD»z.

Proof This now follows directly from the soundness of PA3, (see Theorem 3.6.11
on page 106) and the fact that Axioms USD1-USD7 are derivable in PAg,, (see Proposi-
tion 3.6.7 on page 101). [

Corollary 3.6.18 (Completeness of PAg. + USD1-USD7)

If we add Axioms USD1-USD4 of Table 18 on page 45, Axiom USD5 of Table 23 on page 68,
and Axioms USD6-USD7 of Table 36 to PAan, we again have a complete axiomatization of
the set of closed PAg terms module bisimulation equivalence.

Proof Careful inspection of the dependencies between the proofs in this section re-
veals that the proof of Theorem 3.6.14 only relies upon RSP(USD) to ensure Proposition
3.6.7(i)-(vii). So, we obviously do not need RSP(USD) anymore if we add the correspond-
ing Axioms USD1-USD7. Note that in this way we get a purely equational axiomatization
(i.e. without conditional axioms or principles}. ]

3.7 Soundness and Completeness of ACPg,,

Definition 3.7.1 (Signature of ACPg)

The signature of ACPg consists of the undelayable atomic actions {a|a € A}, the de-
layable atomic actions {a|a € A}, the undelayable deadlock constant__g, the delayable
deadlock constant &, the immediate deadlock constant 8, the alternative composition oper-
ator +, the sequential composition operator -, the time unit delay operator o, the “now”
operator viq, the unbounded start delay operator | |, the (communicating) merge oper-
ator ||, the left merge operator | , and the communication merge operator | .

Definition 3.7.2 (Axioms of ACPgy)

The process algebra ACPg;; is axiomatized by the axioms of PAgy given in Definition 3.6.2
on page 100 minus Axiom DRTM1, plus Axioms DRTCMI-DRTCMS, DRTCM12-13, and
DRTCF1-DRTCF?2 shown in Table 29 on page 84, Axioms DRTCM&6-DRTCM7 shown in Ta-
ble 30 on page 85, and Axioms DRTMID3-DRTMID4 and DRTCM6ID-DRTCM7ZID shown in
Table 37 on the following page: ACPar = A1-A5 + AGID + A7ID + DRT1-DRTS + DRTSID +
DCS1-DCS4 + DCSID + ATS + USD + DRTM2ID-DRTM3ID + DRTM4 + DRTMSID + DRTM6 +
DRTCMI1-DRTCMS5 + DRTCM6ID-DRTCMZID + DRTCM12-DRTCM13 + DRTCF1-DRTCF?2
+ DRTMID1-DRTMIDA4.
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Frel(X) | (Viet(y) + 8) DRTCM6ID

(Vrer(X) + 8) | orei(y) DRTCM7ID
x|6=46 DRTMID3
§|x=46  DRTMID4

-3
-2

Table 37: Additional axioms for ACPy;:.

Definition 3.7.3 (Semantics of ACPy)

The semantics of ACPg¢ are given by the term deduction system T{ACPg4+) induced by
the deduction rules for PAy,, given in Definition 3.6.3 on page 100, the deduction rules for
the communication merge shown in Table 31 on page 85, and the additional deduction
rules for ACPg4, shown in Table 38.

ID(x) D(y)
ID(x|y) B(x{y)

Table 38: Additional deduction rules for ACP4.

Definition 3.7.4 (Bisimulation and Bisimulation Model for ACPgy)

Bisimulation for ACP4. and the corresponding bisimulation model are defined in the
same way as for BPAg,, and BPA respectively. Replace “"BPAg,"” by “ACP4” in Defini-
tion 2.7.7 on page 46 and “BPA” by “ACPg," in Definition 2.2.11 on page 8.

Definition 3.7.5 (Basic Terms of ACPgy,) _
If we speak of basic terms in the context of ACPg, we mean (o, 4,8, §)-basic terms as
defined in Definition 2.8.7 on page 54.

Definition 3.7.6 (Number of Symbols of an ACPy4;; term)

We define n(x), the number of symbols of x, inductively as follows:
(i). We define n(é) =1,
(i). for a € As, we define n(g) = n(a) =1,

(ili). for closed ACP4y terms x and y, we define n{x + y) = n(x-y) = n(x || y) =
n{x L y) = n(x|y) =nx) +n(y) +1,

(iv). for a closed ACPy term x, we define n( oy (x)) = RV (X)) = R x]*) = n(x) + 1.

Proposition 3.7.7 (Properties of ACP,,, Part I)
For ACPy,¢ terms x and y, and any a € As, we have the following equalities:
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(). ACPh, - laj®=a

(i) ACPh, +|x-yl®=|x]" -y

(ii). ACPL, X+ y]“= x|+ [y]®

(V). ACPy - lova(x) 1% =8

v). ACPL, +~16]®=6

vi). ACPj Fall |x]¥=a-[x]*

i) ACPj,-a-x L Iy1"=a- (xI|y]®)
(viii). ACPpt + vyg{a) = a

(iX). ACPagr - |X]%+ 8 = [x]®

Proof The proofs for these equalities given in Proposition 3.6.7 on page 101, with
respect to PAgy, remain valid in the setting of ACPqy, as can be easily checked. [ ]

Proposition 3.7.8 (Properties of ACPg,, Part II)
For ACPy termsx and y and any a, b, c € As, we have the following equalities:

(). ACPj,—alb=c ifyla,b) =c+ 4
(ii). ACPy,-alb=6  ifylab) =26
(iii). ACP}.,+alb-x=(alb)-x

(v). ACPh ~a-x|b=(alb) - -x

V). ACPj +a-x|b-y=(alb)-(x{ly)
Proof

(i). Consider the following computation:

ACPg-alb=1al®lB]”
= (Vrei(@) + ova(lal®)) | (Vea(h) + Tra(LB]))
a-+ ora(a)) | (2+ Orea (b))

—

=4 Q+g| Oret{b) + Ore(a) b+ Orel(a) | orel(b)
=alb+vii(@) | Orei(b} + ora(a} | Viea(b) + ora(a) | ora(b)
=c+0+34+0ralalb)

=c+ gralalb)

= Vrel(g) + grala | b)

Using RSP(USD), we obtain:

ACPi Falb=|c]%=c
(ii). This case is treated like the previous one, but with ¢ replaced by 4.
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(iii). Consider the following computation:

ACPyn-alb-x=al”iB]® x
= (vra(@) + 0ra(lal®)) | (Vral(l) + ora(12])) - X
={(a+ ow(a)) | (B+ gra(b)) - X
= (g + ora(@)) | (B x+ ora(b) - X)
=alb-x+alor(b) -x+
ora(a) | b - x+ ora(a) | ova(b) - x
=alb-x+vi(@) | oralb) - x +
Ovel(@) | vra{b) - x + Orei(a) | Orel(b) - x
=alp-x+vela) | ova(b-x) +
Orala) | Vrel(g - X) + Orei{a) | Opra(b - X)
=y(a,b) - x+5+8+0ralalb-x)
X+ ovalalb-x)

I
=
a2
=

Using RSP(USD), we obtain:

ACPL ralb-x=ly(ab) -x]°=1y(a,b)|” x=y(a,b) - x
(alb) -x

(iv). This case is treated symmetrically to the previous case.
(v). Consider the following computation:

ACPyia-x\b-y=al” x|{B]" ¥
= (Vrel(g) + Urel(lgjm)) - X | (Vrel(g) + O_rel(l.gjw)) 4

a+ orefa)) - x| (b + ora(b)) -y
a-x+omfa)-x) [ {(L-y+ora(b) - y)
=a-x|b-y+a-xlowb)-y+

grafa) - x|b-y+owla) - x| oralb) -y
=g-xlg-)’+vm(g) -x{ow(b)-y+

Orel () + X | Vrel(g) - ¥+ orala) - x| ora(b) -y
=a-x|B-y+vild-x) | oralb-y) +

Oreila -« x) | Vrel(g - ¥) + oyela - x} | gra(b - y)
=yla,b) - (xlly) +d+8+orala-x|b-y)
(x|l ¥y +0vala-x|b-y)
= vrel(y(a,b)) - (x11 y) + orala-x|b-y)
= vra(y{a,b) - (x| ¥}) + Grala-x|b-y)

I
Q<
——
R
=
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Using RSP(USD), we obtain:
ACPi -a-xIb-y=y(a,b) - (xIy]*
=|y(a,b)|”- (x| y)
=yl{a,b) - (x| y)
=(alb)-(xly)

Remark 3.7.9 (Properties of ACP},,, Part II)

Note that the equalities of Proposition 3.7.8 on page 111 are in a sense the “delayable
reformulations” of Axioms DRTCF1-DRTCF2 and DRTCM2-DRTCM4 for the communi-
cation merge |. Such reformulations are however not possible for the axioms for the left
merge | . Take for example DRTM2ID; although we do have:

ACPiFall(x+d) =g-(x+9)
the “delayable” reformulation does not hold:
ACP Fal (x+3)=a-(x+9)

as can be seen by instantiating x with any x such that x 2 . Inthat case, namely, @ - (x+8)
can delay, while a || (x + §) cannot, because x cannot.

Proposition 3.7.10 (Properties of ACPg;, Part IIl)
For ACPgy terms x and y, and any a,b € As, we have the following equalities:

(). ACPai+-alb=alb
(ii). ACParalb=alb

(iii). ACPinralb-x=(alb) x
(V). ACPgype-a-x|bB=(alb)-x
(v). ACPgualb-x=(alb)-x
(vi)h. ACPget-a-x|b=1(alb)-x

(i). ACPgn+a-x|b-y=(alb)  (xIly)
Wiil). ACPant-a-x|p-y=1(alb) - (xIy)
Proof
(i). Consider the following computation:
ACPy -alb=allb]®
=d| (via(b) + ora(l£]%)
)

[yl

+
3
=
—

oy
+
2
:
—
o
S

il

Il
[N ISR N [

+veal@) | gra(b)

[isalThs. oI~ o |
+
(<9
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(ii). This case is treated symmetrically to the previous case.
(iii). Consider the following computation:

ACPan - alb-x=allb|®-x
=al (vealb) + Urel(lbj“’) X
=al(b+ ow(b))
| (& - x + ova(b) -X)
Io'rel(b) - X
X+Vrel(a) | oralb - x)
+9

Er
><
+
(1%

ion
= fix In = )= |

[ IIB-' IIG" 1]

X
X

I
[IN]
i

~

(iv). This case is treated symmetrically to the previous case.
(v). Consider the following computation:

ACPytralb-x=1al®lb-x
= (Vra(g@) + ora(lal™) 1B~ x
= (g + om(a)) Ib-x
=alb-x+owla) lb-x
=alb-x+ orld) | Via(l) - x

=g|£ X+a-rel(a)lvrel(£ )
=dalb-x+38

~albx

=(alb) -x

(vi). This case is treated symmetrically to the previous case.

(vii). Consider the following computation:

ACPa-a-xib-y=a-x[lb|”-y
=d- x| (Vrel(g) +0’rel(lgjw)) 4
=ga-x|(b+owb)) -y
=a-x|(b-y+0r(b) y)
=a-x|b-y+a-x|owb) -y
=a-x|b-y+vra(a) - x| oya(b) - y
=a-x|b-y+via(a-x)|owalb -y}
=g-x[£-y+é
=da-x|b-y
=(alb) - (xlly)

{viii). This case is treated symmetrically to the previous case.
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Theorem 3.7.11 (Elimination for ACP},,)
Let t be a closed ACPyy term. Then there is closed BPAgy, term s such that ACP, + t = s.

Proof Let t be a closed ACP g term. The theorem is proven by induction on n{t) and
case distinction on the general structure of t.

(i). t = 4. Then tis a closed BPA ¢ term.
(if). t = a for some a € As. Then t is a closed BPAg;: term.
(iii). t = a for some a € As. Then t is a closed BPAg term.

(iv). t = t; + t; for closed ACPg. terms t; and t,. By induction there are closed BPAg,
terms s and s; such that ACP, + t; = sy and ACP§, + t2 = s;. But then also
ACPy 1 + t, =81 + 52 and s + 57 is a closed BPAy,¢ term.

(v). t =ty -t; for closed ACPg,, terms t; and t,. This case is treated analogously to case
(ii).

(vi). t = g {ty) for a closed ACP4, term tq. This case is treated analogously to case (ii}.

(vii). t = via(ty) for a closed ACPg,, term t;. This case is treated analogously to case (ii).

(viii). £ = |ty ]% for a closed ACPg term t,. This case is treated analogously to case (ii).

(ix). t = t; |L £ for closed ACPg terms t; and t;. By induction there are closed BPAg
terms s, and s, such that ACPy, + t; = s; and ACPg4, + t; = s,. By Theorem
2.8.16, the elimination theorem for BPA 4, there are basic terms #; and r; such that
BPA}, t- s1 = 1 and BPA}, + s; = r;. But then also, ACP},, + t; = ry, ACP, +
t2 = o, and ACPY, + t1 L t2 = ¥1 |L r;. We proceed by induction on the structure
of basic terms, and distinguish all possible cases for basic term r;:

(a) ¥, = 6. Then ACPj -tillte=r L= & L r, =6, and & is a closed BPAgy
term.
{(b) r1 = g for some a € As. Using Lemma 2.8.14 we distinguish two cases:
i. 7, = 6. Thenwehave: ACPy, -ty L b= lilrn=nld=4anddisa
closed BPAg4. term.
ii. » =r;+ 3. Thenwehave: ACPi -t Ltz =nlr=al(rn+d =
a-(r +8) =d- ¥ andg- r; is a closed BPA g term.
(c) r; = a for some a € As. Using Lemma 2.8.13 we distinguish four cases:
i. ¥, = 6. Then we have: ACPi -t L= Lrn=n |l §=26,and disa
closed BPA 4 term.
ii. 72 = vrel(#2) + 8. Then we have:

ACP;rtl—tl Ltz2=rn L 1
=alr
lai® L .
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It

Q —

L)
-

D

il

(Vrel(g) + Urel(ngu’)) L ¥z

(_ﬂ_"‘o-rel(a)) IL ¥

allr:+oala) lLr

all (vea(r2) +9) + orala) L (vra(rz) + 8)
(Vralrz) +8) + 8

- ¥ +é

- +é o

+8) - r

= s s

and g - r, is a closed BPAy, term.

iii. #2 = [#2]%. Then, using
rillre=alllrl®=a

Proposition 3.7.7(vi), we have: ACPg, + t; Il f» =
lr2)®=a-rs and a - r» is a closed BPAg term.

iv. ¥2 = viq{r2) + ora(r;) for a basic term r; such that n(r;} < n(r;). Then

we have:

ACPl.Fth Lt:=n L r:
=alr

=R e ik

lal® L r2

(Ve (@) + oral{ld] N L r

(g + orla)) L1

allr+owla) L r

all (via(r2) + ova(ry)) +

grala) L (Vra(r2) + ora(ry))

L (Vra(r2) + ova(ry) + 8) + ovala L 13)
< (vre(Fo) + Urel(ré) "‘_é_) + orala | ré)
(Vrea(r2) + oralrz)) + ore(a L ry)

cry + orer{a I ¥3).

By the induction hypothesis there exists a closed BPA4¢ term p such that
ACPi  -allr; = p. Then, ACP, - i Lt =a-r+ oa L 1) =
d -tz + orlp}, and g - r; + ora(p) is a closed BPAgr term.

(d) r; =a- r; for some a € As and basic term r. Using Lemma 2.8.14 we distin-

guish two cases:

i. ¥» = 8. Then we have: ACPjuFtillta=nllr=n L&=24 and Sisa

closed BPA gt term.
ii. ¥z =¥ + 6. Thenweh

ave: ACPL, -thillt: =nllr =4 -r;L(r+

8 =a-(F Il (n+8) =a-(ry |l r2). By the induction hypothesis
there exists a closed BPAg,, term p such that ACPJ,, + 7 || ¥ = p. Then,
ACPi -ty Ltz=a-(r1llr2) =da-p,and g - pis a closed BPAy term.

(e) ¥y = a - r] for some a € As and basic term #7. Using Lemma 2.8.13 we distin-

guish four cases:
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i. ¥, = . Then we have: ACPlcFhltb=nllrn=n H_5=5,and$isa

closed BPAg4 term.

il. 2 = vya(rz2) + 8. Then we have:

1. Fo

iv.

ACPl Hti L tz=r {L 2
=a-rllr

lal®-rnilr
= (Vra(@) + Gra(l@l®)) - 1y 1L 72
={a+owala)) -rilLr
-+ ora(a) ¥ L r
?’; +orala-r)) Lr

1Lre+ovala-ry) L r
1 IL (vra(r2) +6) + Orel(a - rl) L (via(r2) + 6)
( K ” (Vrel(rZ) +6)) + 5
(Fllr)+8
(i llr)+8-(niir)
(a +9) - (ry ll r2)

=a-(r llr).

[ T I
IJD I s s s o i
= I ”D i

By the induction hypothesis there exists a closed BPAg, term p such that
ACPg -7y | iz = p. Then, ACPL -ty L t; =a- (r |l ry) =a-p, and
a - p is a closed BPAg¢ term.

= | ¥2]%. Then, using Proposition 3.7.7(vii), we have: ACP}, - t; L &> =
rrllre=a-rLlrnl=a- (1 1rt®) =a- (¥] || r2). By the induction
hypothesis there exists a closed BPA4r term p such that ACP, + #] || 72 =
p. Then, ACPi, —t; Lt =a-(r; |l ¥2) =a-p,and a- pis a closed BPAgn
term.

r2 = Vrel(r2) + ora(r;) for a basic term r; such that n(#;) < n(r;). Then
we have:

ACP FtilLtz=r 1L e
=a-nln
lEJ 'F‘i IL ¥,
= (vrel(a ) +0'rel(laJw)) P’i L ¥z
+ Ora(a)) - rl L
¥yt ovala)-r) Lr
Kt orala-ry)) Lr
”1 IL +Ure](a‘ri) ILr
}’i L (vra(rz) +0'rel(r;_)) +
arala - 1) L (via(rz) + oralry))
=a-r L (via(r) + oralry) +9) +
Ore{a - 1) L (Vra(r2) + 0ra(ry))

Il
R

a-
a
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. (ri i (Vear(r2) + Urel(ré) +é)) + Orella - rfl L ré)
(1 (vea(r2) + oralry)) + oralrr L 73)
: (!’i | 2} + oralr 1L ré)

1
SRS

By the induction hypothesis there exist closed BPA 4 terms p; and p; such
that ACPL, + rj | r2 = p1 and ACP{; + ry L ¥, = p2. Then, ACPg,, +
tilltz=ga-(ry Il r2) + ovalr L ry) = @-p1+0ra(p2), and g p1 + 0ra(p2)
is a closed BPAy4 term.

(f) r1 = r{ + r{ for basic terms ] and ri’. Then ACPy - 1 Ltz =i lLr =
(ri+ri) L r2 =¥ IL r2+r{ |L r2. By induction there exist closed BPAg4y terms
p1 and p; such that ACPY, + ¥ IL ¥2 = p1 and ACPg, + #{ IL 2 = p2. Then
also ACPy, +ty Lt = r; L2+ 77 L¥r2 = p1 + p2, and py + p2 is a closed
BPA 4 term.

(g) ¥1 = ogpalry) for a basic term r}. Using Lemma 2.8.13 we distinguish four
cases:

i. ¥, = 8. Thenwe have: ACPL, -t Lt =r Lo =a L §=6,anddisa
closed BPA 4t term.

fi. r2 = Veet(r2) + 8. Then ACPi = t1 Ltz = 71 L r2 = gra(ry) L (Vealr2) +
8) =9, and § is a closed BPA4y, term.

iii. ¥, = |7;]“ Thenwe have: ACPl Fti Lta=r I ra = gpa(ry) L Lr2]®=
orel(r]) L (vra(r2) + ova(lr2]®) = ora(ry 1L L#2]*) = ovalr; L r2). By
the induction hypothesis there exists a closed BPAg, term p such that
ACPcJIrt = ri | rz = p. Then, ACP:[“ Ft Lt = O'rel(ri | rZ) = O-rel(p):
and o (p) is a closed BPAgr term.

iv. ¥2 = v (r2) + ora(#;) for a basic term r; such that n(r;) < n(rz). Then
we have: ACPj, - ti Il &2 = r1 L r2 = Ova(r) L (Vra(r2) + Oralry)) =
aralr] IL r3). By the induction hypothesis there is a closed BPAgy term p
such that ACP}, + r; L ¥ = p. Then, ACP}, + t; L tz = ora(¥y L ¥5) =
orel(p), and oy (p) is a closed BPAgr: term.

). t = t; | t; for closed ACPg, terms t; and t;. By induction there are closed BPA4
terms s; and s, such that ACPj, + t; = s; and ACPj, + t = s,. By Theorem
2.8.16, the elimination theorem for BPAg4., there are basic terms #; and #» such that
BPAL, + s1 = r1 and BPA}, + 52 = r.. But then also, ACPj,, + t1 = r1, ACPY, +
t; = ¥z, and ACP,, + t1 | t = r1 | ¥o. We prove this case by simultaneous induction
on the structure of basic terms r; and ¥,. We examine all possible cases (of which
there are in total 49, some of which can be treated simultaneously, reducing our
task to “just” 22 cases):

{a) 1 = 6 and r; is of arbitrary form. Then ACPg -ty [t = r | 12 = Slr =8,
and 4 is a closed BPA4;, term.

(b} r1 is of arbitrary form and r; = &. This case is treated symmetrically to the
previous case.

(c) r1 =g and r, = b for some a,b € As. Suppose that y(a,b) = c. Then we have
ACPL - ti|t; =r | r2=al b =c andg is a closed BPAgr term.
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(d} r1 = a and ¥z = b for some a,b € As. Suppose that y(a,b) = c. Then we have
ACPg +ti |tz =r1|r2=a|b =c, and ¢ is a closed BPAgy term.

(¢) r1 =aand r; = b for some a,b € As. This case is treated symmetrically to the
previous case.

(f) r1 = a and r; = b for some a,b € As. Suppose that y(a,b) = c. Then we have
ACPi Ftiltp =r|r2 =a|b=c, and c is a closed BPA4, term.

{g) rn=gandr; =b-r; forsome a,b € A5 and some basic term r;. Suppose that
y(a,b) = c. Then we have ACP{, -t |t = | 2 =alb- ¥y =c- rﬁ,andg-ré
is a closed BPA 4 term.

(h) n=ga- riand r; = b for some a,b € As and some basic term r1. This case is
treated symmetrically to the previous case.

i) 7 = gandr; = b-r; for some a,b € As and some basic term #;. Suppose that
y(a,b) =c. Thenwehave ACP, -t1 |t = |r2=alb-r; =c-randg-r,
is a closed BPAgy term.

() n=a-ryand r, = b for some a,b € A5 and some basic term rj. This case is
treated symmetrically to the previous case.

(k) r1 =aand r, = b- r; for some a,b € As and some basic term ;. Suppose that
y{a,b) = c. Thenwe have ACPy, - t1{t; =ri|r2=alb-r; =c-1andg- 1,
is a closed BPA 4 term.

() r1=a-r;and r, = b for some a,b € As and some basic term r{. This case is
treated symmetrically to the previous case.

(m) r1 =aandr, =b-r, for somea,b € As and some basic term r;. Suppose that
y(a,b) = c. Then we have ACPj, -t |[ta=r |F2=alb-r;=c-r;,andc-r;
is a closed BPA g term.

(n) »1 =a-rjand r, = b for some a,b € As and some basic term r]. This case is
treated symmetrically to the previous case.

(0) m=g-riandr, =hb - r, for some a,b € A; and some basic terms 7} and 75.
Suppose that y(a,b) = c. Thenwe have ACPg - tilta = 1|2 =a-rlp-r, =
c - (ry |l ;). By the induction hypothesis there exists a closed BPAgy term s’
such that ACPG - ry [ ry = 8. SOACPi -ty [ta=c- (ri Il r}) = c- 5", and
¢ - s' is a closed BPA4 term.

(p) ri=a-ryandr, =b - ¥, for some a,b € A5 and some basic terms r] and r;.
Suppose that y(a,b) = c. Then we have ACPj - t1 |t = r|re =a-r||b-r; =
¢ - (r1 |l ¥3). By the induction hypothesis there exists a closed BPAq term s’
such that ACPg, -1y | 5 = 5". SO ACPL -ty [tz =c- (ry |l ry) = ¢, and
¢+ 5" is a closed BPA4y term.

(@ ri=a-riandr,=ph- r; for some a,b € As and some basic terms #] and r}.
This case is treated symmetrically to the previous case.

{ty m=a-riandr, =b - r, for some a,b € As and some basic terms r} and r3.
Suppose that y(a,b) = c. Thenwe have ACPl, - t1|t; =1 |r2 =a-¥H|b-¥, =
¢ - (¥ |l ¥3). By the induction hypothesis there exists a closed BPAg term s’
such that ACP§, - 7y | 7, =5". SO ACPL, -ty [ta =c - (ry | ry) = ¢~ ', and
c - 5" is a closed BPA 4 term.
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(s} r1 = r1 + #{ for some basic terms r] and ry, and r; is of arbitrary form. Then

v)

ACPi Ftilta =rilr = (rf + ) ir2 = ¥ | ro + ¥{ | ro. By the induction
hypothesis there exist closed BPAg;, terms py and p; such that ACP ., + ri|r2 =
p1and ACPJ,, + ¥y |r2 = p2. So,we have ACPg, + t1lt2 = Filrz+#] |r2 = p1+pa2,
and py + p» is a closed BPA 4« term.

r, is of arbitrary form and ¥, = r; + ¥} for some basic terms r; and ry. This
case is treated symmetrically to the previous case.

r1 = ora(ry) and r] a basic term, and r; is of arbitrary form. Using Lemma
2.8.13 we distinguish four cases:

i. ¥, = 8. Then we have: ACPy - i1tz =11 | ¥z = Ora(ry) | 5 =24,and & is
a closed BPA 4 term.

il. r2 = Vra(rz) +8. Then ACPG, + 1|t = rir: = gralr) | (Vi (72} +8) = 3,
and § is a closed BPA gy, term.

fii. o = |#2]% Then we have: ACPL, + t1 |tz = r1 [ r2 = Gra{F]) | |2 |¥ =
ora(ry) | (vral(r2) + ora(lr2]®) = ora(r1 1 1r2]%) = Oralry | r2). By the
induction hypothesis there is a closed BPAg, term p such that ACPj,, +
¥y | r2 = p. But then also ACPJ, + t, | t2 = grai(¥] | ¥2) = Ora(p), and
Ora(p) is a closed BPA4, term.

iv. r2 = via{rz) + ore(r;) for a basic term r; such that n(ry) < n(rz). Then
we have: ACPG, F t1 1t = 11|12 = Gra(r) | (Vea(r2) + Oralry)) =
orel(F]) | Ova(rs) = ova(F; | ¥3). By the induction hypothesis there is
a closed BPAg term p such that ACPy, ~ ¥y | ¥; = p. But then also
ACPg, + t1 | t2 = ova(ry | 73) = ora(p), and ova(p) is a closed BPA g
term.

r1is of arbitrary form and r; = g (73} and 15 a basic term. This case is treated
symmetrically to the previous case.

(xi). t = t1 || t2 for closed ACPyy terms t; and t2. Then ACPj,, + &) || tz = t1 [L t2 +
t2 |L t1 + 11| t2. By (ix) and (x) there are closed BPA4 terms p1, P2, and p3, such that
ACPL, +t1 Lt = p1, ACP4, + t; |L t1 = pp, and ACP],, + t1 | t; = p3. But then also
ACP;” Fhlltz=t1 L+t L 1+ 8 |t = p1 +p2 + p3, and p1 + pp + p3 is a closed

BPA 4 term.
|
Corollary 3.7.12 (Elimination for ACP},,)
Let t be a closed ACPy, term. Then there is a basic term s such that ACPj,,+— s =t.
Proof This follows immediately from:
(i). The elimination theorem for ACP},, (see Theorem 3.7.11),
{ii}. the elimination theorem for BPA},, (see Theorem 2.8.16),
(iii). the fact that all axioms of BPAJ,, are also contained in ACP,.
[
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Remark 3.7.13 (Elimination for ACPgy;)
Elimination for a somewhat different version of ACPg4, is also claimed (without proof) in
Section 3.10 of [10].

Theorem 3.7.14 (Soundness of ACPg,)
The set of closed ACPyy; terms modulo bisimulation equivalence is a model of ACP},,.

Proof We only prove soundness for the axioms of ACPg+ that have not been treated
in earlier soundness proofs. Note that to extend these proofs to ACP4., we have to check
that the bisimulations given in previous soundness proofs respect the ID predicate (as
required by transfer condition (iv.) in 2.7.7 on page 46). However, as the fact that they
do can be easily checked, we will not give details.

Axiom DRTCMGID Take the relation:
R = {{ora(s) | (vra(t) + 8),8)Is,t € C(ACPart)}

We look at the transitions of both sides at the same time. Observe that there are
no transitions possible on the left-hand side: o (s} | (Via(t) + 8) + . Also for the
right-hand side there are no transitions possible: § - . Finally, neither side satisfies
the ID predicate: —ID{(ova(s) | (via(t) +8)) and —~ID(J).

Axiom DRTCM7ID Take the relation:
R = {((vra(s) +8) | ova(t),8) s, t € C(ACPgr)}
This case is treated symmetrically to the previous case.
Axiom DRTMID3 Take the relation:
R={(s18,d)|s € C(ACPay)}

We look at the transitions of both sides at the same time. Observe that there are
no transitions possible on the left-hand side: s | & + . Also for the right-hand side
there are no transitions possible: § + . Finally, both sides satisfy the ID predicate:
ID(s | &) and ID(d).

Axiom DRTMID4 Take the relation:
R=1{(815,8)|s € C(ACP4)}
This case is treated symmetrically to the previous case.

Remark 3.7.15 (Soundness of ACPg;t)
Soundness of a somewhat different version of ACPg4, is also claimed (without proof) in
Section 3.10 of [10].

Theorem 3.7.16 (Conservativity of ACP{;, with respect to BPAj,,)
The equational specification ACP},, is a conservative extension of the equational specifica-
tion BPA},,.
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Proof In order Lo prove conservativity it is sufficient to verify that the following con-
ditions are satisfied:

(i). Bisimulation equivalence is definable in terms of predicate and relation symbols
only,

(ii). BPAg, is a complete axiomatization with respect to the bisimulation equivalence
model induced by T (BPA4r)} (see Theorem 2.8.22),

(iii). ACPg,, is a sound axiomatization with respect to the bisimulation equivalence
model induced by T(ACPg4) (see Theorem 3.7.14),

{iv). T(ACPgyy) is an operationally conservative extension of T(BPAg).

And in order for T(ACPg4«) indeed to be an operationally conservative extension of
T{BPA4t) we must verify the following conditions:

(i). T(BPAy.) is a pure, well-founded term deduction system in path format,
(ii). T(ACPgr) is a term deduction system in path format,
(iii). T(BPAgr) ® T{ACPg4y) is defined.
That the above properties hold can be trivially checked from the relevant definitions. m

Theorem 3.7.17 (Completeness of ACP3,,)
The equational specification ACPy,, is a complete axiomatization of the set of closed ACPg
terms modulo bisimulation equivalence.

Proof By Verhoef’s General Completeness Theorem (see [25], or Theorem 2.4.26 of
[13]) this follows immediately from:

(i}. ACP}, has the elimination property for BPA4, (see Theorem 3.7.11),

(ii). ACPg,., is a conservative extension of BPA],, (see Theorem 3.7.16).

Remark 3.7.18 (Completeness of ACPgy)
Completeness of a somewhat different version of ACPy4y is also claimed (without proof)
in Section 3.10 of [10].

Definition 3.7.19 (Axioms for the Communication Merge and Delayable Actions)

We define the Axioms USDCF1-USDCF2 and USDCM2-USDCM4 for the ultimate start de-
lay with respect to the communication merge as shown in Table 39 on the following page.
Note that they precisely correspond to the equalities of Proposition 3.7.8.

Corollary 3.7.20 (Soundness of ACP4. + USD1-7 + USDCF1-2 + USDCM2-4)
The set of closed ACPgy; terms modulo bisimulation equivalence is a model of ACPay +
USD1-USD7 + USDCF1-USDCE2 + USDCMZ2-USDCM4.
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alb=c ify(a,b)=c+ 46 USDCF1

alb=2§4 if y(a,b) =6 USDCE2
alb-x=(alb)-x USDCM?
a-x|b=(alb)- -x USDCM3
a-x|b-y={(alb)-(x|y) USDCM4

Table 39: Axioms for the communication merge and delayable actions,

Proof This follows directly from the soundness of ACPJ,, (see Theorem 3.7.14 on
page 121) and the fact that Axiom USD1-USD7, USDCF1-USDCF2, and USDCM2-USDCM4
are derivable in ACP}, (see Proposition 3.7.7 on page 110 and Proposition 3.7.8 on
page 111). [ ]

Corollary 3.7.21 (Completeness of ACPg;; + USD1-7 + USDCF1-2 + USDCM2-4)

If we add Axioms USDI1-USDA4 of Table 18 on page 45, Axiom USD5 of Table 23 on page 68,
Axioms USD6-USD7 of Table 36 on page 109, and Axioms USDCF1-USDCF2 and USDCM2-
USDCM4 of Table 39 to ACPy,, we again have a complete axiomatization of the set of
closed ACPy, terms modulo bisimulation eguivalence.

Proof Careful inspection of the dependencies between the proofs in this section re-
veals that the proof of Theorem 3.7.17 only relies upon RSP(USD) to ensure Proposition
3.7.7(i}-(vii) and Proposition 3.7.8. So, we obviously do not need RSP(USD) anymore if we
add the corresponding Axioms USD1-USD?7, USDCF1-USDCF2, and USDCM2-USDCM4.
Note that in this way we get a purely equational axiomatization (i.e. without conditional
axioms or principles). Note also that Axioms CF1-CF2 and USDCF1-USDCF2 are not con-
ditional axioms, but axiom schemes, as are all axioms that contain an atomic action. =

Definition 3.7.22 (Axiom for the Ultimate Start Delay and Communication Merge)
We define the Axiom USDS8 for the ultimate start delay of a communication merge as
shown in Table 40.

Ix|y1°=1x1*Ilyl® USD8

Table 40: Axiom for |x | y|%.

Theorem 3.7.23 (Soundness of USD8)
The set of closed ACPyy terms modulo bisimulation equivalence is a model of USD8.

Proof Take the relation:
R=1{(s,8),(Ls|t] 181 1t]*)|s € C(ACPar)}

First we look at the transitions of the left-hand side:
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(i). Suppose |s|t]“ S p. By inspection of the deduction rules we distinguish the fol-
lowing cases:

@ s 2 p1,t 5 py, y(b,c) = a,and p = py || p2. Then |51 2 py and [1]° < py, s0
Ls1®[1t]” 2 p1 |l P2, and (pq || p2,p1 |l P2) € R.

(b) SE\/, tS py, yib,c) = a, and p p2. Then [sjwf- J and [t} 5 p,, so
|s1°1Le]® 2 pp, and (p2,p2) € R.

©sZp,t<y, ybo) = a and p
Ls19[Lt1¥ 2 pq, and (p1, ;) € R.

p1. Then [sJ“’f- pr and [t]° 5/, so

(ii). Subppose [s|t]® 2 ./ By inspection of the deduction rules we can conclude that
sZt5/ and y(b,c) = a. Then [s]®% and [t)°S , so Ls|®| 1t)® 5 .

(iii). Suppose {s|t]®Z p. By inspection of the deduction rules we can conclude that
p=ls|t]” Wealso have |s]|®|[¢t]°Z [s]®] 1 t]% and (|s]t]% s]®lt]®) € R.

Secondly, we look at the transition of the right-hand side:

(i). Suppose [s]“| |t]”% p. By inspection of the deduction rules we distinguish the
following cases:

@ s2p1, tSps ybe) =a,andp = p1 || pz. Then [s|t]1°S pq || p2, and
(p1 I p2,p1 1l P2) € R.

(b) s i '\/' t_c. P2, Y(bic) =4a, arldp = pPor. Then lS | th_‘l Yz, and (pz,ﬁz) € R.

() s 2 p1,t =/, y(b,c) =a,and p = p1. Then 5| t]*% py, and (p1,p1) € R.

(). Subppose [s]®|[t]® 3 /- By inspection of the deduction rules we can conclude that
s— ., t> ./, and y(b,c) = a. Then{s]t|®= ./, and we are done.

(iii). Suppose |s]“1[t]® > p. By inspection of the deduction rules we can conclude that
p=1s]?lLt]” Wealsohave |s|t]*% [stt]® and ([s]t]“ 1s]®|Lt]*) € R.

Finally, we look at the immediate deadlock predicate. Neither side has immediate dead-
lock: —ID([s | t]%) and =ID{}s]®||t]1®) (note that ultimate start delay removes immedi-
ate deadlock, see Remark 2.8.5 on page 54). ]

Proposition 3.7.24 (Properties of ACPq,,, Part IV)
For ACPy, terms x and v and any a, b,c € Ag, we have the following equalities:

(). ACPyi+ USD8+alb=c ifyla,b)y=c=#d

(ii). ACPy+ USD8ralb=56 ify(ab) =356

(iii). ACPgn+ USD2 +USD8r+a|b-x=(al|b)-x

(iv.. ACPyj+ USD2 +USD8+a-x1b=(al|b)-x

(v). ACPgre + USD2 + USD8v-a-x|b-y={(al|b) (x| y)
Proof

(i). ACPyt +USD8 -alb=1gal“llb|®=1glbl“=1cl®=c
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(ii). ACPart +USD8 -a|b =1al®|1ki®=1a|b|*=148]"=6

(iii). ACPg +USD2+USD8 -a|b-x=1al®||bl® -x=1al®llb-x)*=1dalb-x|°=
l{a|b) - x1°=1(alB) ] x=(lal®Ilb]l®) -x=(alb) -x

(iv). ACPy +USD2 + USD8 -a - x1b = |al“-x|1b|“=la-x]°I|k]“=|a-x|b|”
l(alb) -x}“=1(alb)]®- x—([aJ“’E bl®) - x= (alb) -x

(v). ACPgry + USD2 +USD8 - a -x|b-y = |al]® xlle“’ =la-x|“llk-y]¥ =
la-xlb-y1“=1(alb) - (xIy}|°=1(alb) ] S(xHy) = (lalele ) (x|l y) =
(alb) - (xly)

n

Remark 3.7.25 (Properties of ACPq,, Part IV)

Note that the equalities of Proposition 3.7.24 on the preceding page correspond pre-
cisely to the equalities of Proposition 3.7.8 on page 111 and Axioms USDCF1-USDCF2
and USDCM2-USDCM4 from Definition 3.7.19 on page 122.

Corollary 3.7.26 (Soundness of ACPg,; + USD1-USDS8)
The set of closed ACPy, terms modulo bisimulation equivalence is a model of ACPy; +
USD1-USDS.

Proof This follows directly from the soundness of ACPj,, (see Theorem 3.7.14 on
page 121) and the facts that Axioms USD1-USD7 are derivable in ACP%, (see Proposi-
tion 3.7.7 on page 110) and that Axiom USD8 is sound (see Theorem 3.7.23 on page 123).
|

Corollary 3.7.27 (Completeness of ACPy,; + USD1-USDB8)

If we add Axioms USD1-USD4 of Table 18 on page 45, Axiom USD5 of Table 23 on page 68,
Axioms USD6-USD?7 of Table 36 on page 109 and Axiom USDS8 of Table 40 on page 123 to
ACP4., we again have a complete axiomatization of the set of closed ACPy,; terms modulo
bisimulation equivalence.

Proof As show in Proposition 3.7.24, if we have the add Axioms USD2 and USDS8 to the
axioms of ACPg4y, we can (for closed terms) derive Axiom USDCF1-USDCF2 and USDCM2-
USDCM4. Using Corollary 3.7.21 on page 123, we can now trivially derive the desired
result. [ |
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4 Conclusions

To begin with, we are reasonably confident that the axiomatizations listed in this pa-
per are sound and complete. An overview of the main theorems is listed in Table 44 on
page 136.

Before we started this paper, we were also confident of the soundness and complete-
ness of these axiomatizations, but at that time wrongly so. We discovered that the ax-
iomatizations we started out with, most of which have been published and claimed sound
and complete before, were neither sound nor complete. We highlight two characteristic
cases:

» Weakening DRT4 to DRT4A brings the need to introduce DRTS5, something we did
not realize at first. This left all interesting theories incomplete. Only when DRT5
was needed in the proof of Lemma 2.6.16(iv}, we found out about this mistake.

« Introducing § in a context that supports communication brings the need to weaken
DRTCM6 to DRTCM6ID, which we did not realize due to the “intuitive” and “obvi-
ous” nature of DRTCMS6. This left some theories unsound. We found out this prob-
lem after we could not complete the last few “trivial details” of the proof of Theorem
3.7.14.

Both these problems were discovered when we were writing out all details of “trivial”
proofs, proofs which we had originally not planned to do at all. So, we eventually decided
to give as much and as detailed proofs as reasonably manageable. And, as to be expected,
we found some more mistakes like the ones listed above. As a side-result, we gained
insight into the various aspects of axiomatizations.

Firstly, when we weigh the merits of the “v./0r axiomatization style” of [11] (with
theories like PA 4,-ID and ACPg,-ID) against those of the “classic axiomatization style”
of [10] (with theories like PAy-ID'and ACPg,-ID’), we conclude that the v /e style
is better suited towards practical applications, as it makes calculations easier. However,
from a theoretical viewpoint it’s troublesome: it does not lend itself well to term rewriting
system analysis, and worse, it does not seem to be compatible with the addition of the
emply step, as is shown in [12]. On the other hand, the classic style is not ideal either. It
appears less intuitive, and it needs more axioms. Compare for example Axioms DRTM5-
DRTM6 of Table 25 on page 70 with Axioms DRTM7-DRTM11 of Table 27 on page 76.
Here the classic style needs five axioms to do what the v /07 style can do much clearer
in two axioms. Consequently, calculations in the classic style are much longer too.

Second, we have shown how to eliminate the recursion principle RSP(USD) from the
theories that contain it. As shown in Corollaries 2.6.22, 2.8.26, 3.6.18, 3.7.21, and 3.7.27,
one can straightforwardly derive unconditional axioms to replace the conditional prin-
ciple RSP(USD). The recipe is always the same: identify in the correctness proof of the
conditional theory the places where RSP(USD) is used, put those applications in a sepa-
rate lemma, and introduce an axiom for every clause of that lemma. Using this recipe, we
introduced Axioms USD1-USDS8, USDCF1-USDCF2, and USDCM2-USDCM4. The advan-
tage is clear: having a fully unconditional theory enables us to reason fully algebraically,
giving us a fuller apparatus of methods to work with. On the other hand, the principle
RSP(USD) is clean, neat, and simple, and can be applied in any theory, while the “USD
axiomatization style” requires new axioms for every new theory. That this can lead to

126



unwieldy theories can be observed from [10]. We feel that the “RSP(USD) axiomatization
style”, which till now has only appeared in the rather obscure papers [9, 11], deserves a
wider audience.

Third, we find that the absence of the empty step (a constant e such thatg-x = x = x- ¢,
see [12] for details) is a major nuisance. To begin with, the empty step would allow us to
express our axioms much more compact. For example, Axiom DRTM2 would be just an
instance of Axiom DRTM3 if the x in the latter could take the value £. Similarly, Axioms
DRTCM2-DRTCM4 could also be collapsed to just one axiom with the help of £ (and see [7]
for a theory in which it is hard to find any axiom that could not be formulated better with
the help of the empty step!). The absence of £ is even felt worse when doing calculations.
If we look for example at the proof of Theorem 3.7.11, we see we have to distinguish 49
cases(!) when doing simultaneous induction on two variables, as a basic term in ACPg,
can take seven essentially different forms. With the help of g, we could reduce this to
five forms, and only 25 cases would have to be considered when doing induction on two
variables. Similar considerations hold for the proof of Theorem 3.4.12 on page 88, where
the absence of £ for some case even forces us into a sixteen-fold (sicl) increase in proof
obligations. We conclude that there is a clear need for the empty step in discrete-time
process algebra.

Then, we hope that this paper can serve as a reference point: to our knowledge this
is the first paper that extensively lists all important discrete-time process algebra theo-
ries, together with all relevant definitions and elementary theorems. Furthermore, as all
proofs in this paper are constructive, it should now be easy to develop a tool that can
automatically rewrite two bisimilar ACPg4; terms into one another.

Finally, note that we have surveyed several distinct methods for proving soundness
and completeness. To prove soundness we have used:

¢ the direct method (see Remark 2.4.13 on page 17),

« the indirect method (see Remark 2.6.20 on page 44), and,

e the ground equivalence method (see Remark 3.3.14 on page 82),
To prove completeness we have used:

¢ the direct method (see Remark 2.2.18 on page 9),

the indirect method (see Remark 2.6.20 on page 44},

Verhoef’s method (see Remark 3.2.14 on page 75), and,

the ground equivalence method (see Remark 3.3.14 on page 82).

We believe that this spectrum of methods provides a convenient starting point to prove
soundness and completeness of most (timed) process algebras that have been described
in the literature, with the exception of theories that support abstraction.

As far as future research is concerned: we would like to generalize our results to a
setting that includes abstraction. This seems however not at all trivial, and may require
a substantial effort. Furthermore, as noted above, further research on the empty step is
justified. This work is currently in progress, and will be published as [12].
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A Nomenclature and notational issues

In this section we present a quick overview of the nomenclature used in ACP-style
discrete-time process algebras.

A.1 Signatures

In Table 41 we give the signature of some process algebras, among which all those treated
in this paper.

+ a6 L1 ova|veala|8 |61 L |1
BPA e | o]
BPAjs slejeje
PA o | o] e o | o
PAs o o | o] o . .
ACP o o] ol o o N
BPA .- o | e . .
BPA-ID | o | » . N o | »
BPA e | . . o | o |
BPAg-ID | o | o | o|o| o | o | o o]
BPA 4rt o | o o] . . . o | o | o
PA4,-ID o | = . . o | o . .
PA 4, o | e . . o | o] oo o
PAge-ID | o ol o] o] o e | o lole .| .
PAu e|lo|lelo] o« | o | o |e|a|ele] o
ACPg-ID | o | » . . o | » . . .
ACPy, o | . . e[ o je|a]| .
ACPy-ID | o [ o] o o] o o | o [o]e o] o | o
ACPart ele|ole| « | o« | o« |e]o|e]e] o |

Table 41: Signatures of some process algebras.

In naming discrete-time process algebras we have, among others, the following conven-

tions:

» The subscript “4,1" signifies “discrete relative time”, so we have the relative-time

¢ The superscript

H—n

time-unit delay ("ora”), and furthermore either non-delayable actions (double un-
derlined: “a”), or delayahle actions (no special notation: “a"}), or both. If we have
the unclelas?able deadlock constant (“d”), we also have the “now” operator (“vye”),
and vice versa.

signifies that we do not have delayable actions (“a”), so only the

non-delayable actions remain (“a”).
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A2

The postfix “~3” signifies the absence of all deadlock constants: non-delayable
("8"), delayable (“6"), or immediate (“5").

The postfix “~-ID” signifies the absence of the immediate deadlock constant (“8").

Comparison with other notations

In the (older) literature about ACP-style discrete-time process algebras we sometimes find
slightly different notations. Below we list the most important differences:

We find the notation “BPAg,” for “BPAZ,-58”, “BPAsa.” for “BPAZ,-ID”, and “PAsqa”
for “PA4,-ID" [13].

We find the notation “ACPq,” for “ACPg,~ID" [6, 13, 23],
We find the notations “o4” and “oye(1)” for “ove” 16, 13, 23].

We find the notation “cts{a)” (“current time slice”) for the undelayable action “a”,
and “ats(a)” (“any time slice”) for the delayable action “a” [8, 10].

We find the notation “af1]” for the undelayable action “g”, and “g” for the delayable
action “a” [5, 6].

It has been suggested to refer to the delayable deadlock constant “6” as livelock,
and to the immediate deadlock constant “6” as the immediate time stop, full time
stop, or catastrophic deadlock [4, 10].

The unbounded start delay operator “| |*” was first described by Nicollin and
Sifakis, and is therefore also known as one of the Nicollin-Sifakis operators [20].

The naming scheme for axioms (Al, A2, etc.) has become quite problematic. Nam-
ing is generally not applied consistently within ACP articles published, let alone
across them. We have no illusions this article is any different, although, and be-
cause, we sort of tried to adhere to the latest fashions.

Often the convention is used that the variables x, v, and z refer to open process
terms, and the variables s, t, and u to closed process terms. Although some parts
of this article conform to this convention, we shamefully admit that in large parts
it is blatantly violated.
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B Overview

B.1 Axioms

The list below shows all axioms mentioned in this paper, in alphabetical order. Behind
the name of the axioms the number is listed of the page where the axiom is introduced.

X+y=v+x Al (page 7)
(x+W+z=x+(y+2) A2 (page 7)
X+x=X A3 (page 7)
(X+y)-z=x-Z+y-2 A4 (page 7)
(X-y)-z=x-(y-2) A5 (page 7)
X+90=x A6 (page 12)
a+d=a AGA (page 12)
X+6=x AGID (page 46)
O -x=0 A7 {page 12)
§-x=26 A7ID {page 46)
a=lal® ATS (page 32)
Vie(d) =4 DCS1 (page 23)
Viel (X +¥) = Via(x) + Vra(y) DCSs2 (page 23)
Viea(X + y) = Vea(x) -y DCS3 (page 23)
Veel(Orel (X)) = & DCS4 (page 23)
Vil (8) =8 DCSID (page 46)
Trel (X) + Orel{ ¥} = Trel(X + ¥) DRT1 (page 14)
Orel(X) - ¥ = Orel (X - ¥) DRT2 (page 14)
d-x=29 DRT3 {page 23)
atd=a DRT4 (page 23)
x+4=x DRT4A (page 23)
Oret{X) + 8 = Ora(x) DRT5 (page 23)
alb=¢ ify(a,b)=c+6 DRICF1 (page 84)
alb=2 if y(a,b)d DRTCF2 {(page 84)
xlly=x|Ly+ylLx+xl|y DRTCM1 (page 84)
atb-x={(alb)-x DRTCM? (page 84)
a-xlb=(alb)-x DRTCM3 (page 84)
a-xlb-y=(alh (xly) DRTCM4 (page 84)
Orel (X) | Orel(y} = Ora(x | ¥) DRTCM5 (page 84)
Orel(x) [ Veel(y) =4 DRTCM6 (page 85)
orel (X) | (vear(¥) +8) =8 DRTCM6ID  (page 110)
Vrel{X) | Orel(y) = 8 DRTCM7 (page 85)
(Vra(x) +8) | gra(y) = & DRTCM?7ID (page 110}
4| gra(x) =6 DRTCMS (page 94)
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o'rel(x)lg=
g'xlgrel(Y) =
o'rel(x)|g'y=g
(x+y)lz=xlz+ylz
x| {y+z)=xly+x|z
xly=xLy+ylLx
alx=a-x
all (x+38)=a-(x+39)
a-xlLy=a-(xlly
a-xL(y+d)=a -(xll(y+4)
(x+ylz=xLz+ylL =z
Orea{X} L Vi (y) =0
Oorel(X) L (viea{y) +9) =8
Trel(X) L (Vrea(y) + 0re1(2)) = ora(x IL 2)
Ora(x}) La=9
Orel{X) La-y=4
Orei(x) L (@ +¥) = ora(x) Ly
ore{X) I (a- y+2z)=0mx) Lz
Orel{X) L Oret(y) = Orel(x IL ¥)
xELd=4
SlLx=46
x|6=26
§lx=46
ora(8) =&

2
2

%19 = viel (%) + Tra (| X]%)

la]®=a
|x-y}°=1x]"y
Ix+y]“=1x]"+ 1y
I.o-reI(X)Jw"_‘(S
161%=6
al [x}“=a-|x]"
a-x{lyl°=a-(xilyl®
[x | ¥1“=ix]“]Lyl®
alb=c
alb=2:5
alb-x=1(al|b)-x
a-x|b=(al|b)-x
a-x|b-y={(alb)-(xly)

J w
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ify(a,bp) =c+6
ify(a,b) =46

DRTCM9
DRTCM10
DRTCM11
DRTCM12
DRTCM13
DRTM1
DRTM2
DRTM2ID
DRTM3
DRTM3ID
DRTM4
DRTM5
DRTM5ID
DRTM6
DRTM7
DRTMS8
DRTMS
DRTM10
DRTM11
DRTMID1
DRTMID?2
DRTMID3
DRTMID4
DRTSID
uUsD
UsSD1
UsD2
UsD3
UsD4
UsDs
USDo6
Usn7z
UsD8
USDCF1
USDCEF2
USDCM?2
USDCM3
USDCM4

(page 94)
(page 94)
(page 94)
(page 84)
(page 84)
(page 69)
{page 69)
(page 100)
(page 69)
{page 100)
(page 69)
(page 70)
(page 100)
(page 70)
(page 76}
(page 76)
(page 76)
(page 76)
(page 76)
(page 100)
(page 100)
(page 110)
(page 110)
{page 46)
(page 32)
(page 45)
(page 45)
(page 45)
(page 45)
(page 68)
(page 109)
(page 109)
{(page 123)
(page 123)
(page 123)
(page 123)
(page 123)
(page 123)



B.2

Theories

The list below gives for every theory we defined, the axioms it contains.

*

BPA = A1-A5.

BPA; = A1-A7.

BPA4-6 = A1-A5 + DRT1-DRT?2.

BPA4.-ID = A1-A5 + DRT1-DRTS + DCS1-DCS4.

BPA4t~ID = A1-A5 + DRTI-DRTS5 + DCS1-DCS4 + ATS + USD.

BPA 4, = A1-AS5 + A6ID + A7ID + DRT1-DRTS5S + DRTSID + DCS1-DCS4 + DCSID.

BPAgr = A1-AS5 + AGID + A7ID + DRT1-DRTS + DRTSID + DCS1-DCS4 + DCSID +
ATS + USD.

PA 4..~ID = A1-A5 + DRT1-DRT5S + DCS1-DCS4 + DRTM1-DRTMS.

PAg,-ID’ = A1-AS + DRT1-DRTS5S + DCS1-DCS4 + DRTM1-DRTM4 +
DRTM7-DRTM11.

ACP5.-ID = A1-A5 + DRT1-DRT5 + DCS1-DCS4 + DRTM2-DRTM6 +
DRTCM1-DRTCM?7 + DRTCM12-DRTCM13 + DRTCF1-DRTCF2.

ACP4,-ID' = A1-A5 + DRT1-DRTS5 + DCS1-DCS4 + DRTM2-DRTM4,
DRTM7-DRTM11 + DRTCM1-DRTCMS5 + DRTCM8-DRTCM13 + DRTCF1-DRTCF2.

PAge = A1-A5 + A6ID + A7ID + DRT1-DRT5 + DRTSID + DCS1-DCS4 + DCSID +
ATS + USD + DRTM1 + DRTM2ID-DRTM3ID + DRTM4 + DRTM5ID + DRTM6 +
DRTMID1-DRTMID?2.

ACPgr = A1-A5 + A6ID + A7ID + DRT1-DRT5 + DRTSID + DCS1-DCS4 + DCSID +
ATS + USD + DRTM2ID-DRTM3ID + DRTM4 + DRTMSID + DRTM6 +
DRTCM1-DRTCMS5 + DRTCM6ID-DRTCM7ID + DRTCM12-DRTCM13 +
DRTCF1-DRTCF2 + DRTMID1-DRTMID4.

In Table 42 on the next page we give an overview of the axioms of the (basic) process
algebras treated in Section 2, for the purpose of comparing the respective theories with
each other. We have the following legend:

-

A “e” indicates that the axiom is present in the theory,

A “+" indicates that the axiom is not present but can be derived (for closed terms)
from the other axioms in the theory,

A “=" indicates that the axiom does not hold in the theory,

‘N

«" indicates that the axiom is meaningless in the theory, as there is a signature
conflict.

In Table 43 on page 135 we give an overview of the axioms pertaining to merge operators
of the (concurrent) process algebras treated in Section 3. The legend is the same as for
the previous table.
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[BPA [ BPA; | BPA;,—6 | BPAg,-ID | BPAL,-ID | BPAg, | BPAL,

Main Axioms

Al-5

DRT1-2

DRT3-5

DCS1-4

ATS, USD

A6ID-71D

x

DCSID, DRTSID

*

Auxiliary Axioms

A6

x

x

A7

x

b4

AGA

»

X

DRT4A

X

+

+|+]|++

USD-Style Axioms

UsD1-4

x

bud

-4

-+

usDs

X

X

Table 42: Overview of axioms of basic process algebras.
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[PAZ—ID | PAg D" | ACPg-ID | ACPgn-ID’ | PAgr | ACPant

Main Axioms for ||

DRTM1 . . - — . —
DRTM2-M3 . . . . — -
DRTM4 - - L [ ] [ ] -
DRTM5 . + . + — —
DRTM6 . + . + . .
DRTM7-M11 + . + o T ¥
Main Axioms for |
DRTCF1-CEF2 X % . . x .
DRTCM1-CM5 s x . . « .
DRTCM6-CM7 % X ] + ® —
DRTCMS8-CM11 x x + . % +
DRTCM12-CM13 % % . . x o
1D Axioms
DRTM2ID-M3ID + + + + . o
DRTMSID + + + + . .
DRTCM6ID-CM7ID x x +- + . .
DRTMID1-MID2 % % x % . .
DRTMID3-MID4 x x % x x .
USD-Style Axioms
UsDe-7 x x x x + +
USDS8 % % x x x +
USDCF1-CF2 % x x x x +
USDCM?2-CM4 X % x % x +

Table 43: Overview of axioms of concurrent process algebras.
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B.3 Theorems

In Table 44 we give an overview of the definitions of the axioms and semantics of the
process algebras listed in this paper, with corresponding theorems regarding elimina-
tion, soundness, and completeness.

l Axioms { Semantics} Elimination { Soundness I Completeness
Basic Process Algebras
BPA Def. 2.2.6 | Def. 2.2.8 | Prop. 2.2.16 | Thm. 2.2.17 | Thm. 2.2.22
BPA; Def. 2.3.2 | Def. 2.3.4 | Prop. 2.3.9 | Thm. 2.3.10 | Thm. 2.3.11
BPA -9 Def.2.4.2 | Def. 244 | Thm. 2.4.11 | Thm. 2.4.14 | Thm. 2.4.17
BPA; 1D | Def.2.5.2 | Def. 2.5.4 | Thm. 2.5.12 | Thm. 2.5.14 { Thm. 2.5.17
BPA}-ID | Def.2.6.2 | Def. 2.6.5 | Thm. 2.6.12 | Thm. 2.6.14 | Thm. 2.6.17
BPA 4 Def. 2.7.2 | Def. 2.7.6 | Thm. 2.7.11 | Thm. 2.7.13 | Thm. 2.7.16
BPA Def. 2.8.2 | Def. 2.84 | Thm. 2.8.16 | Thm. 2.8.18 | Thm. 2.8.22
Concurrent Process Algebras

PA 4 -ID Def. 3.2.2 | Def. 3.2.3 | Cor. 3.2.9 Thm. 3.2.11 | Thm. 3.2.16
PA4-ID" | Def. 3.3.2 [ Def. 3.3.3 | Cor. 3.3.8 Cor. 3.3.17 | Cor. 3.3.19

ACP,-ID | Def. 3.4.3 | Def. 3.4.5 | Cor.3.4.10 | Thm. 3.4.12 | Thm. 3.4.15
ACPg,,-ID" | Def. 3.5.2 { Def. 3.5.3 | Cor. 3.5.8 Cor. 3.5.12 | Cor. 3.5.14

PA 3, Def. 3.6.2 | Def. 3.6.3 | Cor. 3.6.9 Thm. 3.6.11 | Thm. 3.6.14
ACPS,, Def. 3.7.2 | Def. 3.7.3 | Cor.3.7.12 | Thm. 3.7.14 | Thm. 3.7.17

Table 44: Overview of definitions and theorems.

Please take note of the following;:

» PAg-ID and PA,-ID" are two slightly different axiomatizations of the same the-
ory with the same semantics, taken from [11] and [10] respectively. We prove both

axiomatizations sound and complete,

» The same for ACP4,-ID and ACPg-ID".
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