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Abstract 

We prove soundness and completeness for some ACP-style concrete, relative-time, 
discrete-time process algebras. We treat non-delayable actions, delayable actions, 
and i=ediate deadlock. Basic process algebras are examined extensively, and also 
some concurrent process algebras are considered. We conclude with ACPdrt. wWch 
combines all described features in one theory. 
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1 Introduction 

1.1 Discrete-Time Process Algebras 

Since [14] appeared, the ACP framework of process algebras has been extended with, 
among many other things, discrete-time extensions. Papers describing such extensions 
are for example [8, 10, 11]. 

With the recent appearance of [10, 13] discrete-time process algebra seems to have 
reached a decent state of maturity, and we felt now was the time to write a paper about 
the soundness and completeness issues involved with discrete time. To our knowledge, 
no such results have been published in the context of ACP before. And although we never 
really doubted the soundness and completeness of the respective theories, we felt that 
it would not hurt to prove these beliefs explicitly. And rightly so: it turned out that the 
axiomatizations we started out with were neither sound nor complete. 

1.2 Soundness and Completeness 

In this paper we will give elimination, soundness, and completeness results for several 
discrete-time process algebras. We restrict ourselves to concrete process algebras (Le. 
without abstraction, without a silent step T, and without an empty step E), relative time, 
closed terms (Le. no w-completeness), and mostly basic process algebras (Le. without 
merge operators). We do treat delayable actions and immediate deadlock. 

In our definitions and notations we try to conform to [11, 13]. We use term deduction 
system semantics in the style of Section 2.2.3 of [13]. 

In the proofs of elimination theorems we make abundant use of term rewriting analy­
sis. For further details on these techniques, especially the lexicographical path ordering, 
see [19]. In proving completeness we sometimes make use of Verhoef's General Com­
pleteness Theorem. For more information on this, see [25]. 

As the definitions and notations used for discrete-time process algebras have been 
subject to vehement revision over the past few years, we have compiled an appendix that 
tries to shed some light on these matters. 'Please study this Appendix A if you are not 
completely familiar with discrete-time ACP. Then, in Appendix B, we give a concise sum­
mary of the most important results presented in this paper. 

Finally, the actual theorems and proofs on soundness and completeness are given in 
Section 2 (for process algebras that do not contain a merge operator) and Section 3 (for 
the ones that do). 
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2 Basic Process Algebras 

2.1 Introduction 

In this section we prove soundness and completeness for some discrete· time basic pro· 
cess algebras, i.e. not containing a merge operator. But we start by giving soundness and 
completeness theorems for two untimed basic process algebras, namely BPA and BPAo. 

The purpose of giving these results about untimed algebras is twofold. First we want 
to show the principles our proof techniques are based on, and these simple process alge· 
bras are more suited to this purpose than the timed versions that will follow. Secondly, 
we felt that soundness and completeness proofs given in the literature are often a bit 
twisted, and sometimes even plain wrong. 

After these untimed basic process algebras, by adding the time-unit delay, we pro­
ceed to the most simple timed one: BPAdrt-o. Then we add to this algebra undelayable 
deadlock, delayable actions, and finally immediate deadlock. The section culminates in 
soundness and correctness theorems for a basic process algebra that combines all the 
above extensions at the same time: BPAdrt. 

2.2 Soundness and Completeness of BP A 

Remark 2.2.1 (Alphabet) 
For this section, and all sections to come, we presume the existence of a fixed, finite al­
phabet A, that can be considered a parameter of the respective theories. Furthermore, 
we define Ao as A u {oj and Au as A u {(T), where 0 and (T are still to be treated symbols 
that are not contained in A. 

Definition 2.2.2 (Signature of BPA) 
The signature ofBPA consists of the atomic actions {a la E A}, the alternative composition 
operator +, and the sequential composition operator·. 

Remark 2.2.3 (Symbol versus atom) 
Note that in Definition 2.2.2, in the expression {ala E A}, the second a refers to the sym­
bol a, while the first one refers to the atom a. This distinction should be clearly made, 
and it can be considered a tragic historical incident that these different notions have re­
ceived the same notation. 

Remark 2.2.4 (Range of a) 
When we write "a" (or "b", or "c") in the context of an equality or a partial ordering, we 
mean this a to range over Ao (provided, of course, deadlock is part of the relevant sig­
nature). When we write it in the context of a deduction rule, we mean it to range over A. 
In all other cases, or when we deviate from the above rule, we explicitly state whether it 
ranges over A or Ao. 

Definition 2.2.5 (Operator precedence) 
Throughout this paper we adhere to the following operator precedence scheme, which 
consist of four categories of operators. The four categories, from strongly binding to 
weakly binding, are: 

(i). all unary operators, 
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(ii). the sequential composition operator u. ", 

(iii). all binary operators, except the u+" and the u.", 

(iv). the alternative composition operator "+". 

Within one category, all operators bind equally strong. 

Definition 2.2.6 (Axioms of BPA) 
The process algebra BPA is axiomatized by Axioms AI-AS shown in Table 1: BPA = Al­
AS. 

x + y = y+ x Al 

(x + y) + z = x + (y + z) A2 
x +x = x A3 

(x + y) . z = x . z + y . z A4 

(x . y) . z = x . (y . z) AS 

Table 1: Axioms of BPA. 

Definition 2.2.7 (Notation Regarding Semantics I) 
In order to define a semantics, we will use term deduction system semantics in the style 
of Section 2.2.3 of [13] (also called "Structured Operational Semantics" or "Plotkin·style 
semantics"). We use the notation x.'!. x' to denote that x can do an a-step to x', x.'!. .J to 
denote that x can do an a-step and then terminate, x! to denote that x cannot do an 
a·step, and x ... to denote that x cannot do any step at all. 

For each process algebra we define, we will give a term deduction system. By using 
the concept of bisimulation (to be defined in Definition 2.2.10 on the following page), we 
then turn the term deduction system into a model of the given axioms. 

Definition 2.2.8 (Semantics of BPA) 
The semantics of BPA are given by the term deduction system T(BPA) induced by the 
deduction rules given in Table 2 and Table 3 on the following page. 

Table 2: Deduction rule for a. 

7 



x!!.. x' x!!. .j x !!.. x' 

x+y!!.x' X+y!!..j 
a , X·y-x .y 

y!!. y' y!!. .j X!!. .j 

X+y!!.y' X+y!!..j a X .y-y 

Table 3: Deduction rules for + and·. 

Definition 2.2.9 (Symmetric Closure) 
For a binary relation R, we denote its symmetric closure by RS: 

RS = R u {(y,x) I(x,y) E R} 

Definition 2.2.10 (Bisimulation for BP A) 
Bisimulation for BPA is defined as follows; a binary relation R on closed BPA terms is a 
bisimulation if the following transfer conditions hold for all closed BPA terms p and q: 

(i). If RS(p, q) and T(BPA) F P ~ p', where a E A, then there exists a closed term q', 
such that T(BPA) F q !!. q' and RS(p', q'), 

(ii). If RS(p, q) and T(BPA) F P ~ .j, where a E A, then T(BPA) F q !!. .j. 

Two BPA terms p and q are called bisimiiar, notation p -BFA q, if there exists a bisimulation 
relationR such thatR(p,q). 

Definition 2.2.11 (Bisimulation Model for BPA) 
Using bisimulation, we can now construct a model of the axioms of BPA. In order to do 
this, we first need to know that bisimulation is a congruence with respect to all operators. 
In [24] it is proven that a sufficient condition for this is that the deduction rules satisty 
the so called panth format. It is easy to check that this is indeed the case. 

We then construct the bisimulation model for BPA by taking the equivalence classes of 
the set of all closed BPA terms with respect to bisimulation equivalence. As bisimulation 
is a congruence, the operators can be trivially defined on the equivalence classes. For 
example for the + operator: 

Here [xl -EPA denotes the equivalence class of X with respect to the equivalence rela­
tion -llI'A' The other operators are defined similarly. 

Definition 2.2.12 (Basic Terms of BPA) 
We define basic terms inductively as follows: 

(i). Every a E A is a basic term, 

(ii). if a E A and t is a basic term, then a . t is a basic term, 

(iii). if t and s are basic terms, then t + s is a basic term. 
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Definition 2.2.13 (Number of Symbols of a BPA Term) 
We define n (x), the number of symbols of x, inductively as follows: 

(i). For a E A, we define n(a) = 1, 

(ii). for closed BPA terms x and y, we define nix + y) = n(x· y) = nix) + n(y) + 1. 

Definition 2.2.14 (Closed Terms of BPA) 
We denote the set of all closed terms (Le. terms not containing free variables) of BPA by 
C(BPA). This notation extends as expected to other theories. 

Remark 2.2.15 (Results from [13]) 
In [13) several results are given about elimination, soundness, and completeness with 
respect to BPA and BPA with some extensions. We will not repeat the proofs given for 
those results here, but instead refer to that article. 

One might object that the proofs of [13) are often very sketchy ("Easy by induction."), 
and sometimes even incorrect (see for example Remark 2.4.18 on page 22 of our paper). 
Nevertheless, we felt that no useful purpose would be served by writing out those sketchy 
proofs in full here, as in a sense they are encompassed by the proofs regarding BPAfu,-ID 
(to be treated in Section 2.5), which we do give in full. 

Proposition 2.2.16 (Elimination for BPA) 
Let t be a closed BPA term. Then there is a basic term s such that BPA f- t = S. 

Proof This is Proposition 2.2.5 of [13). See the proof given there. • 
Theorem 2.2.17 (Soundness of BPA) 
The set of closed BPA terms modulo bisimulation equivalence is a model of BPA. 

Proof This is Theorem 2.2.33 of (13). See the proof given there. • 
Remark 2.2.18 (Proving Completeness using the Direct Method) 
All completeness proofs regarding basic process algebras (Le., all completeness proofs 
in Section 2) follow the same scheme, which we will outline in this remark in some detail, 
so we do not have to go over these details again and again in the actual proofs. 

To prove completeness of process theory P, we first derive an auxiliary lemma "To­
wards Completeness of P" (see for example Lemma 2.2.19 on the following page) that 
contains sublemmata of the general form: 

T{P) F= ... = P f- ... 

Typically, each sub lemma relates a certain transition in the term deduction system of P 
with a certain equality in P (some sub lemmata slightly deviate from this format). 

Armed with the implications proven in the "Towards ... " lemma, we then set out to 
actually prove completeness (see for example Theorem 2.2.22 on page 11). This is done, 
using Lemma 2.2.20 on the following page, by proving that for all basic terms x and y of 
P we have that: 

x + y -p y = P f- X + Y = y. 

This part of the proof is done by induction on the number of symbols in x, using case 
distinction on the form of (basic term) x. The "Towards ... " sublemmata are chosen in 
such a way that each case we encounter in completing our proof is now easily handled. 

The proof method outlined in this remark is taken from [13). 
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Lemma 2.2.19 (Towards Completeness of BPA) 
Let x and y be closed BPA terms. Then we have: 

(i). T(BPA) F= x ,q,.J = BPA f- x = a + x. 

(ii). T(BPA) F= x ,q, Y = BPA f- x = a . y + x, 

(iii). T(BPA) F= x,q, Y = nix) > n(y). 

Proof For part (i) and (ii)we assume, by Proposition 2.2.16 and Theorem 2.2.17, with­
out loss of generality, that x is a basic term, and then apply induction on the structure 
of basic terms. For part (iii) this does not work, as bisimulation obviously is not a con­
gruence for n (x). Therefore, in proving (iii) we use induction on the general structure of 
terms. 

(i). Case 1: x is an atomic action. Because T(BPA) F= x ,q, .J, it mustthen be the case that 
x = a. Sowe have BPA f- x = a = a +a = a+x. Case 2: x is of the form atomic action 
followed by another basic term. This is in contradiction with T(BPA) F= x,q, .J, so 
this case does not occur. Case 3: x is of the form s + t, where sand t are again basic 
terms. As T(BPA) F= s + t,q, .J, necessarily T(BPA) F= s,q, .J or T(BPA) F= t,q,.J. 
Therefore, by the induction hypothesis, BPA f- s = a + s or BPA f- t = a + t. But 
then in both cases BPA f- x = S + t = a + s + t = a + x. 

(ii). Case 1: x is an atomic action. This is in contradiction with T(BPA) F= x ,q, y, so this 
case does not occur. Case 2: x is of the form atomic action followed by another 
basic term. Then, because T(BPA) F= x ,q, y, it must be that x = a . y. So, BPA f- x = 

a . y = a . y + a . y = a . y + x. Case 3: x is of the form s + t, where sand t are again 
basic terms. As T(BPA) F= s + t,q, y, necessarily T(BPA) F= s ,q, y or T(BPA) F= t ,q, y. 
Therefore, by the induction hypothesis, BPA f- s = a . y + s or BPA f- t = a . y + t. 
So in both cases BPA f- x = S + t = a . y + s + t = a . y + x. 

(iii). Case 1: x is an atomic action. This is in contradiction with T(BPA) F= x,q, y, so 
this case does not occur. Case 2: x is of the form s . t, for certain terms sand t. 
Then, by T(BPA) F= x,q, y, we either have T(BPA) F= s,q, .J and y = t, or we have 
T(BPA) F= s,q, s' and y = s' . t for some term s'. In the first case, we have nix) = 

n(s·t) = n(s)+nU)+l > nU) = n(y),andinthesecondwecanapplytheinduction 
hypothesis to arrive at n(s) > n(s'), so we get nix) = n(s· t) = nisi + nU) + 1 > 
n(s')+n(t)+1 = n(s'·t) = n(y). Case 3: xisoftheformsH,forcertaintermssand 
t. As T(BPA) F= s+ t ,q, y, necessarily T(BPA) F= s ,q, y or T(BPA) F= t ,q, y. Therefore, 
by the induction hypothesis, nisi > n(y) or nU) > n(y). As n ranges over the 
positive naturals only, in both cases nix) = n(s + t) = nisi + nit) + 1 > n(y) . 

Lemma 2.2.20 (Towards Completeness of BPA) 
In order to prove for all BPA terms x and y that: 

X-BPAY = BPAf-x=y 

it is SUfficient to prove that: 

x + Y -BPA Y = BPA f- x + Y = y. 
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Proof Assume (t) and the left-hand side of (*) to hold. Then prove the right-hand 
side of (*). This is done as follows: by Theorem 2.2.17, the fact that -EPA is a congruence, 
and Axiom A3, for all bisimilar BPA terms x and y we have x + Y -EPA Y + Y -EPA Y and 
y + x -BPA X + X -BPA x. Therefore, by (t), also BPA f- x + Y = Y and BPA f- Y + X = x. But 
that gives us: BPA f- x = Y + x = x + y = y. • 

Corollary 2-2.21 (Generalization of Lemma 2.2.20) 
Lemma 2.2.20 generalizes from BPA to any equational process theory P with correspond­
ing term deduction system T (P), provided: 

(i). P is a sound axiomatization of T (P) , 

(ii). -pis a congruence for the (unction symbols from the signature of P, and, 

(iii). P contains the axioms of BPA. 

Proof As the proof of Lemma 2.2.20 only depends on the soundness of BPA with 
respect to T(BPA) , the fact that -p is a congruence for P, and the axioms of BPA, the 
proof is trivially valid for P too. • 

Theorem 2-2.22 (Completeness of BPA) 
The axiom system BPA is a complete axiomatization of the set of closed BPA terms modulo 
bisimulation equivalence. 

Proof Let x and y be bisimilar closed BPA terms. We have to prove that BPA f- x = y. 
With the aid of Proposition 2.2.16 and Theorem 2.2.17, it is enough to prove this for basic 
terms. By Lemma 2.2.20 it is even enough to prove for all basic terms x and y that: 

x + Y -EPA Y = BPA f- x + Y = y. 

We will prove this by induction on n(x), using 2.2.19(iii) and case distinction on the form 
of basic term x. Case 1: x is of the form a, for a E A. Then T(BPA) F x ~ j, so T(BPA) F 

x + Y ~ j, and because x + Y -BPA Y we have T(BPA) F Y ~ j, so with Lemma 2.2.19(i) we 
find that BPA f- x + Y = y. This proves the basis of our induction. Case 2: x is of the form 
a . s, where a E A, and s again a basic BPA term. Then T(BPA) F x ~ s, and therefore 
T(BPA) F x + Y ~ s, so because x + Y -BPA Y there is an s' with T(BPA) F y ~ s' and 
s -BPA s'. But then by Theorem 2.2.17 and Axiom A3 also s + s' -EPA s' and s' + s -EPA sand 
with induction (note that n(s) < nix)) we find BPA f- s + s' = s' and BPA f- s' + s = s. 
So BPA f- s = s'. Now BPA f- x + Y = a . s + y = a . s' + y = y with Lemma 2.2.19(ii). 
Case 3: x is of the form s + t, for certain basic BPA terms sand t. Since x + Y -BPA y, we 
also have s + Y -EPA Y and t + Y -BPA y. By induction BPA f- s + Y = Y and BPA f- t + Y = y. 
So BPA f- x + Y = s + t + Y = s + y = y. • 

2.3 Soundness and Completeness of BPAo 

Definition 23_1 (Signature of BPAo) 
The signature of BPAo consists of the atomic actions {ala E A}, the deadlock constant 8, 
the alternative composition operator +, and the sequential composition operator·. 
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x + 0 = x A6 
15· x = 0 A7 

Table 4: Axioms for o. 

Definition 2.3.2 (Axioms of BPA,,) 
The process algebra BPA" is axiomatized by the axioms of BPA given in Definition 2.2.6 
on page 7 and Axioms A6-A7 shown in Table 4: BPA" = AI-A7. 

Remark 2.3.3 (Axiom A6 versus Axiom A6A) 
Note that in the presence of the other axioms of BPA, AxiomA6 given in Table 4 is equiva· 
lent, for closed BPA" terms, with Axiom A6A given in Table 5. Therefore we could replace 
A6 in BPA by A6A without affecting the soundness or completeness of the resulting the· 
ory. 

One such reason to do so, could be the fact that A6A remains valid in all discrete­
time process algebras we will describe, whereas A6 does not. Still, for historical reasons, 
we prefer A6 to be used in the definition of BPA". We will later return to this subject in 
Remark 2.5.3 on page 22 and Remark 2.7.3 on page 45. 

a + 0 = a A6A 

Table 5: Alternative for Axiom A6. 

Definition 2.3.4 (Semantics of BPA,,) 
The semantics of BPA" are given by the term deduction system T(BPA,,) induced by the 
deduction rules given in Table 2 on page 7 and Table 3 on page 8. 

Note that this term deduction system T(BPA,,) is practically identical to the term de­
duction system T(BPA) given in Definition 2.2.8 on page 7, as there are no deduction 
rules for o. However, T(BPA,,) does differ from T(BPA) in the fact that it contains the 
symbol 0 in its signature. 

Definition 2.3.5 (Bisimulation and Bisimulation Model for BPA,,) 
Bisimulation for BPAD and the corresponding bisimulation model are defined in the same 
way as for BPA. Replace "BPA" by "BPA,," in Definition 2.2.10 on page 8 and Defini­
tion 2.2.11 on page 8. 

Definition 2.3.6 (Basic Terms of BPAD) 

We define 0 -basic terms inductively as follows: 

(i). Every a E AD is a o-basic term, 
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(ii). if a E A" and t is a o·basic term, then a . t is a o·basic term, 

(iii). if t and s are o·basic terms, then t + s is a o·basic term. 

From now on, if we speak of basic terms in the context of BPA", we mean o·basic terms. 

Remark 2.3.7 (Definition of Basic Terms) 
Usually the basic terms of BPA" are defined a bit differently with respect to deadlock: 
o . t for some basic term t is usually not considered basic. We chose to deviate from 
established practice because it made our proofs quite a bit shorter. The reason is that in 
this way we get rid of a nasty case clistinction that would otherwise have popped up in 
just about every other line of our proofs. 

Definition 2.3.8 (Number of Symbols of a BPA" Term) 
We define n (x), the number of symbols of x, inductively as follows: 

(i). For a E A", we define n(a) = I, 

(ii). for closed BPA" terms x and y, we define n(x + y) = n(x· y) = n(x) + n(y) + l. 

Proposition 2.3.9 (Elimination for BPA,,) 
Let t be a closed BPA" term. Then there is a basic term s such that BPA" f- t = s. 

Proof This is Proposition 2.5.3 of [13], see the proof given there. Note that although 
[13] uses a slightly different definition of basic terms, their definition is narrower, so their 
elimination result also holds for our definition of basic terms. • 

Theorem 2.3.10 (Soundness of BPA,,) 
The set of closed BPA" terms modulo bisimulation equivalence is a model of BPA". 

Proof This is Theorem 2.5.4 of [13]. See the proof given there. • 
Theorem 2.3.11 (Completeness of BPA,,) 
The axiom system BPA" is a complete axiomatization of the set of closed BPA" terms mod· 
ulo bisimulation equivalence. 

Proof Since there are no transitions for the new constant 0, this is proven in the same 
way as Theorem 2.2.22. • 

2.4 Soundness and Completeness of BPAdrt-o 

Definition 2.4.1 (Signature of BPAdrt-O) 
The signature of BPAdrt-O consists of the undelayable atomic actions {gla E Al. the alter· 
native composition operator +, the sequential composition operator .--;-and the time unit 
delay operator O"rel. 

Definition 2.4.2 (Axioms of BPAdrco) 
The process algebra BPAdrt-o is axiomatized by the axioms of BPA given in Defini· 
tion 2.2.6 on page 7 and Axioms DRTl-DRT2 shown in Table 6 on the next page: BPAdrt-o 
= AI-AS + DRTl-DRT2. 
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O"rel (x) + O"rel (y) = O"rel (x + y) 

O"rel(x) . Y = O"rel(X' y) 

Table 6: Axioms for O"rel. 

Definition 2.4.3 (Notation Regarding Semantics II) 

DRTl 

DRT2 

Next to the deduction rule notations x ~ x', x ~ J, and x!, and x - introduced in Defi­
nition 2.2.7 on page 7, we now also use x ~ x' to denote that x can do a O"-step to x' (Le., 
move to the following time-slice and become x'), and x 'J. to denote that x cannot do an 
O"-step. 

Definition 2.4.4 (Semantics of BPAdn-o) 
The semantics of BPAdr,-o are given by the term deduction system T(BPAdr,-o) induced 
by the deduction rules given in Table 3 on page 8 and Table 7. 

x~ x', y~ y' 

x+y~x'+y' 

O"rel (x) ~ X 

<J <J 
x-x',y-++ 

X + y~ x' 

X~X' 
<J , x·y-x .y 

<J <J, x-,y-y 
x+y~y' 

Table 7: Deduction rules for g and O"rel. 

Definition 2.4.5 (Bisimulation for BP AdrCo) 
Bisimulation for BPAdr,-o is defined as follows; a binary relation R on closed BPAdr,-o 
terms is a bisimulation if the following transfer conditions hold for all closed BPAdr,-O 
terms p and q: 

(i). If RS(p, q) and T(BPAdr,-o) F= p ~ p', where a E A, then there exists a closed term 
q', such that T(BPAdrCo) F= q ~ q' and RS (p', q'), 

(ii). If RS(p,q) and T(BPAdr,-o) F= p ~ p', then there exists a closed term q', such that 
T(BPAdr,-o) F= q ~ q' and RS(p',q'), 

(iii). If RS(p, q) and T(BPAdrt-O) F= P ~ J, where a E A, then T(BPAdrt-O) F= q ~ J. 

Two BPAdrt-o terms p and q are bisimilar, notation p -BPAd,-," q, if there exists a bisimula­
tion relation R such that R(p, q). 

Definition 2.4.6 (Bisimulation Model for BPAdrcO) 
The bisimulationmodel for BPAdrcO is defined in the same way as for BPA. Replace "BPA" 
by "BPAdr,-o" in Definition 2.2.11 on page 8. 
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Definition 2.4.7 (Basic Terms of BPAdrcO) 
We define u-basic terms inductively as follows: 

(i). For every a E A, the atomic action g is a u-basic term, 

(ii). if a E A and t is a u-basic term, then g . t is a u-basic term, 

(iii). if t and s are u-basic terms, then t + s is a u-basic term, 

(iv). if t is a basic term, then Ure!(t) is a u-basic term. 

From now on, if we speak of basic terms in the context of BPAdrt-O, we mean u-basic 
terms. 

Definition 2.4.8 (Number of Symbols of a BPAdrcO Term) 
We define n (x), the number of symbols of x, inductively as follows: 

(i). For a E A, we define n (g) = 1, 

(ii). for closed BPAdrt-O terms x and y, we define n(x + y) = n(x . y) = n(x) + n (y) + 1, 

(iii). for a closed BPAdrt-O term x, we define n(urel(x» = n(x) + l. 

Definition 2.4.9 (Symbol for a Chain of u's) 
We will write x';;"y to indicate that x can reach y by doing zero or more u-transitions. 
Formally: ,;;" denotes the transitive, reflexive closure of ~. 

Remark 2.4.10 (Proving Elimination using Term Rewriting Analysis) 
To prove elimination we will use, where possible, a method that is based on term rewrit­
ing analysis. This method works by associating a term rewriting system to an equational 
specification, and then proving that this term rewriting system is strongly normalizing 
and its normal forms are basic terms. See Theorem 2.4.11 for an example of this method. 

Theorem 2.4.11 (Elimination for BPAdrCo) 
Let t be a closed BPAdrt-O term. Then there is a basic term s such that BPAdrt-O I- S = t. 

Proof This theorem is proven as follows. First a number of axioms of BPAdrt-O are 
selected, and subsequently oriented as rewriting rules. This gives us a term rewriting 
system. Then it is proven that this term rewriting system is strongly normalizing and 
that every normal form of a closed BPAdrt-O term is a basic term. In this way a recipe is 
obtained for transforming a closed BPAdrt-o term into a basic term. 

The rewriting rules of the term rewriting system for BPAdrt-O are given in Table 8 on 
the next page. The proof that this term rewriting system is strongly normalizing uses 
the method of the lexicographical path ordering. 

The well-founded ordering> on constants and function symbols is the following: 

. > + > u re! > g 

To . we assign the lexicographical status for the first argument. Now we show that the 
left-hand side of every rewriting rule is bigger than the right-hand side with respect to 
the ordering r]po. This is done by the following reductions (taken from [13)): 

(x + y) . Z r]po (x + y) . * Z r]po (x + y) . * Z + (x + y) . * Z r]po (x + * y) . Z + (x + * y) . Z 

>-lpoX-Z+Y-Z 
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(x + y) . z - x . z + y . z 

(x· y) . z - x . (y . z) 

O"rel (x) . Y - O"rel (X· y) 

RA4 

RAS 

RDRT2 

Table 8: Term Rewriting System for BPAd"rt-o. 

(x . y) . z >-Ipo (x . y) . * z >-Ipo (x . * y) . «x· y) . * z) >-Ipo x . «x· * y) . z) 

>-100 x . (y . z) 

O"rel (x) . Y>-Ipo O"rel (x) . * Y>-Ipo O"rel (O"rel (x) . * y) >-Ipo O"rel (O"r~l (x) . y) 

>-Ipo O"rel (x . y) 

Next, we will prove that the normal forms of the closed BPAdrt-o terms are basic terms. 
Thereto, suppose that s is a normal form of some closed BPAd"rt-o term. Furthermore, 
suppose that s is not a basic term. Let s' denote the smallest sub term of s which is not a 
basic term. Note that, consequently, all proper subterms of s' are basic terms. Then we 
can prove that s' is not a normal form by case analysis. We distinguish all possible cases: 

(i). s' is an atomic action. But then s' is a basic term. This is in contradiction with the 
assumption that s' is not a basic term, so this case does not occur. 

(ii). s' is of the form s; . s; for basic terms s; and s;. With case analysis on the structure 
of basic term s;: 

(a) If s; is an atomic action fl. then s; . s; is a basic term, and so s' is a basic term 
which again contradicts the assumption that s' is not a basic term. This case 
can therefore not occur. 

(b) If s; is of the form fl.. t for some atomic action fl. and basic term t, then rewriting 
rule RAS can be applied. So, s' is not a normal form. 

(c) If s; is of the form t1 + t2 for t1 and t2 basic terms. Then rewriting rule RA4 is 
applicable. Therefore, s' is not a normal form. 

(d) If s; is of the form O"rel (t) for some basic term t. Then rewriting rule RDRT2 is 
applicable. So, s' is not a normal form. 

(iii). s' is of the form s; + s; for basic terms s; and s;. In this case s' would be a basic 
term, which contradicts the assumption that s' is not a basic term. Therefore, this 
case cannot occur. 

(iv). s' is of the form O"rel (s") for some basic term s". But then s' is basic term too, so 
the case does not occur. 

In any case that can occur it follows that s' is not a normal form. Since s' is a sub term of 
s, we conclude that s is not a normal form. This contradicts the assumption that s is a 
normal form. From this contradiction we conclude that s is a basic term, which completes 
the proof. _ 
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Remark 2.4.12 (Elimination for BPAdrt-8) 
Elimination for BPAdrt-O is also claimed (without proof) in Theorem 2.12.3 of [13] (where 
BPAdrt-O is called BPAdt). 

Remark 2.4.13 (Proving Soundness using the Direct Method) 
Most of the soundness proofs given in this paper follow the same scheme, which we will 
outline in this remark in some detail, so we do not have to go over these details again 
and again in the actual proofs. 

To prove the soundness of a certain axiom of the general form 

where t/ and tr are process expressions in the free variables Xl, ... ,Xn for some n ~ 0, 
with respect to some bisimulation model, we proceed as follows. First, we give a rela­
tion R, which will be a binary relation on closed terms. Then, we show that this R is a 
bisimulation relation that for all closed instantiations of Xl, ... , xn relates the left-hand 
and right-hand side of the axiom. This involves two steps: 

(i). R should relate both sides of the axiom for all closed terms, i.e., for all closed in­
stantiations of Xl, ... , Xn we should have that 

This is mostly so trivial that we do not mention it at all. 

(ii). R should be a bisimulation. In order to prove that, we show that for all closed terms 
s, t in the relation the transfer conditions from the definition of bisimulation are 
satisfied. 

For example, in proving soundness of an axiom of BPAdrt-o, we have to show that 
for all closed term s, t such that (s, t) E R, we have that for any transition s "'- s' 
(where u E ACT)' there is a corresponding transition t "'- t' such that (s', t') E R, and 
vice versa, for any transition t "'- t', there is a corresponding transition s "'- s' such 
that again (s', t') E R. This part of the proof is done using case distinction on the 
different kinds of steps that are possible (an action, a time step, termination). 

Note that the "vice versa" part of proof obligation (ii) results from the fact that the trans­
fer conditions for bisimulation (see for example Definition 2.4.5 on page 14) are defined 
with respect to the symmetric closure of R. 

This completes the general outline of our soundness proofs. In the actual proofs we 
will sometimes slightly deviate from it, for example because we re-use an earlier proof, 
or because we do not faithfully list the too trivial proof obligations. The above described 
general outline will however remain visible in the background. Finally, note that in sound­
ness proofs we do not explicitly indicate the term reduction system in which a transition 
occurs; so instead of T(BPAdrt-O) F= X .'!. y, we simply write x.'!. y. This is no problem, as 
the theory in which we are working is always clear. 

The proof method outlined in this remark is taken from [13]. 

Theorem 2.4.14 (Soundness of BPAdrt-O) 
The set of closed BPAdrt-O terms modulo bisimulation equivalence is a model of BPAdrt-O. 
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Proof Since bisimulation equivalence is a congruence (see for example Theorem 
2.2.32 of [13]), also for the new operators, we only need to verify the soundness of every 
closed instantiation of the axioms. We do this by giving a relation R for every axiom and 
we prove that this relation is a bisimulation relation for every closed instantiation of the 
left-hand and right-hand sides of the axiom. 

In the setting of BPA soundness of Axioms AI-AS has already been proven (see for 
example Theorem 2.2.33 of [13]). 

The theory BPAdr,-o adds to this the possibility to perform O"-transitions. However, 
any term headed by the operator added to BPA is not capable of performing a transition 
labeled by an atomic action. So, we argue that the left-hand side and the right-hand side 
of Axioms AI-AS can perform exactly the same transitions labeled by an atomic action 
in the theory BPAdr,-o as in the theory BPA. Therefore, we only consider the transitions 
labeled by 0" for Axioms AI-AS. For Axioms DRTI-DRT2 we, of course, have to consider 
both the transitions labeled by an atomic action and the transitions labeled by a 0". 

Finally, note that BPAdr,-o contains atomic actions of the form g whereas BPA had 
actions of the form Q. This is however not relevant for the purpose of extending the 
soundness proofs of Axioms AI-AS from BPA to BPAdr,-o, as neither Q nor fI appears in 
Axioms AI-AS, and both have exactly the same deduction rules (see Table"2 on page 7 
and Table 7 on page 14). 

Axiom Al Take the relation: 

R = {(s, s), (s + t, t + s) Is, t E C(BPAdr,-o)} 

First we look at the transitions of the left-hand side. Suppose s + t ~ p. Then one 
of the following situations occurs: 

(i). s ~ P and t::' : then also t + s ~ p, and note that (p, p) E R. 

(ii). s::' and t ~ p: then also t + s ~ p, and note that (p, p) E R. 

(iii). s.': PI and t.': P2 and P '" PI + P2: then t + s.': P2 + PI, and note that (PI + 
P2,P2 + PI) E R. 

The proof for the right-hand side is analogous. 

Axiom A2 Take the relation: 

R = {(s, s), «s + t) + u, s + (t + u)) Is, t, u E C(BPAdr,-o)} 

First we look at the transitions of the left-hand side. Suppose (s + t) + u .': p. Then 
one of the follOwing situations occurs: 

(i). s + t.': P and u ::.: then the transition s + t ~ P must be due to one of the 
following: 

(a) s ~ P and t ::. : in that case s ~ P and t + u ::.. So, s + (t + u) ~ p, and note 
that (p,p) E R. 

(b) s::' and t ~ p: in that case s::' and t + u .': p. Therefore, s + (t + u) .': p. 

(c) s ~ PI and t.': P2 and P '" PI + P2: in that case s.': PI and t+ u ~ P2. There­
fore, s + (t + u) ~ PI + P2, and note that (p, p) E R. 
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(ii). s + t::' and u ::. p: then s ::. , t ::. , and u ::. p. So, s::' and t + u ::. p. Therefore, 
s + (t + u) ::. p, and note that (p,p) E R. 

(iii). s + t ::. PI and u ::. P2 and P '" PI + P2: then the transition s + t ::. PI must be 
due to one of the following: 

(a) s::' PI and t ::. : in that case s ::. PI and t + u ::. P2. So, s + (t + u) ::. PI + P2, 
and note that (p, p) E R. 

(h) s::' and t::' PI: in that case s::' and t + u ::. PI + P2. Therefore, s + (t + 

u) ::. PI + P2, and note that (p, p) E R. 

(c) s::' qI and t::' q2 and PI '" qI + q2: in that case s::' qI and t + U::' q2 + P2. 

Therefore, s + (t + u) ::. qI + (q2 + P2), and note that «qI + q2) + P2, qI + 
(q2 + P2» E R. 

The proof for the right-hand side is analogous. 

Axiom A3 Take the relation: 

R = I (s, s), (s + s, s) Is E C(BPAdrCO)} 

First we look at the transitions of the left-hand side. Suppose s + s ::. p. Then s ::. p' 
and P '" P' + p'. Then s::' p', and note that (p' + p',p') E R. 

The proof for the right-hand side is analogous. 

Axiom A4 Take the relation: 

R = I(s,s), «s + t) . U,s· u + t· u) Is,t,u E C(BPAdrt-O)} 

First we look at the transitions of the left-hand side. Suppose (s + t) . u ::. p. Then 
s + t ::. P' and P '" p' . u. The transition s + t ::. P' must be due to one of the following: 

(i). s::' P' and t ::. : then s . u + t . u ::. P' . u, and note that (p, p) E R. 

(ii). s::' and t ::. p': analogous to the previous case. 

(iii). s::' PI and t::' P2 and p' '" PI + P2: then s . u + t . u ::. PI . u + P2 . u, and note 
that «PI +P2)· U,PI· U+P2· u) E R. 

Secondly, we look at the transitions of the right-hand side. Suppose s· u + t· u ::. p. 

This must be due to one of the following: 

(i). s· u ::. P and t· u ::. : then s ::. p' and P '" P' . u. Also t ::. . Therefore, (s H) ::. P' 
and (s + t) . u::' P' . u, and note that (p,p) E R. 

(ii). s· u ::. and t . u ::. p: analogous to the previous case. 

(iii). s· u ::. PI and t· u ::. P2 and P '" Pj + P2: then s ::. qI and PI '" qI . u and t ::. q2 

and P2 '" q2 . u. Therefore, (s + t) ::. qI + q2 and (s + t) . U::' (qI + q2) . u, and 
note that «qI + q2) . U,qI . U + q2· u) E R. 

Axiom A5 Take the relation: 

R = I(s,s), «s· t) . U,s· (t· u» Is,t,u E C(BPAdrt-o)} 
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First we look at the transitions of the left-hand side. Suppose (s . t) . u ~ p. Then 
this must be due to s ~ p' and p '" (p' . t) . u. So, s . (t. u) ~ p' . (t. u), and note 
that «p'. t) . u,p'· (t· u)) E R. 

The proof for the right-hand side is analogous. 

Axiom DRTI Take the relation: 

R = {(s,s), (O"rel (s) + O"rel (t), O"rel (s + t)) Is, t E C(BPAdrt-o)} 

We look at the transitions of both sides at the same time. First, note that O"rel (s) + 
O"rel(t) !/:. and O"rel(S + t) !/:.. Secondly, O"rel(S) + O"rel(t) .<: p iff p '" s + tiff O"rel(s + 
t) ~ p, and note that (p,p) E R. 

Axiom DRT2 Take the relation: 

R = {(s,s),(O"rel(s)· t,O"rel(S· t)) Is,tE C(BPAdrt-O)} 

We look at the transitions of both sides at the same time. First, note that O"rel (s) . t !/:. 
and O"rel(s . t) !/:.. Secondly, O"rel(S) . t'<: p iff p '" s· tiff O"rel(S . t) ~ p, and note 
that (p, p) E R. 

• 
Remark 2.4_15 (Soundness of BPAdrCo) 
Soundness of BPAdrt-o is also claimed (without proof) in Theorem 2.12.4 of [13] (where 
BPAdrt-O is called BPAda. 

Lemma 2-4.16 (Towards Completeness of BPAdrt-O) 
Let x and y be closed BPAdrt-o terms. Then we have: 

(0. T(BPAdrt-o) F x ~ .j = BPAdrt-o r- x = g + x, 

(ii). T(BPAdrt-o) F x ~ Y = BPAdrt-o r- x = g . y + x, 

(iii). T(BPAdrt-o) F x ~ Y = BPAdrt-o r- x = O"re/(Y) + x, 

(iv). T(BPAdrt-O) F X ~ Y = n(x) > n(y), 

(v). T(BPAdrt-O) F X ~ Y = n(x) > n(y). 

Proof For part (i), (ii), and (iii) we assume, by Theorem 2.4.11 and Theorem 2.4.14, 
without loss of generality, that x is a basic term, and apply induction on the structure of 
basic terms. For part (iv) and (v) we again have to use induction on the general structure 
of terms. 

(i). Case 1: x is an atomic action. Because T(BPAdrt-O) F x ~ .j, it must then be the 
case that x '" a. So we have BPAdrcO r- x = a = a + a = a + x. Case 2: x is 
of the form atomic action followed by another basic term. This is in contradiction 
with T(BPAdrt-o) F x ~ .j, so this case does not occur. Case 3: x is of the form 
s + t, where sand t are again basic terms. As T(BPAdrt-O) F s + t ~ .j, necessar­
ily T(BPAdrt-o) F S ~ .j or T(BPAdrt-o) F t!!' .j. Therefore, by the induction hy­
pothesis, BPAdrt-o r- s = a + s or BPAdrt-O r- t = a + t. But then in both cases 
BPAdrt-O r- x = s + t = a + s + t = a + x. Case 4: x is of the form O"rel (s) for some 
basic term s. As we know that T(BPAdrt-o) F X ~ .j, this case cannot occur. 
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(ii). Case 1: x is an atomic action. This is in contradiction with T(BPAdrt-o) 1= x.! y, 
so this case does not occur. Case 2: x is of the form atomic action followed by 
another basic term. Then, because T(BPAdrt-o) 1= X .! y, it must be that x = a· y. So, 
BPAdrt-o f- X = a·y = a· y+a'y = a ·y+x. Case 3: x is of the forms+t, where sand t 
are again basic terms. As T(BPAdrt-o) 1= S + t .! y, necessarily T(BPAdrt-o) 1= S .! y 
or T(BPAdrt-o) 1= t'! y. Therefore, by the induction hypothesis, BPAdrt-o f- S = 

a . y + s or BPAdrt-o f- t = a . y + t. So in both cases BPAdrt-o f- X = S + t = 
a . y + s + t = a . y + x. Case 4: x is of the form Urel(S) for some basic term s. As 
we know that T(BPAdrt-o) 1= X .! y, this case cannot occur. 

(iii). Case 1: x is an atomic action. This is in contradiction with T(BPAdrt-o) 1= x ~ y, so 
this case does not occur. Case 2: x is of the form atomic action followed by another 
basic term. For the same reason, this case cannot occur either. Case 3: x is of the 
form s+twhere s and t are again basic terms. As T(BPAdrt-o) 1= x ~ y, we know that 
either T(BPAdrt-O) 1= s ~ y, or T(BPAdrt-O) 1= t ~ y, or both. So, by the induction 
hypothesis, either BPAdrco f- t = Urel(y) + t, or BPAdrt-O f- S = Urel(y) + s, or both. 
So in all cases BPAdrt-o f- X = S + t = Urel (y) + S + t = Ure! (y) + x. Case 4: x is of 
the form Ure! (s) for some basic term s. Then necessarily s = y. So, BPAdrt-o f- X = 

X + X = ure!(Y) + X = Urel(S) +x. 

(iv). Case 1: x is an atomic action. This is in contradiction with T(BPAdrt-o) 1= x.! y, 
so this case does not occur. Case 2: x is of the form s . t, for certain terms sand 
t. Then, by T(BPAdrt-o) 1= x.! y, we either have T(BPAdrt-o) 1= S .! .J and y = t, or 
we have T(BPAdrt-O) 1= S.! s' and y = s' . t for some term s'. In the first case, we 
have n(x) = n(s . t) = n(s) + nU) + 1 > nU) = n(y), and in the second we can 
apply the induction hypothesis to arrive at n(s) > n(s'), so we get n(x) = n(s· t) = 

n(s) + n( t) + 1 > n(s') + n (t) + 1 = n(s' . t) = n (y). Case 3: x is of the form s + t, for 
certain terms sand t. As T(BPAdrt-o) 1= S + t .! y, necessarily T(BPAdrt-o) 1= S .! y 
or T(BPAdrt-o) 1= t'! y. Therefore, by the induction hypothesis, n(s) > n(y) or 
nU) > n(y). As n ranges over the positive naturals only, in both cases n(x) = 

n(s + t) = n(s) + n( t) + 1 > n(y). Case 4: x = Urel (s) for a certain term s, does not 
occur, as T(BPAdrt-O) 1= Ure! (s) ! . 

(v). Case 1: x is an atomic action. This is in contradiction with T(BPAdrt-o) 1= x.': y, 
so this case does not occur. Case 2: x is of the form s . t, for certain terms sand 
t. Then, necessarily, T(BPAdrt-o) 1= S .': s' and y '" s' . t for some term s'. We now 
can apply the induction hypothesis to arrive at n(s) > n(s'), so we get n(x) = 

n(s· t) = n(s) + n(t) + 1 > n(s') + n(t) + 1 = n(s' . t) = n(y). Case 3: x is of the 
form s + t, for certain terms sand t. Now, by T(BPAdrt-o) 1= x.': y we know that 
either T(BPAdrt-O) 1= s ~ y, or T(BPAdrt-O) 1= t.': y, or both. So, by the induction 
hypothesis,eithern(s) > n(y),orn(t) > n(y),orboth. Soinallcasesn(x) = n(s+ 
t) = n(s)+n(t)+1 > n(y). Case4: ifxisoftheformure!(s),foracertainterms,it 
must be the case that s = y. So, n(x) = n(Urel(S» = n(Urel(y» = n(y) + 1> n(y) . 

• 
Theorem 2.4.17 (Completeness of BPAdrt-o) 
The axiom system BPAd,,-o is a complete axiomatization of the set of closed BPAd,,-o terms 
modulo bisimulation equivalence. 
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Proof This proof is almost identical to the one of Theorem 2.2.22, with the exception 
of the fourth case. Let x and y be bisimilar closed BPAdr,-o terms. We have to prove that 
BPAdr,-o f- x = y. With the aid of Theorem 2.2.16 and Theorem 2.4.14, it is enough to 
prove this for basic terms. By Corollary 2.2.21 it is even enough to prove for all basic 
terms x and y that: 

x + Y -BPAdn-' Y = BPAd.-t-o f- x + Y = y. 

We will prove this by induction on n(x), using Lemma 2.4.16(iv)-(v) and case distinction 
on the form of basic term x. Case 1: x is of the form fl, for a E A. Then T(BPAdr,-o) 1= 

X -". .J, so T(BPAdr,-o) 1= x + y -". .J, and because x + Y -BPAdn-' Y we have T(BPAdr'-o) 1= 

y -". .J, so with Lemma 2.4.16(i) we find that BPAdr,-o f- x + Y = y. This proves the basis of 
our induction. Case 2: x is of the form fl' s, when s is again a basic BPAdr'-O term. Then 
T(BPAdr,-o) l= x -". s, and therefore T(BPAdr,-o) l= x + y -". s, so because x + Y -BPAdn-' Y 
there is an s' with T(BPAdr,-o) 1= y -". s' and s -'PAdn-' s'. But then by Theorem 2.4.14 and 
Axiom A3 also s + s' -BPAdn-' s' and s' + s -BPAdn-' s and with induction we find BPAdr,-o f­

s+s' = s' and BPAdr,-o f- s' +s = s. So BPAdr,-o f- s = s'. NowB~Ad.-t-o f- x+y = a·s+y = 

a· s' + y = ywith Lemma 2.4.16(ii). Case 3: x is of the form s+ t, for certain basic BPAdr,-o 
terms sand t. Since x + Y -BPA- _, y, we also have s + Y -EPA- _, yand t + Y -BPA",,-_, y. Then 

drt drt 

by the induction hypothesis BPAdr,-o f- s + Y = Y and BPAdr,-o f- t + Y = Y. So BPAdr,-o f-

x + Y = s + t + Y = s + y = y. Case 4: x is of the form CTrel (x'), for a certain basic BPAdrt-o 
term x'. Now T(BPAdr,-o) 1= x ~ x', and since x + Y -BPA" _, y, we also have T(BPAdr,-o) 1= 

0" 0"' 
Y - y' and T(BPAdr,-o) 1= x + Y - x' + y' for some y' such that x' + y' -BPAdn-' y'. By 
Lemma 2.4.16(iii) we have BPAdr,-o f- y = CTrel (y') + y. By the induction hypothesis we 
have BPAdr,-o f- x' + y' = y'. So, BPAdr,-o f- x + Y = CTrel (x') + y = CTrel (x') + CTrel (y') + Y = 

CTrel(X' + y') + y = CTrel(y') + Y = y. • 

Remark 2.4.18 (Completeness of BPAdr,-o) 
Completeness of BPAdr,-o is also claimed in Theorem 2.12.5 of [13] (where BPAdr,-o is 
called BPAd'). The proof given there, however, is incorrect: the (supposedly) bijective 
mapping cp is not bijective, as cp-l(CT) is undefined. 

2.5 Soundness and Completeness of BPAdr,-ID 

Definition 2.5.1 (Signature of BPAdr,-ID) 
The signature of BPAdr,-ID consists of the undelayable atomic actions {flla E A}, the un­
delayable deadlock constant g" the alternative composition operator +, the sequential 
composition operator·, the time unit delay operator CTrel, and the "now" operator Vrel. 

Definition 2.5.2 (Axioms of BPAdr,-ID) 
The process algebra BPAdr,-ID is axiomatized by the axioms of BPAdr,-o given in Defini­
tion 2.4.2 on page 13, Axioms DRT3-DRT5 shown in Table 9 on the following page, and 
Axioms DCSI-DCS4 shown in Table 11 on the next page: BPAdr,-ID = AI-A5 + DRTl­
DRT5 + DCSI-DCS4. 

Remark 2.5.3 (DRT4 and DRTS versus DRT4A) 
Note that for closed BPAdr,-ID terms Axioms DRT4-DRT5 given in Table 9 on the follow­
ing page are equivalent with Axiom DRT4A given in Table 10 on the next page. There­
fore we could replace Axioms DRT4-DRT5 in BPAdrCID by DRT4A without affecting the 
soundness or completeness of the resulting theory. This is for example done in [16]. 
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Q.x=g 

g+g=g 
O"rel(X) + g = O"rel(X) 

DRT3 

DRT4 

DRT5 

Table 9: Axioms for g. 

One such reason to do so, could be the fact that DRT4A is a straightforward reformu­
lation of Axiom A6 from BPAD, in a setting with undelayable actions. However, we prefer 
Axioms DRT4-DRT5 over DRT4A because the latter does not extend to the discrete-time 
theories with immediate deadlock we will describe in the sections to follow. If we need 
the equality of DRT4A, we can derive it as a lemma (which we do in Lemma 2.5.16(iv)). 
We will return to this subject in Remark 2.7.3 on page 45. 

x+g=x DRT4A 

Table 10: Alternative for Axioms DRT4-DRT5. 

Vrel(g) =g 
Vrel (x + y) = Vrel (x) + Vrel (y) 

Vrel (x . y) = Vrel (x) . y 

Vrel (O"rel (x» = g 

Table 11: Axioms for Vrel. 

Definition 2.5.4 (Semantics of BPAdrt-ID) 

DeS1 

DCS2 

DCS3 

DCS4 

The semantics of BPAdrt-ID are given by the term deduction system T(BPAdrt-ID), in­
duced by the deduction rules for BPAdrt-D given in Definition 2.4.4 on page 14, and the 
deduction rules for Vrel shown in Table 12 on the following page. 

Definition 2.5.5 (Bisimulation and Bisimulation Model for BPAdrt-ID) 
Bisimulation for BPAdrt-ID and the corresponding bisimulation model are defined in the 
same way as for BPAdrt-D and BPA respectively. Replace "BPAdrt-D" by "BPAdrt-ID" in Def­
inition 2.4.5 on page 14 and "BPA" by "BPAdrt-ID" in Definition 2.2.11 on page 8. 

Definition 2.5.6 (Basic Terms of BPAdrt-ID) 
We define (0", g) -basic terms inductively as follows: 
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x ~ x' 

Vrel (x) .! J 

Table 12: Deduction rules for Vrel. 

(i). For every a E A8, g is a (u,g)-basic term, 

(ii). if a E A8 and t is a (u,g)-basic term, then g. t is a (u,g)-basic term, 

(iii). if t and s are (u,g)-basic terms, then t + s is a (u,g)-basic term, 

(iv). if t is a (u, g) -basic term, then Urel (t) is a (u, g) -basic term. 

From now on, if we speak of basic terms in the context of BPAdrt-ID, we mean (u,g) -basic 
terms. 

Definition 2.5.7 (Number of Symbols of a BPAdrcID Term) 
We define n (x), the number of symbols of x, inductively as follows: 

(i). For a E A8, we define n(g) ~ 1, 

(ii). for closed BPAd"rt-ID terms x and y, we define n(x + y) ~ n(x· y) ~ n(x) + n(y) + 1, 

(iii). for a closed BPAdrt-ID term x, we define n(Urel(X)) ~ n(Vrel(X)) ~ n(x) + 1. 

Definition 2.5.8 (Summation Convention) 
We will use the convention that a summation over the empty set yields the undelayable 
deadlock: 

Theorem 2.5.9 (General Form of Basic Terms of BPA;b,,-ID) 
Modulo the commutativity and associativity of the +, all basic terms t of BPAdrt-ID are of 
the form: 

for m, n, pEN, aio b j E A8, and basic terms Si and Uk. 

Proof Trivial, by inspection of the definition of basic terms, Definition 2.5.6. Observe 
that the general form of basic terms is closed under the formation rules gives in Defini­
tion 2.5.6. See also [10]. • 

Lemma 2.5.10 (Representation of BPAdrt-ID Terms) 
Let t be a basic term. Then either BPAdrt-ID f- t ~ Vre[( t), or there exists a basic term s 
such that BPAdrt-ID f- t ~ Vre[(t) + Ure[(s) and n(s) < n(t). 

Proof Let t be a basic term. By Theorem 2.5.9, we may now proceed by case analysis 
on the general form of basic terms: 
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(n. Either we have no urel-summands (p = 0 in Definition 2.5.9): 

t ="' I ai . Si + I b j 
i<m .1<n 

for m, n E N, aio b j E Ad, and basic terms Si. Then we have the following computa­
tion: 

BPAdr,-ID f- t = I ai . Si + I b j 
i<m- J<n= 

= I Vrel(ai) . Si + I vrel(b.;l 
- = i<m j<n 

= I Vrel(ai . sd + I vrel(bj ) - = i<m j<n 

(ii). Or we have at least one urersummand (p ;0, 1 in Definition 2.5.9) : 

t="' I ai 'Si+ Ib j + I Urel(Uk) 
i<m - j<n= k<p 

for m, n, pEN, ai, b j E Ad, and basic terms Si and Uk. Then we have the following 
computation: 

BPAdrt-ID f- t = I a,· s, + I b j + IO"reJ(Uk) 
i<m - j<n - k<p 

= I Vrel (ai) . Si + I Vrel (b j) + I Urel (Uk) 
i<m - .1<" = k<p 

= I Vrel(ai' Si) + I Vrel(bj ) + I Urel(Uk) 
i<m - j<n = k<p 

= Vrel (.I aj . Sj + I b j) + Urel (I Uk) 
I<m )<n k<p 

= Vrel (.I ai' Si + I b j + I Urel(Uk») + Urel (I Uk) 
l<m J<n k<p k<p 

= Vrel (t) + Urel (S) 

Where we define: 
S ="' I Uk 

k<p 

Note that n(s) < n(t) is now trivially satisfied, as for every summand Uk of s, there 
is a corresponding summand Urel(Uk) of t, and at least one such summand exists 
as p ;0, 1. 

• 
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Remark 2.5.11 (Representation of BPAdrt-ID Terms) 
The main use of Lemma 2.5.10 will be in induction proofs regarding the (not yet treated) 
theories PAdrt-ID and ACPdrt-ID (see Sections 3.2 to 3.5). 

Theorem 2.5.12 (Elimination for BPAdrt-ID) 
Let t be a closed BPAdrt-ID term. Then there is a basic term s such that BPAdrt-ID r- s ~ t. 

Proof This theorem is proven as follows. First a number of axioms of BPAdrt-ID are 
selected, and subsequently oriented as rewriting rules. This gives us a term rewriting 
system. Then it is proven that this term rewriting system is strongly normalizing and 
that every normal form of a closed BPAdrt-ID term is a basic term. In this way a recipe is 
obtained for transforming a closed BPAdrt-ID term into a basic term. 

The rewriting rules of the term rewriting system for BPAdrt-ID are given in Table 13. 
The proof that this term rewriting system is strongly normalizing uses the method of 

(x + y) . z - x . z + y . z 
(x· y) . z - x . (y. z) 

Ure! (x) . y - Ure! (x . y) 

Vre!(g) - g 

Vre! (x + y) - Vre! (x) + Vre! (y) 

Vre! (x . y) - Vre! (x) . y 

Vre! (Ure! (x)) - g 

RA4 

RA5 
RDRT2 

RDCSI 

RDCS2 

RDCS3 

RDCS4 

Table 13: Term Rewriting System for BPAdrt-ID. 

the lexicographical path ordering. 
The well-founded ordering> on constants and function symbols is the follOWing: 

Vre! > . > + > Ure! > g 

Moreover, . has the lexicographical status of the first argument. Now we show that the 
left-hand side of every rewriting rule is bigger than the right-hand side with respect to 
the ordering rlpo ' This is done by the following reductions: 

Vre! (g) rlpo Vre! * (g) 

rlpo g 
Vre! (x + y) rlpo Vre! * (x + y) rlpo Vre! * (x + y) + Vre! * (x + y) 

rlpo Vre!(x + * y) + vredx + * y) r lPo Vre!(x) + vre!(y) 

Vre! (x . y) rlpo Vre! * (x . y) rlpo Vre! * (x . y) . Vre! * (x . y) rlpo Vre! (x . * y) . (x . y) 

rlpo Vre! (x) . (x . y) rlpo Vre! (x) . * (x . y) rlpo Vre! (x) . (x . * y) rlpo Vre! (x) . y 

Vre! (Ure! (x)) rIO' Vre! * (ure! (x)) 

rlPog 
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Note that we do not give reductions for RA4, RA5, and RDRT2 as these already have been 
given in the proof of Theorem 2.4.11, and since the new ordering is a proper extension 
of the old one, these proofs remain valid. 

Next, we will prove that the normal forms of the closed BPAdrt-ID terms are basic 
terms. Thereto, suppose that s is a normal form of some closed BPAdrt-ID term. Further­
more, suppose that s is not a basic term. Let s' denote the smallest sub term of s which 
is not a basic term. Then we can prove that s' is not a normal form by case analysis. We 
distinguish all possible cases: 

(i). s' is an atomic action or §.. But then s' is a basic term. This is in contradiction with 
the assumption that s' isnot a basic term, so this case does not occur. 

(ii). s' is of the form s; . s; for basic terms s; and s;. With case analysis on the structure 
of basic term s;: 

(a) If s; is an atomic action or Q, then s; . s; is a basic term, and so s' is a basic 
term which again contradicts the assumption that s' is not a basic term. This 
case can therefore not occur. 

(b) If s; is of the form fI . t for some a E Ao and basic term t, then rewriting rule 
RA5 can be applied-:-So, s' is not a normal form. 

(c) If s; is of the form t1 + t2 for t1 and t2 basic term s. Then rewriting rule RA4 
is applicable. Therefore, s' is not a normal form. 

(d) If s; is of the form CTrel (t) for some basic term t. Then rewriting rule RDRT2 is 
applicable. So, s' is not a normal form. 

(iii). s' is of the form s; + s; for basic terms s; and s;. In this case s' would be a basic 
term, which contradicts the assumption that s' is not a basic term. Therefore, this 
case cannot occur. 

(iv). s' is of the form CTrd (t) for some basic term t. But then s' is basic term too, so the 
case does not occur. 

(v). s' is of the form Vrd (t) for some basic term t. But then one of RDCSI-RDCS4 is 
applicable, so s' is not a normal form. 

In any case that can occur it follows that s' is not a normal form. Since s' is a subterm of 
s, we conclude that s is not a normal form. This contradicts the assumption that s is a 
normal form. From this contradiction we conclude that s is a basic term, which completes 
the proof. _ 

Remark 2.5_13 (Elimination for BPAdrt-ID) 
Elimination for BPAdrt-ID is also claimed (without proof) in Theorem 2.1 of [11]. 

Theorem 2.5.14 (Soundness of BPAdrt-ID) 
The set of closed BPAdrr-ID terms modulo bisimulation equivalence is a model of BPAdrr-ID. 

Proof In Theorem 2.4.14 we already proved the soundness of Axioms AI-A5 and 
DRTl-DRT2 with respect to the term deduction system T(BPAdrt-o). Since the term de­
duction system T(BPAdrt-ID) uses the same underlying model as the term deduction sys­
tem T(BPAdrt-o), these proofs remain valid in the setting of BPAd"rt-ID. Therefore, we 
only have to prove soundness of the additional Axioms DRT3-DRT5 and DCSI-DCS4. 
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Axiom DRT3 Take the relation: 

R = {(s,s),(s+~,s) ISE C(BPAd"rcID)} 

We look at the transitions of both sides at the same time. First, s + Q !. p iff s !. p, 
and note that (p, p) E R. Secondly, s + Q !. J iff s !. I Thirdly, s + ~ 0: p iff sO: p, 
and note that (p, p) E R. - -

Axiom DRT4 Take the relation: 

R = {(~. s,~) Is E C(BPAd"r,-ID)} 

We look at the transitions of both sides at the same time. Observe that neither the 
left-hand side nor the right-hand side of the axiom can perform any transition: Q. 

a u a (J -

S off , ~ • S off and ~ off , ~ off • 

Axiom DRT5 Take the relation: 

R = {(s, s), (CTrel (s) + ~,CTrel (s» Is E C(BPAd"r,-ID)} 

We look at the transitions of both sides at the same time. Observe that neither the 
left-hand side nor the right-hand side of the axiom can perform an a-transition: 
CTrel (s) + Q! and CTrel (s) ! . Furthermore, the only CT-transitions are CTrel (s) + Q 0: s 

- " -and CTrel (s) - s, and note that (s, s) E R. 

Axiom DCS! Take the relation: 
R = {(Vrel(g) ,g»)} 

We look at the transitions of both sides at the same time. Observe that either side 
of the axiom can only do an a-transition to J: Vrel (g) !. J and g!. J. No other 
transitions are possible. 

Axiom DCS2 Take the relation: 

R = {(s, s), (Vrel (s + t), Vrel (s) + Vrel (t) Is, t E C(BPAd"r,-ID)} 

We look at the transitions of both sides at the same time. Observe that neither side 
of the axiom can do aCT-transition: Vrel(s + t) '{. and Vrel(S) + Vrel(t) '{.. Further­
more, Vrel (s + t) !. p iff s + t !'. p iff s !'. p or t!'. p iff Vrel (s) !'. p or Vrel (t) !'. p iff 
Vrel (s) + Vrel (t) !'. p, and note that (p, p) E R. Finally, Vrel (s + t) !'. J iff s + t !'. J 
iff s!'. J or t!'. J iff Vrel(s) !'. J or Vrel(t) !. J iff Vrel(s) + Vrel(t) !'. I 

Axiom DCS3 Take the relation: 

R = {(s,s), (vrel(s· t), Vrel(s) . t) Is, t E C(BPAd"r,-ID)} 

We look at the transitions of both sides at the same time. Observe that neither side 
of the axiom can do aCT-transition: Vrel (s . t) '{. and Vrel (s) . t'{.. Furthermore, 
Vrel(S· t) !'. p iff s . t!'. p iff s!'. J and p '" tor s!'. s' and p '" s' . tiff Vrel(s) !'. J 
and p '" tor Vrel(S) !'. s' and p '" s'· tiff Vrel(S) . t!'. p, and note that (p,p) E R. 
Finally, Vrel (s . t) ! J and Vrel (s) . t! J. 
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Axiom DCS4 Take the relation: 

We look at the transitions of both sides at the same time. Observe that neither the 
left-hand side nor the right-hand side of the axiom can perform any a-transition or 
u-transition: Vrel (Urel (s» ! , Vrel (Urel (s» ! , and ~ ! , ~ ! . 

• 
Remark 2.5.15 (Soundness of BPA;i;.,-ID) 
Soundness of BPAdrCID is also claimed (without proof) in Section 2.12.1 of [13] (where 
BPAdrt-ID is called BPADdt), and in Theorem 2.2 of [11]. 

Lemma 2.5.16 (Towards Completeness of BPAdn-ID) 
Let x be a closed BPAdrr-ID term and let a EA. Then we have: 

(i). T{BPAdrt-ID) -= x !.j = BPAdrr-ID f- X = Ii! + x, 

(ii). T{BPAdrr-ID) -= x ! Y = BPAdrt-ID f- x = Ii! . y + x, 

(iii). T(BPAdrt-ID) -= x! = BPAdrr-ID f- X = Vrel(X), 

(iv). BPAdrr-ID f- X + ~ = x, 

(v). T(BPAdrt-ID) -= x.'?; y = BPAdrt-ID f- X = Urel(Y) + Vrel(X), 

(vi). T(BPAdrt-ID) -= x! Y = n(x) > n(y), 

(vii). T(BPAdrt-ID) -= x! y = n(x) > n(y). 

Proof For part (i)-{v) we assume, by Theorem 2.5.12 and Theorem 2.5.14, without loss 
of generality, that x is a basic term, and then apply induction on the structure of basic 
terms. For part (vi) and (vii) we again have to use induction on the general structure of 
terms. 

(n. Suppose that T{BPAdrt-ID) -= x!.j. Case 1: x '" Q, where bEAD. Because 
T(BPAdr,-ID) -= x!.j, it must be the case that b '" a. So we have BPAdrCID f­

x = Q = Q + Q = fl + Q = fl + x. Case 2: x '" Q . x', where bEAD and x' is a basic 
term-:- This is in contradiction with T(BPAdrt-ID) -= x ! .j, so this case does not oc­
cur. Case 3: x '" x' + x", where x' and x" are basic terms. As T{BPAdr,-ID) -= x! .j, 
necessarily T{BPAdrt-ID) -= x' ! .j or T{BPAdrt-ID) -= x" ! .j. Therefore, by the in­
duction hypothesis, BPAdr,-ID f- x' = fl. + x' or BPAdr,-ID f- x" = fl. + x". But then in 
both cases BPAdrt-ID f- X = x' + x" = Ii + x' + x" = fl. + x. Case 4: x'" Urel (x'), where 
x' is a basic term. This is in contradiction with T(BPAdr,-ID) -= x! .j, so this case 
does not occur. 

(iii. Suppose that T(BPAdrt-ID) -= x ! y. Case 1: x '" Q, where bEAD. This is in contra­
diction with T{BPAdr,-ID) -= x! y, so this case does not occur. Case 2: x'" Q. x', 
where bEAD and x' is a basic term. Then, because T{BPAdrt-ID) -= x! y, it-must 
be that b '" a and x' '" y. So, BPAdr,-ID f- x = X + X = Q . x' + x = fl . y + x. Case 3: 

- -a 
X '" x' + x", where x' and x" are basic terms. As T{BPAdrt-ID) -= x - y, necessarily 
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T(BPAdrt-ID) F= x' .". Y or T(BPAdrt-ID) F= x" .". y. Therefore, by the induction hy­
pothesis, BPAdrt-ID f- x' = g . Y + x' or BPAdrt-ID f- x" = g . Y + x". But then in both 
cases BPAdrt-ID f- X = x' + X" = g. Y + x' + x" = g . Y + x. Case 4: x '" O'rel (x'), where 
x' is a basic term. This is in contradiction with-T(BPAdrt-ID) F= x.". y, so this case 
does not occur. 

(iii). Suppose that T(BPAdrt-ID) F= x'{.. Case 1: x '" g, where a E Ab. We have 
BPAd"rt-ID f- x = g = Vrel(g) = Vrel(x). Case 2: x ",-g' x', where a E Ab and x' 
is a basic term. We have BPAdrt-ID f- X = g . x' = Vrel (gT . x' = Vrel (g. x') = Vrel (x). 

- - - cr 
Case 3: x'" x' + x", where x' and x" are basic terms. As T(BPAdrt-ID) F= x ~ ,neces-
sarily T(BPAdrt-ID) F= x' '{. and T(BPAdrt-ID) F= x" '{.. Therefore, by the induction 
hypothesis, BPAdrt-ID f- x' = Vrel(X') and BPAdrCID f- x" = Vrel(X"). But then also 
BPAdrt-ID f- X = x' + x" = Vrel(X') + Vrel(x") = Vrel(X' + x") = Vrel(x). Case 4: x '" 
O'rel(X'), where x' is a basic term. This is in contradiction with T(BPAdrt-ID) F= X '{., 

so this case does not occur. 

(iv). Case 1: x '" g, where a E Ab. Then we have BPAdrt-ID f- x+.<2 = g+.<2 = g = x. Case 2: 
x'" g. x', where a E Ab and x' is a basic term. Then BPAdr;:ID ~ x+ £= g. x' +.<2 = 
g. x'+.<2· x' = (g +.<2) . x' = g. x' = X. Case 3: x '" x' + x", where x' and x" are basic 
terms. Then, bytheinduction hypothesis, BPAdrt-ID f- x' +.<2 = x',x" +.<2 = x". So, 
BPAdrt-ID f- X +.<2 = x' + x" +.<2 = x' + x" = x. Case 4: x ",-O'rel(x') , where x' is a 
basic term. ThenBPAdrCID f- x+ g = O'rel(X') + g = O'rel (x') = x. 

(v). Suppose that T(BPAdrt-ID) F= x.". y. Case 1: x '" g, where a E Ab. This is in contra­
diction with T(BPAdrt-ID) F= x.". y, so this case does not occur. Case 2: x '" g . x', 
where a E Ab and x' is a basic term. This is in contradiction with T(BPAdrt-ID) F= 

x.". y, so this case does not occur. Case 3: x '" x' + x", where x' and x" are ba­
sic terms. As T(BPAdrt-ID) F= x.". y, necessarily (1) T(BPAdrt-ID) F= x' .". y, x" '{. , 
or, (2) T(BPAdrt-ID) F= x' '{. ,x" .". y, or, (3) T(BPAdrt-ID) F= x' .". y', x" .". y" where 
y '" y' + y". In the first case, by the induction hypothesis, we have BPAdrt-ID f- x' = 

O'rel(Y) + Vrel(x') , and, by (iii), BPAdrt-ID f- x" = Vrel(X"). Therefore, BPAdrt-ID f­

X = x' +x" = O'rel(Y) +Vrel(X') +Vrel(X") = O'rel(Y) +Vrel(X' +x") = O'rel(Y) +vrel(x). 
The second case is treated analogously. In the third case we have, by the induction 
hypothesis, BPAdrCID f- x' = O'rel(Y') + Vrel(X') ,x" = O'rel(Y") + Vrel(X"). There­
fore we have BPAdrt-ID f- x = x' + x" = O'rel(Y) + Vrel(X') + O'rel(Y') + Vrel(X") = 
O'rel(Y + y') + Vrel(X' + x") = O'rel(Y) + Vrel(x). Case 4: x '" O'rel(X'), where x' is a 
basic term. Because T(BPAdrt-ID) F= x.". y, it must be the case that x' '" y. So we 
have BPAdrt-ID f- X = O'rel(X') = O'rel(Y) = O'rel(Y) +.<2 = O'rel(Y) + Vrel(O'rel(X'» 
O'rel (y) + Vrel (x). -

(vi). Suppose that T(BPAdrt-ID) F= x.". y. Case 1: x '" 12., where b E Ab. This is in 
contradiction with T(BPAdrt-ID) F= x.". y, so this case does not occur. Case 2: 
x '" x' . x", for certain terms x' and x". Then, because T(BPAdrt-ID) F= x.". y, we 
either have T(BPAdrt-ID) F= x' .". .J and Y '" x", or we have T(BPAdrt-ID) F= x' .". x'" 
and Y '" x'" . x" for some term x"'. In the first case, we have n(x) = n(x' . x") = 
n(x') + n(x") + 1 > n(x") = n (Y), and in the second we can apply the induction hy­
pothesis to arrive at n(x') > n(x'''), so we get n(x) = n(x'·x") = n(x')+n(x")+1 > 
n(x"') + n(x') + 1 = n(x'" . x") = n(y). Case 3: x '" x' + x", for certain 
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terms x' and x". Since T(BPAdr,-ID) F x!!. y, necessarily T(BPAdr,-ID) F x' !!. y 
or T(BPAdr,-ID) F x" !!. y. Therefore, by the induction hypothesis, n(x') > n(y) or 
n(x") > n(y). Inbothcasesn(x) = n(x' +x") = n(x') +n(x") + 1 > n(y). Case 4: 
x '" O"rel(X'), for a certain term x'. This is in contradiction with T(BPAdr,-ID) F 

x!!. y, so this case does not occur. Case 5: x '" Vrel(X') , for a certain term x'. Since 
T(BPAdr,-ID) F x!!. y, necessarily T(BPAdr,-ID) F x' !!. y. Therefore, by the induc­
tion hypothesis, n(x') > n(y). So, n(x) = n(Vrel(X')) = n(x') + 1 > n(y). 

(vii). Suppose that T(BPAdr,-ID) F X ~ y. Case 1: x "'!l., where a E Ao. This is in contra­
diction with T(BPAdr,-ID) F x ~ y, so this case does not occur. Case 2: x'" x' . x", 
for certain terms x' and x". Then necessarily, x' ~ x'" and y '" x'" . x" for some term 
x'''. We now can apply the induction hypothesis to arrive at n(x') > n(x'''), so we 
get n(x) = n(x'· x") = n(x') + n(x") + 1 > n(x''') + n(x") + 1 = n(x"'· x") = n(y). 
Case 3: x '" x' + x", for certain terms x' and x". As T(BPAdr,-ID) F x ~ y, neces­
sarily (1) T(BPAdr,-ID) F x' ~ y, x" ! , or, (2) T(BPAdr,-ID) F x' ! ,x" ~ y, or, (3) 
T(BPAdr,-ID) F x' ~ y', x" ~ y" where y '" y' + y". In the first case, by the induction 
hypothesis, n(x') > n(y). So n(x) = n(x' + x") = n(x') + n(x") + 1 > n(y). The 
second case is treated analogously. In the third case, by the induction hypothesis, 
n(x') > n(y') and n(x") > n(y"). So n(x) = n(x' + x") = n(x') + n(x") + 1 > 
n(y') + n(y") + 1 = n(y). Case 4: x '" O"rel(X'), for a certain term x'. Because 
T(BPAdr,-ID) F x ~ y, it must be the case that x' '" y. Then we have n(x) = 
n(O"rel(X')) = n(x') + 1 = n(y) + 1 > n(y). Case 5: x '" Vrel(x') , for a certain 
term x'. This is in contradiction with T(BPAdr,-ID) F x ~ y, so this case does not 
occur. 

• 
Theorem 2.5_17 (Completeness of BPAdr,-ID) 
The axiom system BPAdrr-lD is a complete axiomatization of the set of closed BPAdrr-lD 
terms modulo (strong) bisimulation equivalence. 

Proof Suppose x+ y -'PA- -10 y. We will prove, with induction on the structure of basic 
dn 

term x, that BPAdr,-ID f- x + y = y. By Theorem 2.5.12 we can restrict ourselves to basic 
terms without loss of generality. The proof is done with induction on n (x), using Lemma 
2.5.16(vi)-(vii) and case distinction on the form of basic term x. 

(i). x '" g,. Then, using Lemma 2.5.16(iv) we have BPAdr,-ID I- x + Y = g, + y = y + g, = y. 

(ii). x '" !l., where a E A. From the deduction rules we have T(BPAdr,-ID) F x.! J and 
T(BPAdr,-ID) F x + y !!. J. Since x + Y -BPA",-IO Y we also have T(BPAdr,-ID) F y!!. J. 
By Lemma 2.5.16(i)we obtain BPAdr,-ID f- y = g+y. So, BPAdr,-ID f- x+y = g+y = y. 

(iii). x '" Q.. s, where s is a basic term. Then we have BPAdr,-ID f- x = Q. s = Q and, using 
(i), BPAdrt-ID f- X + Y = y. - -

(iv). x '" g . s, where a E A and s is a basic term. From the deduction rules we obtain 
T(BPAdrt-ID) F x!!. sand T(BPAdr,-ID) F x + y!!. s. Since x + Y -'PA",-IO y, we then 
also have T(BPAdrt-ID) F y!!. t for some t such that s -BPA",-IO t. By the induction 
hypothesis we have BPAdrt-ID f- S = t. From Lemma 2.5.16(ii) we have BPAdrt-ID f­

Y = g. t + y. So, BPAdrt-ID f- X + Y = g. s + y = g. t + Y = y. 
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(v). x == s + t, where sand t are basic terms. Since s + t + Y -BPA",-JD y, we also have 
s + Y -BPA",-JD Y and t + Y -BPAd,,-JD y. By the induction hypothesis we then have 
BPAdr,-ID f- s + Y = y, t + Y = y. So, BPAdr,-ID f- x + Y = s + t + Y = s + Y = y. 

(vi). x == Urel (s), where s is a basic term. From the deduction rules we now have that 
T(BPAdr,-ID) F Urel(S) ~ s and since x + Y -BPA- -JD Y we also have T(BPAdr,-ID) F 

(T (T drt 
Y - t, X + Y - s + t for some t such that s + t -BPA- -ID t. By Lemma 2.5.16(v) we have 

dn 

BPAdr,-ID f- Y = Ure!(t) + Vrel (y). By the induction hypothesis we have BPAdr,-ID f-

s + t = t. So, BPAdr,-ID f- x + Y = Urel (s) + Y = Urel (s) + Ure! (t) + Vre! (y) = Ure! (s + 
t) + Vrel(Y) = Urel(t) + Vrel(Y) = y. 

• 
Remark 2.5.18 (Completeness of BPAdrt-lD) 
Completeness of BPAdr,-ID is also claimed (without proof) in Section 2.12.1 of [13] (where 
BPAdr,-ID is called BPA8d'), and in Theorem 2.2 of [11]. 

2.6 Soundness and Completeness of BPA;jrcID 

Definition 2.6.1 (Signature of BPAdr,-ID) 
The signature of BPAdr,-ID consists of the undelayable atomic actions {g.la E A}, the 
delayable atomic actions {ala E A}, the undelayable deadlock constant ~ the delayable 
deadlock constant 8, the alternative composition operator +, the sequential composition 
operator', the time unit delay operator Ure!, the "now" operator Vrel, and the unbounded 
start delay operator l j w. 

Definition 2.6.2 (Axioms of BPAclr,-ID) 
The process algebra BPAdr,-ID is axiomatized by the axioms of BPAdr,-ID given in Defini­
tion 2.5.2 on page 22, and Axioms ATS and USD shown in Table 14: BPAdr,-ID = AI-AS 
+ DRTl-DRT5 + DCS1-DCS4 + ATS + USD. 

a = 19jW ATS 

lxjw= Vrel(X) + urel(lxjW) USD 

Table 14: Axioms for delayable actions. 

Definition 2.6.3 (Recursion Principle for BPA,rr,-ID) 
Next to the axioms mentioned in Definition 2.6.2, the system BPAt,-ID also contains the 
recursion principle RSP(USD) shown in Table 15 on the following page. For more infor­
mation on recursion principles and their status with respect to axioms, see [14]. 

Remark 2.6.4 (Notation BPA;\r,-ID) 
By superscripting a theory with a "+" (e.g. BPAdr,-ID), we indicate the presence of the re­
cursion principle RSP(USD). Note that in [9, 11] the notation BPAdr,-ID + RSP(USD) is used 
instead of BPAclr,-ID. However, we find that notation cumbersome, as it clutters up the 
formulae. 
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= y = [xJ W RSP(USD) 

Table 15: Recursive Specification Principle for the Unbounded Start Delay. 

Definition 2.6.5 (Semantics of BPA.!r,-ID) 
The semantics of BPAclr,-lD are given by the term deduction system T(BPAdr,-ID) induced 
by the deduction rules for BPAdrt-ID given in Definition 2.5.4 on page 23, and the deduc­
tion rules for delayable actions given in Table 16. 

x !!. x' 

u 
a-a 

Table 16: Deduction rules for delayable actions. 

Definition 2.6.6 (Bisimulation and Bisimulation Model for BPA.!r,-ID) 
Bisimulation for BPAdrt-ID and the corresponding bisimulation model are defined in the 
same way as for BPAdrt-o and BPA respectively. Replace "BPAdrt-o" by "BPAdrt-ID" in Def­
inition 2.4.5 on page 14 and "BPA" by "BPAdrt-ID" in Definition 2.2.11 on page 8. 

Definition 2.6.7 (Basic Terms of BPA.!r,-ID) 
We define «(T, g" <5) -basic terms inductively as follows: 

(i). If a E AD, then g and a are «(T,g" o)-basic terms, 

(ii). if a E AD and t is a «(T,g" o)-basic term, then g. t and a . tare «(T,g" 0) -basic terms, 

(iii). if t and s are «(T,g" oJ-basic terms, then t + s is a «(T,g" o)-basic term, 

(iv). if t is a «(T,g" oj-basic term, then (Trel(t) is a «(T,g" o)-basic term. 

From now on, if we speak of basic terms in the context of BPAdr,-ID, we mean «(T,g" 0)­
basic terms. 

Definition 2.6.8 (Number of Symbols of a BPA.!I1-ID term) 
We define n (x), the number of symbols of x, is inductively as follows: 

(i). For a E AD, we define n(g) = n(a) = 1, 

(ii). for closed BPAdrt-ID terms x and y, we define n (x + y) = n (x . y) = n (x) + n (y) + 1, 

(iii). for a closed BPAdrt-ID term x, we definen«(Trel(x» = n(Vrel(X» = n([xJ W
) = n(x)+ 

1. 
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Proposition 2.6.9 (Properties of BPAdrt-ID, Part I) 
For BPAdrt-ID terms x and y. and any a E A8, we have the following equalities: 

(i). BPAdrt-ID I-- La J W = a 

(ji). BPAdrt-ID I-- Lx· yJw = LxJ w
. y 

(iii). BPAdrt-ID I-- Lx + yJw = LxJ w + LyJ w 

(iv). BPAdrt-ID I-- LO"rel(X) JW = (j 

(v). BPAdrt-ID I-- vrel(a) = g 

Proof 

(i). Consider the following computation: 

BPAdrt-ID I-- a = LgJ W 

Using RSP(USD), we obtain: 

= Vrel(g) + O"rel (LgJ W) 

= g+ O"rel(a) 

= g + ~ + O"rel(a) 

= Vrel(g) + Vrel (O"rel (LgJi) + O"rel(a) 

= Vrel (g + O"rel (LgJ W)) + O"rel(a) 

= Vrel (Vrel(g) + O"rel (LgJ W)) + O"rel(a) 

= Vrel (LgJ W) + O"rel(a) 

= Vrel(a) + O"rel(a) 

(ii). Consider the following computation: 

BPAdrt-ID I--LxJ w
. y = (Vrel(X) + O"rel(LxJ W)) . Y 

= Vrel (x) . Y + O"rel (LxJ W) • y 

= Vrel(x, y) + O"rel(LxJ w • y) 

Using RSP(USD) (with x instantiated by x . y and y by LxJ W • y), we obtain: 

BPAdrt-ID I-- LxJ w . y = Lx· yJw 

(iii). Consider the following computation: 

BPAdrt-ID I--LxJ w + LyJ w = Vrel(x) + O"rel(LXJ W
) + Vrel(y) + O"rel(LyJ W) 

= Vrel(X + y) + O"rel(LxJ w + LyJW) 

Using RSP(USD), we obtain: 

BPAl-t-ID I-- LxJ w + LyJw = Lx + yJw 
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(iv). Consider the following computation: 

BPAdrt-ID f- 8 = l 8 J W 

= Vrel (~) + Urel (lg)W) 

= g + ureI( 19J W) 
= Urel (8) 

= Vrel(urel(x» + u rel(8) 

Using RSP(USD), we obtain: 

(v). Consider the following computation: 

So we obtain: 

BPAdrt-ID f- Vrel(a) = vreltlgJ W) 

= Vrel (Vrel(g) + Urel (lgJ W)) 

= Vrel(g + Urel(a» 

= Vrel(g) + Vrel(urel(a» 

=g+~ 

=f! 

BPAdrt-ID f- Vrel(a) = f! 

Remark 2.6.10 (Properties of BPAdrcID, Part I) 
• 

The equalities of Proposition 2.6.9 on the page before are not new, but have been de­
scribed before. See for example [20]. 

Proposition 2.6.11 (Properties of BPAdrCID, Part 0) 
For any BPAdrt-ID term x we have the following equality: 

Proof 

BPAdrt-ID f- 8 . x = 8 

Using Proposition 2.6.9(ii) we derive: 

BPAtt-ID f- 8· x = 19J
w

. x = 19· xJ w = 19J
w = 8 

Theorem 2.6.12 (Elimination for BPAdrt-ID) 
• 

Let t be a closed BPAdrt-ID term. Then there is a basic term s such that BPAdrt-ID f- S = t. 

Proof First a term rewriting system is given. Then, it is shown that this term rewriting 
system is strongly normalizing and that the normal forms of the closed BPAdrt-ID terms 
are basic terms. 

The term rewriting system is given in Table 17 on the following page. The rewriting 
rules RA4, RAS, RDRT2, RATS, and RDCSI-RDCS4 are obtained directly from the axioms. 
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(x + y) . z - x . z + y . z RA4 

(x . y) . z - x . (y . z) RAS 

Urel (x) . y - Urel (x . y) RDRT2 

19J
w 

- a RATS 

laJw - a RUSD1 

lx·yJw-lxJw. y RUSD2 

lx + yJw - lxJ oo + lyJoo RUSD3 

lUrel(x)J oo
- 0 RUSD4 

Vrel(g) - g RDCS1 

Vrel (x + y) - Vrel (x) + Vrel (y) RDCS2 

Vrel (x . y) - Vrel (x) . y RDCS3 

Vrel(Urel(X)) - ~ RDCS4 

Vrel(a) - g RDCSS 

Table 17: Term rewriting system for BPAdrt-ID. 

The rewriting rules RUSD1-RUSD4 and RDCSS are added to deal properly with the recur­
sive definition of ultimate start delay; the corresponding equalities are derivable from the 
axioms as is shown in Proposition 2.6.9. With the method of the lexicographical path 
ordering it is shown that the term rewriting system is strongly normalizing. Thereto the 
operator· is assigned the lexicographical status for the first argument and the following 
well-founded partial ordering on the signature of BPAdrcID is defined: 

1 J 00 > a 

V 

Vrel > > + 
V V 

g Urel 

Now we show that the left-hand side of every rewriting ruJe is bigger than the right-hand 
side with respect to the ordering ?-I"". This is done by the following reductions: 

00 00* 

l~J ?-100 19J 
rlpo a 

W 00* laJ ?-Ip, laJ 

>-lpo a 

W 00* 00* 00* l * JW ( Lx·yJ ?-lp,Lx·yJ ?-lp,Lx·yJ ·Lx·yJ ?-Ip, X· y . x·y) 

?-I"" lxJ w. (x· y) ?-Ip<> LxJ oo
• (x· * y) ?-Ip, LxJ w. y 

Lx + y J 00 ?-Ip, lx + Y JOO* ?-Ip, lx + y J 00* + lx + y J 00* >Ip, l x + * yJoo + lx + * yt 

?-Ip, lxJ w+ lyJw 
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w ( ) w* LCTrel(X) J >-Ipo LCTrel x J 
>-lpo 6 

vrel(a) >-Ipo vret*(a) 

Note that we do not give reductions for RA4, RAS, RDRT2, and RDCSI-RDCS4 as these 
already have been given in the proofs of previous elimination theorems, and since the 
new ordering is a proper extension of the old ones, these proofs remain valid. 

It remains to prove that every normal form of a closed BPAdrt-ID term is a basic term. 
Suppose that s is the normal form of a closed BPAdrt-ID term. Furthermore, suppose that 
s is not a basic term and that s' is the smallest sub term of s which is not a basic term. 
We distinguish all possible cases: 

(i). s' is of the form g or a for some a E AD. Then s' is clearly a basic term, so this case 
does not occur. 

(ii). s' is of the form S1 . Sz for basic terms S1 and Sz. With respect to basic term S1 the 
following cases can be distinguished: 

(a) S1 == !1. for some a E AD. Then s' is a basic term. This contradicts the assump­
tion that s' is not a basic term. 

(b) S1 == a for some a E AD. Then s' is a basic term, and we have again a contra­
diction. 

(c) S1 == !1. . s; for some a E Ao and basic term s;. Then rewriting rule RAS is 
applicable, so s' is not a normal form. 

(d) S1 == a . s; for some a E Ao and basic term s;. Then rewriting rule RA5 is 
applicable, so s' is not a normal form. 

(e) S1 == s; + s;' for some basic terms s; and s~. Then rewriting rule RA4 is appli­
cable, so s' is not a normal form. 

(f) S1 == CTrel(S;) for some basic term s;. Then rewriting rule RDRT2 is applicable, 
so s' is not a normal form. 

(iii). s' is of the form s; + s; for basic terms s; and s;. Then s' is a basic term itself, so 
this case cannot happen. 

(iv). s' is of the form CTrel (s") for some basic term s". Then again s' is a basic term itself, 
so this case cannot happen either. 

(v). s' is of the form Vrel(S"), where s" is a basic term. Then one ofRDCSl-RDCSS can 
be applied, so s' is not a normal form. 

(vi). s' is of the form Ls" J W for some basic term s". Then one of RATS or RUSDI-RUSD4 
can be applied, so s' is not a normal form. 

In every case s' is a basic term or a rewriting rule is applicable. If s' is a basic term this 
contradicts the assumption that it is not. If a rewriting rule is applicable then s' and s 
are not a normal form. This contradicts the assumption that s is a normal form. From 
this contradiction we conclude that s is a basic term. • 
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Remark 2.6.13 (Elimination for BPAdrCID) 
Elirrtination for BPA.lr,-ID is also claimed (without proof) in Theorem 5.3 of [11] (where 
BPA.lr,-ID is called BPAdrt-ID). 

Theorem 2.6.14 (Soundness of BPAdrt-ID) 
The set of closed BPAdrr-ID terms modulo bisimulation equivalence is a model of BPAdrt-ID. 

Proof Note that the soundness proofs for Axioms AI-AS, DRT1-DRTS, and DCSI­
DCS4 given in the previous sections also remain valid in the setting with delayable ac­
tions. This is due to the fact that the underlying model (namely: finite transition systems 
with u's) has not changed. Or, stated more concretely: allu-transitions were considered 
without regard for whether they resulted from a Urel operator or otherwise, so the extra 
u-transitions introduced by the delayable actions do not matter. 

Axiom ATS Take the relation: 
R={(a,lgjW)} 

There are only two transitions possible on the left -hand side of the axiom: a !'.. J 
and a .'?; a. The right-hand side can also perform two transitions: l.rrj w!'.. J and 
19j w.'?; 19j w, and note that (a, 19j W) E R. -

Axiom USD Take the relation: 

First we look at the transitions of the left-hand side: 

(i). Suppose lsjw!'.. p. Then thls must be due to s!'.. p. But then also Vrel(s) !'.. p 
and Vrel(S) + Urel(lsjW) !'.. p, and note that (p,p) E R. 

(ii). Suppose lsjw!'.. J. Then this must be due to s!'.. J. But then also Vrel(S) !'.. J 
and Vrel(s) + urel(lsj"'l !'.. J. 

(iii). Suppose l s j W .'?; p. Then necessarily p '" l s j w. We also have UreJ ( l s j W) .'?; l s j w, 

hence Vrel(S) + urel(lsjW) .'?; lsjW, and note that (lsjW, lsjW) E R. 

Secondly, we look at the transitions of the right-hand side: 

(i). Suppose Vrel (s) + Urel (ls j W) !'.. p. Then this must be due to s !'.. p. But then also 
lsjw!'.. p, and note that (p,p) E R. 

(ii). Suppose Vrel(S) + urel(lsjW) !'.. J. Then thls must be due to s!'.. J. But then 
also lsjw!'...j. 

(iii). Suppose Vrel (s) + Urel (ls J"') .'?; p. Then thls must be due to Urel (ls j W) .'?; P with 
P'" lsjw. Clearly, then also lsjw.'?; lsjW, and note that (lsjW,p) E R. 

RSP(USD) Suppose that R' is a bisimulation relation between y and Vrel(X) + Urel (y). We 
must prove that y -BPAd,-,-1D lxj w. Then take the symmetric, transitive closure of R' 
(whlch is again a bisimulation, see [15]), denoted R,ST, and extend it to a bisimula­
tion relation R between y and lxj W as follows: 

R = R,ST U {(s, lxj "'l Is E C(BPAclr,-ID) /\ y~s} 
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Now, let s be any closed term such that y~s. Then, using induction on the number 
of u-transitions, we have that (y, s) E R'. 

First, we look at the transitions of the left-hand side, i.e., the transitions of s: 

(0. Suppose s ~ p. Then, as (y, s) E R', y ~ q such that (p, q) E R'. As (y, Vrel (x) + 
Urel(Y» E R', we have Vrel(X) + Urel(Y) ~ r for some r such that (q, r) E R'. 
Hence, Vrel (x) ~ r, hence x ~ r, hence lxJ w ~ r, and note that by transitivity 
(p, r) E R'ST, so (p, r) E R. 

(ii). Suppose s ~ J. Then, as (y,s) E R', y ~ J. As (y, Vrel(X) + Urel(Y» E R', we 
have Vrel(X) + Urel(Y) ~ J. Hence, Vrel(X) ~ J, hence x ~ J, hence lxJ w ~ J. 

(iii). Suppose s .'?; p. Sincey';;'s, we have y';;'p. We also havelxJ w.'?; lxJ w, and note 
that (p, lxJ W) E R. 

Secondly, we look at the transitions of the right-hand side: 

(0. Suppose lxJ w ~ q. Then x ~ q, hence Vrel(X) ~ q, hence Vrel(X) + Urel(Y) ~ q. 
As (y, Vrel(X) + Urel (y» E R', we know that Y ~ P for some p such that (p, q) E 

R'. Since (y,s) E R', we also have s ~ r for some r such that (p, r) E R', and 
note that by symmetry and transitivity (r,q) E R'ST, so (r, q) E R. 

(ii). Suppose lxJ w ~ J. Then x ~ J, hence Vrel (x) ~ J, hence Vrel(X) + Urel (y) ~ J. 
As (y, Vrel(X) + Urel (y» E R', we know that y ~ J. Since (y, s) E R', we also 
have s ~ J. 

(iii). Suppose lxJ w.'?; q. Then, it must be the case that q == lxJ w. We also have 
Urel (y) .'?; y, hence Vrel (x) + Urel (y) .'?; y, and as (y, Vrel (x) + Urel (y» E R', 
we know that y.'?; p such that (p,y) E R'. As (y,s) E R'b-necessarily s.'?; r 
for some r such that (p, r) E R'. Since y~s, we have y~r, and note that 
(r, lxJ~ E R. 

• 
Remark 2.6_15 (Soundness of BPAdrt-ID) 
Soundness of BPAdrt-ID is also claimed (without proof) in Theorem 5.4 of [UI (where 
BPAdrt-ID is called BPAclrt-ID). 

Lemma 2.6.16 (Towards Completeness of BPAdrt-ID) 
Let x and y be closed BPAdrt-ID terms and let a EA. Then we have: 

(i). T(BPAdrt-ID) F= X ~ J ~ BPAdrt-ID f- X = g + x, 

(ii). T(BPAdrt-ID) F= X ~ Y ~ BPAdrt-ID f- X = g. y + x, 

(iii). T(BPAdrr-ID) F= X '{. ~ BPAdrt-ID f- X = vre/(x) , 

(tv). BPAdrt-ID f- x + g, = x, 

(v). T(BPAdrt-ID) F= x.'?; Y ~ BPAdrt-ID f- X = ure/(y) + vre/(x) , 

(vi). T(BPAdrt-ID) F= x.'?; X ~ BPAdrt-ID f- x = lxJ w
, 

(vii). T(BPAdrt-ID) F= X ~ Y ~ n(x) > n(y), 
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(viii). T(BPAdrt-ID) F x.'?; Y = x;: y v n(x) > n(y). 

Proof For part (i)-(vi) we assume, by Theorem 2.6.12 and Theorem 2.6.14, without 
loss of generality, that x is a basic term, and then apply induction on the structure of basic 
terms. For part (vii) and (viii) we again have to use induction on the general structure of 
terms. 

(i). Suppose that T(BPAdr,-ID) F x.'!.,j. Case 1: x ;: 12., where b E A8. Because 
a -

T(BPAdr,-ID) F x - .j, it must be the case that b ;: a. So we have BPAdr,-ID f-

X = 12. = 12. + 12. = il. + 12. = il. + x. Case 2: x ;: b, where b E A8. Because 
T(BPAdr,-ID) F -x.'!. ), it must be the case that b ;: a. So we have BPAdrt-ID f­

X = b = l12.J W = Vrel (12.) + are! (l12.J"') = Vrel (12.) + Vre! (12.) + are! (l12.J W) = 12. + l12.J W = 

il. + b = ii + x. Case3: x ;: 12.-: x', where b E A8 and x' is a basic term. Thls is 
ill contradiction with T(BPAdr-;--ID) F x.'!. .j, so this case does not occur. Case 4: 
x ;: b . x', where b E A8 and x' is a basic term. This is in contradiction with 
T(BPAdr,-ID) F x.'!. .j, so this case does not occur. Case 5: x ;: x' + x", where x' and 
x" are basic terms. As T(BPAdr,-ID) F x.'!. .j, necessarily T(BPAdrt-ID) F x' .'!. .j or 
T(BPAdr,-ID) F x" .'!. .j. Therefore, by the induction hypothesis, BPAdr,-ID f- x' = 

il. + x' or BPAdr,-ID f- x" = il. + x". But then in both cases BPAdr,-ID f- X = x' + x" = 
ii + x' + x" = Q + x. Case 6:x;: arel(x'), where x' is a basic term. This is in contra­
diction with T(BPAdr,-ID) F x .'!. .j, so this case does not occur. 

(ii). Suppose that T(BPAdr,-ID) F x!! y. Case 1: x ;: 12., where b E A8. This is in 
contradiction with T(BPAdrt-ID) F x.'!. y, so this Case does not occur. Case 2: 
x ;: b, where b E A8. This is in contradiction with T(BPAdr,-ID) F x!! y, so 
this case does not occur. Case 3: x ;: 12. . x', where b E A8 and x' is a basic 
term. Then, because T(BPAdr,-ID) F x.'!. y, it must be that b ;: a and x' ;: y. So, 
BPAdr,-ID f- x = X + X = 12. . x' + x = il. . Y + x. Case 4: x ;: b . x', where b E A8 and 
x' is a basic term. Then,because T(BPAdrt-ID) F x!! y, it must be that b ;: a and 
x' ;: y. So, BPAdr,-ID f- X = b . x' = a . y = (il. + a) . y = il. . Y + a . y = il. . Y + x. Case 5: 
x ;: x' + x", where x' and x" are basic terms. As T(BPAdr,-ID) F x ": y, necessarily 
T(BPAdr,-ID) F x' !! y or T(BPAdr,-ID) F x" !! y. Therefore, by the induction hy­
pothesis, BPAdr,-ID f- x' = Q. y + x' or BPAdr,-ID f- x" = Q . y + x". But then in both 
cases BPAdr,-ID f- x = x' + X7' = Q. y + x' + x" = Q . y + x. Case 6: x ;: are! (x'), where 
x' is a basic term. This is in colltradiction with-T(BPA<ir,-ID) F x.'!. y, so this case 
does not occur. 

(iii). Suppose that T(BPAdr,-ID) F x':.. Case 1: x ;: !l. where a E A8. We have 
BPAdr,-ID f- x = Q = Vrel(Q) = Vrel(x). Case 2: x;: a, where a E A8. This is in con­
tradiction with f(BPAdr,-ID) F x':. , so this case does not occur. Case 3: x:; Q. x', 
where a E A8 and x' is a basic term. We have BPAdr,-ID f- X = Q. x' = Vrel (Q) -: x' = 

Vre! (Q . x') = Vre! (x). Case 4: x ;: a . x', where a E A8 and x' is a basic term. This 
is in contradiction with T(BPAdr,-ID) F x':. , so this case does not occur. Case 5: 
x;: x' + x", where x' and x" are basic terms. As T(BPAdr,-ID) F x':., necessarily 
T(BPAdr,-ID) F x' ':. and T(BPAdr,-ID) F x" ':.. Therefore, by the induction hy­
pothesis, BPAdr,-ID f- x' = Vrel(X') and BPAdr,-ID f- x" = vre!(x"). But then also 
BPAdr,-ID f- x = x' + x" = Vrel(X') + Vrel(X") = Vrel(X' + x") = Vrel(x). Case 6: x;: 
arel(x') , where x' is a basic term. This is in contradiction with T(BPAdr,-ID) F X ':., 
so this case does not occur. 
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(iv). Case 1: x == g, where a E AD. This is exactly Axiom ORT4. Case 2: x == a, where 
a E AD. Thenwe have BPAd;.t-ID f-- X + Q = a + Q = 19j W + Q = Vrel (g) + O"rel (lgj W) + 
Q = g + Q + O"rel (lgj W) = g + O"rel (lgjW) = V-;:-el (g) + O"r:i" (lgj W) -:, 19j W = a = x. 
Case3: x-== g. x', where a -E AD andx' is a basicterm. Then we haveBPAd;.t-ID f-­

x + Q = g. x'+ Q = g . x' + Q . x' = (g + Q) . x' = g . x' = x. Case 4: x == a . x', where 
a E -AD and x' is a basic term. Then, by case 2,BPAd;..-ID f-- x + Q = a . x' + Q = 

a . x' + Q . x' = (a + Q) . x' = a . x' = x. Case 5: x == x' + x", where x'and x" are basic 
terms. By the induction hypothesis we have BPAd;.t-ID f-- x' + Q = x',x" + Q = x". 
So BPAd;.t-ID f-- x + Q = x' + x" + Q = x' + x" = x. Case 6: x == 0"-;:;'1 (x'), where x' is a 
basic term. This is exactly Axiom-ORTS. 

(v). Suppose that T(BPAdrt-ID) >= x ~ y. Case 1: x == !l, where a E AD. This is in con­
tradiction with T(BPAdrt-ID) >= x ~ y, so this case does not occur. Case 2: x == a, 
where a E AD. Because T(BPAdrt-ID) >= x ~ y, it must be the case that Y == a. So 
we have BPAd;.t-ID f-- X = a = 19jW = Vrel(g) + O"rel (lgjW) = O"rel(a) + Vrel(g) + Q = 

O"rel (a) +Vrel (g) +Vrel (O"rel (lgj W)) = O"rel (a) +Vrel (vr:i"(g) + O"rel (lgj W)) = Urel (a) + 
Vrel (lgjW) = (Trel(a) + Vrel(a} = O"rel(Y) + Vrel(X). Case3: x == g·x', where a E AD 
and x'is a basic term. This is in contradiction with T(BPAdrt-ID) >= x ~ y, so this 
case does not occur. Case 4: x == a . x', where a E AD and x' is a basic term. Because 
T(BPAdrt-ID) >= x ~ y, it must be the case that Y == a . x'. So we have BPAdrt-ID f-­

X = a . x' = 19j W . x' = (Vrel (g) + O"rel (lgj W)) . x' = Vrel (g) . x' + O"rel (lgj W) . x' = 

O"rel (lgj W) . Xi+ Vrel (g) . x' +Q ~ O"rel (a· x' )+vrel (g) . x' +Q. xT = O"rel (y) + (V~l (g) +Q) . 
x' = O"~I(Y) + (Vrel(g) + Vrcl(O"rel (lgjW))) ·x' =Urel(Y)+Vrel (g + O"rel (lgjW)) ·x' = 

O"rel(Y) +Vrel (Vrel(g) + O"rel (lgjW)):-x' = O"rel(Y) +vrel (lgjW)·il = O"rel(Y) +Vrel(a)· 
x' = O"rel (y) + Vrel (a . x') = O"r:i"(y) + Vr,l (X). Case 5: x == x' + X", where x' and x" are 
basic terms. As T(BPAdrr-ID) >= x ~ y, necessarily (1) T(BPAdrt-ID) >= x' ~ y, x" 'J. , 
or, (2) T(BPAdrr-ID) F= x' '{. ,x" ~ y, or, (3) T(BPAdrr-ID) >= x' ~ Y ,x" ~ y' where 
Y == y' + y'. In the first case, by the induction hypothesis, we have BPAdrt-ID f-- x' = 

O"rel(Y) + Vrel(X'), and, by (iii), BPAd;.t-ID f-- x" = Vrel(X"). Therefore, BPAdrt-ID f-­

X = x' +x" = O"rel(Y) +Vrel(X') +Vrel(X") = O"rel(Y) +Vrel(X' +x") = O"rel(Y) +Vrel(X). 
The second case is treated analogously. In the third case we have, by the induction 
hypothesis, BPAd;.t-ID f-- x' = O"rel(Y') + Vrel(x') ,x" = O"rel(Y") + Vrel(x"). There­
fore we have BPAdrt-ID f-- X = x' + x" = O"rel(Y) + Vrel(X') + O"rel(Y') + Vrel(X") = 
O"rel(Y + y') + Vrel(X' + x") = O"rel(Y) + Vrel(x). Case 6: x == O"rel(X'), where x' is a 
basic term. Because T(BPAdrt-ID) >= x ~ y, it must be the case that x' == y. So we 
have BPAd;.t-ID f-- X = O"rel(X') = O"rel(Y) = O"rel(Y) + Q = O"rel(Y) + Vrel(O"rel(X'» = 
O"rel (y) + Vrel (x). -

(vi). Suppose that T(BPAdrr-ID) >= x ~ x. Case 1: x == g, where a E AD. This is in contra­
diction with T(BPAdrt-ID) >= x ~ x, so this case does not occur. Case 2: x == a, where 
a E AD. Then we have, using Proposition 2.6.9(i), BPAdrt-ID f-- X = a = lajW = lxjw. 
Case 3: x == g . x', where a E AD and x' is a basic term. This is in contradiction 
with T(BPAdr-;--ID) >= x ~ x, so this case does not occur. Case 4: x == a . x', where 
a E AD and x' is a basic term. Then we can derive, using Proposition 2.6.9(i) and (ii), 
BPAd;.t-ID f-- X = a ·x' = lajw·x' = la . x' jW = lxjw. Case 5: x == x' +x", where x' and 
x" are basic terms. Then we can derive, using Proposition 2.6.9(iii) and the induc­
tion hypothesis, BPAd;.t-ID f-- X = x' +x" = lxjw+ lx' jW = lx' + x" jW = lxjw. Case 6: 
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x '" CTrel (x'). where x' is a basic term. This is in contradiction with T(BPAdrt-ID) F= 

x .£; x, so this case does not occur. 

(vii). Suppose that T(BPAdrt-ID) F= x!!. y. Case 1: x '" 12, where b E Ao. This is in con­
tradiction with T(BPAdrt-ID) F= x!!. y, so this case does not occur. Case 2: x '" b, 
where bEAD. This is in contradiction with T(BPAdrt-ID) F= x !!. y, so this case does 
not occur. Case 3: x is of the form x' . x", for certain terms x' and x". Then, by 
T(BPAdrt-ID) F= x!!. y, we either have T(BPAdrt-ID) F= x' !!. J and y '" x", or we 
have T(BPAdrt-ID) F= x' !!. x'" and y '" x'" . x" for a certain term x"'. In the first 
case, we have n(x) = n(x' . x") = n(x') + n(x") + 1 > n(x") = n(y). and in the 
second we can apply the induction hypothesis to arrive at n (x) > n (x'''), so we get 
n(x) = n(x' . x") = n(x') + n(x") + 1 > n(x') + n(x''') + 1 = n(x'" . x') = n(y). 
Case 4: x '" x' + x", for certain terms x' and x". Since T(BPAdrt-ID) F= x!!. y, 
necessarily T(BPAdrt-ID) F= x'!!. y or T(BPAdr,-ID) F= x" !!. y. Therefore, by the 
induction hypothesis, n(x') > n(y) or n(x") > n(y). In both cases n(x) = 

n(x' + x") = n(x') + n(x") + 1 > n(y). Case 5: x '" CTrel(X'), for a certain term 
x'. This is in contradiction with T(BPAdrt-ID) F= x!!. y, so this case does not oc­
cur. Case 6: x '" Vrel(X'), for a certain term x'. Then, by T(BPAdrt-ID) F= x!!. y, 
we also have T(BPAdrt-ID) F= x' !!. y, and using the induction hypothesis, n(x) = 

n( Vrel (x'» = n(x') + 1 > n (y). Case 7: x '" lx' jW, for a certain term x'. Then, by 
T(BPAdrt-ID) F= x!!. y, we also have T(BPAdrt-ID) F= x' !!. y, and using the induction 
hypothesis, n(x) = n(lx' j"') = n(x') + 1 > n(y). 

(viii). Suppose that T(BPAdrt-ID) F= x.£; y. Case 1: x '" f!, where a E AD' This is in con­
tradiction with T(BPAdrt-ID) F= x.£; y, so this case does not occur. Case 2: x '" a, 
where a E AD' As T(BPAdr,-ID) F= x.": y, necessarily y '" x. Case 3: x '" x' . x" for 
certain terms x' and x". Then, because T(BPAdrt-ID) F= x.": y, either x '" y and we 
are done, or T(BPAdrt-ID) F= x' .": x'" and y '" x'" . x" for some term x'" $. x'. In that 
case, we can apply the induction hypothesis to arrive at n(x') > n(x'''), so we get 
n(x) = n(x' . x") = n(x') + n(x") + 1 > n(x''') + n(x") + 1 = n(x'" . x") = n(y). 

Case 4: x '" x' + x", for certain terms x' and x". As T(BPAdrt-ID) F= x.": y, neces­
sarily (1) T(BPAdrt-ID) F= x' .": y, x" ~ , or, (2) T(BPAdrt-ID) F= x' ~ ,x" .£; y, or, (3) 
T(BPAdr,-ID) F= x' .£; y, x" .": y" where y '" y + y". In the first case, by the induc­
tion hypothesis, x' '" y or n(x') > n(y). If x' '" y we have n(x) = n(x' + x") = 

n(x') + n(x") + 1 > n(x') = n(y), otherwise we have n(x) = n(x' + x") = 
n(x') + n(x") + 1 > n(y). The second case is treated analogously. In the third 
case, by the induction hypothesis, x' '" y' or n(x') > n(y), and, x" '" y' or 
n(x") > n(y"). If x' '" y' and x" '" y", we have x '" x' + x" '" y' + y" '" y, and we are 
done. Otherwise, we have n(x') + n(x") > n(y') + n(y"), so n(x) = n(x' + x") = 

n(x') + n(x") + 1 > n(y') + n(y") + 1 = n(y). Case 5: x '" CTrel(X')' for a certain 
term x'. Because T(BPAdr,-ID) F= x.£; y, it must be the case that x' '" y. Then we 
have n(x) = n(CTrel(X')) = n(x') + 1 = n(y) + 1> n(y). Case 6: x'" Vrel(X'), for a 
certain term x'. This is in contradiction with T(BPAdrt-ID) F= x.": y, so this case does 
not occur. Case 7: x'" lx' jW, for a certain term x'. Because T(BPAdrt-ID) F= x.£; y, 
it must be the case that x '" y, and we are done. 

• 
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Theorem 2.6.17 (Completeness of BPAdrt-1D) 
The axiom system BPAdrt-ID is a complete (lxiomatizarion of the set of closed BPAdrr-ID 
terms modulo bisimulation equivalence. 

Proof Suppose that s + t -""",-ID t. We will prove that BPAdrt-ID f-- S + t = t. By 
Theorem 2.6.12 we can restrict ourselves to basic terms sand t. The proof is done with 
induction on n(s), using Lemma 2.6.16(vii)-(viii) and case distinction on the form of basic 
term s. 

(i). s = ~. The equality that we must prove, i.e. BPAdrt-ID f-- ~ + t = t, is Lemma 
2.6.16(iv). 

(ii). s = !!, where a E A. Then s ~ J. Then also s + t ~ J. Since s + t and tare bisimilar 
alsot ~ J. By Lemma 2.6.16(i)we have BPAdrt-ID f-- t = .f!+[. Considerthefollowing 
computation: BPAdrt-ID f-- S + t = g + t = t. -

(iii). s = 0. Then 0 ~ 0. Therefore s + t ~ s + t' and t ~ t' with s + t' -""",.ID t'. With 
Lemma 2.6.16(v) we have BPAdrt-ID f-- t = O"rel(t') + Vrel(t). Two cases need to be 
considered: 

(a) t = t'. Now, s + t ~ s + t and t ~ t, so by Lemma 2.6.16(vi) we have BPAdrt-ID f-­

S + t = ls + t j wand BPAdrt-ID f-- t = l t j w. So we can derive, using Proposition 
2.6.9(iii) and Lemma 2.6.16(iv): BPAdrcID f-- s + t = ls + tjW = lsjW + ltjW = 
lojW + ltjW = 0 + ltjW = l~jW + ltjW = l~ + tjW = ltjW = t. 

(b) t "' t'. Now, by Lemma 2.6.16(viii), n(t') < n(t). Therefore, the induction 
hypothesis is applicable: BPAdrt-ID f-- 0 + t' = t'. Consider the following com­
putation: BPAdrt-ID f-- S + t = 0 + t = lQjW + t = Vrel(Q) + O"rel (lQjW) + t = 

§. + O"rd (8) + t = O"rel (8) + t = O"rd (0) + O"r;;-( t') + Vrel( t) = -O"rd (8 + t')+ Vrel(t) = 
Urel (t') + Vrel(t) = t. 

(iv). s = a, where a E A. Then s ~ J. Therefore s + t ~ J and, since s + t -""",-ID t, 
t ~ J. Using Lemma 2.6.16(i) we obtain BPAdrt-ID f-- t = .f! + t. We also have s ~ s. 

u u -
Therefore s+ t - s + t' and t - t'. From Lemma 2.6.16(v) we obtain: BPAdrt-ID f-- t = 

O"rel (t') + Vrel (t). Two cases can be distinguished: 

(a) t = t'. Now, s + t ~ s + t and t ~ t, so by Lemma 2.6.16(vi) we have BPAdrt-ID f-­

S + t = ls + tjW and BPAdrt-ID f-- t = ltjw. So we can derive, using Proposition 
2.6.9(iii): BPAdrt-ID f-- S + t = ls + t j W = ls j W + l t j W = l a jW + l t j W = a + l t j W = 
19jw+ltjw=lg+tjw=ltjw=t. 

(b) t "' t'. Now, by Lemma 2.6.16(viii), n(t') < n(t). Therefore, the induction 
hypothesis is applicable: BPAdrt-ID f-- a + t' = t'. Consider the following com­
putation: BPAdrt-ID f-- S + t = a + t = l.f!jW + t = Vrel(.f!) + O"rel (l.f!jW) + t = 

.f!+O"rel(a) +t = O"rel(a) +t = O"rel(a) +O"r;;-(t') +Vrel(t) =-O"rel(a+t')+Vrel(t) = 
a-rel(t') + Vrel(t) = t. 

(v). s = §. . s', where s' is a basic term. Then we have BPAdrt-ID f-- S = Q . s' = Q and, 
using (i), BPAdrt-ID f-- S + t = t. - -

(vi). s = .f! . s', where a E A and s' is a basic term. Then s ~ s' and s + t ~ s'. By Lemma 
2.6.16(ii) we have BPAdrt-ID f-- t = g. t' + t. Since s + t -""",-ID t we also have t ~ t' for 
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some t' such that s' -BPA,m-ID t'. By induction we have BPAdrt-ID f-- s' = t'. Consider 
the following computation: BPAdrt-ID f-- S + t = g . s' + t = g . t' + t = t. 

(vii). s '" {j. s', where s' is a basic term. Then we have, using Proposition 2.6.1l, 
BPAdrt-ID f-- S = {j . s' = (j and, using (iii), BPAdrt-ID f-- S + t = t. 

(viii). s '" a . s', where a E A and s' is a basic term Then s!. s' and s + t!' s'. Since 
s + t -BPA", -ID t we also have t !. t' for some t' such that s' -BPAdn-ID t'. By induction , ~ ~ 
we therefore have BPAdrt-ID f-- s' = t'. We also have s - sand s + t - S + t" and 
t ~ t". By Lemma 2.6.16(ii) we have BPAdrt-ID f-- t = f! . t' + t and BPAdrt-ID f-- t = 

arel(t") + Vrel(t). Two cases can be distin!,TUished: -

(a) t", t". Now, s + t ~ s + t and t ~ t, so by Lemma 2.6.16(vi) we have BPAdrt-ID f-­

S + t = Ls + tJw and BPAdrt-ID f-- t = LtJw. So we can derive, using Proposition 
2.6.9(i)-(iii): BPAdrt-ID f-- S + t = Ls+ tJw = LsJ w+ LtJw = La ·s'J w+ LtJw = 
La J w. s' + L t J W = a . s' + Lt J W = Lf!J w. s' + L t J W = Lf! . s' J W + L t J W = Lf! . s' + t J W = 

Lf!·t'+tJw=LtJw=t. - - -

(b) t '$ t". Now, by Lemma 2.6.16(viii), n(t") < n(t). By the induction hypothesis 
we then have BPAdrt-ID f-- S + t" = t". Consider the following computation: 
BPAdrt-ID f-- S + t = a· s' + t = Lf!J w. s' + t = (vrel(f!) + arel (Lf!J W

)). s' + t = 
(f!+arel(a)) ·s' + t =f!. t' +arela) ·s' +t = arel(a)·s' +t = Urel(a ·s') + t = 

a-;:el(s) + t = arel(s) +-arel(t") + Vrel(t) = arel(s + t") + Vrel(t) = arel(t") + 
Vrel (t) = t. 

(ix). s '" s' + s", where s' and s" are basic terms. Since s' + s" + t -BPA<tr,-ID t we also have 
s' + t -BPA",,-ID t and s" + t -BPA,m-ID t. By induction we have BPAdrt-ID f-- s' + t = t and 
BPAdrt-ID f-- s" + t = t. Then BPAdrt-ID f-- S + t = s' + s" + t = s" + t = t. 

(x). s '" arel (s'), where s' is a basic term. Then s ~ s' and s+ t ~ s' + t' and t ~ t' for some 
t' such that s' + t' -BPAdn-ID t'. By induction we have BPAdrt-ID f-- s' + t' = t' and by 
Lemma 2.6.16(v) we have BPAdrt-ID f-- t = arel (t') + Vrel(t). Then BPAdrt-ID f-- S + t = 

arel(S') +t = arel(S') +arel(t') +Vrel(t) = arel(S' +t') + Vrel(t) = arel(t') +Vrel(t) = t . 

• 
Remark 2.6.18 (Completeness of BPAdrt-ID) 
Completeness of BPAdrt-ID is also claimed (without proof) in Theorem 5.4 of [1l] (where 
BPAdrt-ID is called BPAdrt-ID). 

Definition 2.6.19 (Axioms for the Ultimate Start Delay) 
We define Axioms USDI-USD4 for the ultimate start delay as given in Table 18 on the next 
page. Note that they precisely correspond to the equalities of Proposition 2.6.9(i)-(iv). 

Remark 2.6.20 (Proving Soundness and Completeness Indirectly) 
Next to proving soundness and completeness directly (outlined in Remarks 2.4.13 on 
page 17 and 2.2.18 on page 9), we can also take a sound and complete process theory 
P, and replace some of its axioms by some new axioms that exactly correspond to the 
equalities of P that are used to prove the completeness of P. The resulting new theory 
will then also be sound and complete. 
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laJw = a 

lx· yJw= lxJ w. y 

lx + yJw = lxJ w+ lyJw 

lUrel(X) JW = (5 

USDI 

USD2 

USD3 

USD4 

Table 18: Additional axioms for the ultimate start delay. 

For an example of this method, see Corollaries 2.6.21 and 2.6.22 below. Furthermore, 
this method is used in the proofs of Corollaries 2.8.2S, 2.8.26, 3.6.17, 3.6.18, 3.7.20, 
3.7.21,3.7.26, and 3.7.27. 

Corollary 2.6.21 (Soundness of BPAdr,-ID + USD1-USD4) 
The set of closed BPAdrt-ID terms modulo bisimulation equivalence is a model of BPAd,.,-ID 
+ USDl-USD4. 

Proof This follows directly from the soundness of BPAdrt-ID (see Theorem 2.6.14 on 
page 38) and the fact that Axioms USDI-USD4 are derivable in BPAdrt-ID (see Proposi­
tion 2.6.9 on page 34). _ 

Corollary 2.6.22 (Completeness of BPA.!r,-ID + USD1-USD4) 
[fwe add Axioms USD1-USD4 of Table 18 to BPAdn-ID, we again have a complete axiom­
atization of the set of closed BPAdr,-ID terms modulo bisimulation equivalence. 

Proof Careful inspection of the dependencies between the proofs in this section re­
veals that the proof of Theorem 2.6.17 only relies upon RSP(USD) to ensure Proposition 
2.6.9(i)-(iv). So, we obviously do not need RSP(USD) anymore if we add the corresponding 
Axioms USDI-USD4. Note that in this way we get a purely equational axiomatization (Le. 
without conditional axioms or principles). _ 

2.7 Soundness and Completeness of BPAdrt 

Definition 2.7.1 (Signature of BPAdrt) 
The signature of BPAdrt consists of the undelayable atomic actions {g.la E A}, the unde· 
layable deadlock constant g" the immediate deadlock constant 8, the liiternative composi­
tion operator +, the sequential composition operator ., the time unit delay operator U re!. 

and the "now" operator Vrel. 

Definition 2.7.2 (Axioms of BPAdrt) 
The process algebra BPAdrt is axiomatized by the axioms of BPAdrt-ID given in Defini­
tion 2.S.2 on page 22 and Axioms DRTSIO, A6IO, A7IO, and DCSIO shown in Table 19 on 
the following page: BPAdrt =AI-AS + A6IO + A7IO + DRTl-DRTS + DRTSIO + DCSI-DCS4 
+ DCSIO. 
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ureM) = g 
x+8=x 
8. x = 8 

v rel(8) = 8 

DRTSID 

A6ID 

AlID 

DeSID 

Table 19: Axioms for 8. 

Remark 2.7.3 (A6IO versus A6) 
Note that in a setting with immediate deadlock we do not have anymore that x + Ii. = x, 
as 8 + Q = Q. We do however still have fl. + Ii. = fl.. See also Remark 2.3.3 on page iz and 
Remark 2. 5-:-3 on page 22. - - -

Remark 2.7.4 (Derivability of DRT3 and DRT5) 
Note that from Axiom A6ID, DRT1, DRT2, and DRTSID we can derive Axiom DRT3 and 
DRT5, as we have: 

and, similarly: 

Urel(X) + g = Urel(X) + u rel(8) = Urel(X + 8) = Urel(X) 

However, we still choose to include DRT3 and DRT5 even for theories that contain 8, as 
our goal is not to find a minimal axiomatization, but instead to find a convenient one 
(with regard to ease of proofs and calculations). 

Definition 2.7.5 (Summation Convention with Respect to Immediate Deadlock) 
In a setting with immediate deadlock, we will use the convention that a summation over 
the empty set yields the immediate deadlock: 

Definition 2.7.6 (Semantics of BPAdr,) 
The semantics of BPAdr, are given by the term deduction system T(BPAdr,) induced by the 
deduction rules for BPAdrt-ID given in Definition 2.5.4 on page 23, minus the deduction 
rule Urel (x) ~ x, plus the deduction rules given in Table 20 on the following page. 

Definition 2.7.7 (Bisimulation for BP Adr') 
Bisimulation for BPAdr, is defined as follows; a binary relation R on closed BPAdrt terms 
is a bisimulation if the following transfer conditions hold for all closed BPAdr, terms p 
and q: 

(i). If RS(p,q) and T(BPAdr,) 1= p.". p', where a E A, then there exists a closed term q', 
such that T(BPAdr,) 1= q.". q' andRS(p',q'), 
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ID( 8) 
ID(x) 

ID(x . y) 

ID(x), ID(y) 

ID(x + y) 

-,ID(x) 

(Trel (x) .'?; X 

Table 20: Deduction rules for ID. 

(ii). If RS(p,q) and T(BPAdrt ) F= p.'?; p', then there exists a closed term q', such that 
T(BPAdr,) F= q.'?; q' and RS(p',q'), 

(iii). If RS (p, q) and T(BPAdr,) F= P !'. ,), where a E A, then T(BPAdr,) F= q !'. ,), 

(iv). If RS(p,q) and T(BPAdr,) F= ID(p), then T(BPAdr,) F= ID(q). 

Two BPAdr, terms p and q are bisimilar, notation p -EPAdc, q, if there exists a bisimulation 
relation R such that R(p,q). 

Definition 2.7.8 (Bisimulation Model for BPAdrt) 
The bisimulation model for BPA;;,., is defined in the same way as for BPA. Replace "BPA" 
by "BPAdr," in Definition 2.2.11 on page 8. 

Definition 2.7.9 (Basic Terms of BPAdr,) 
We define «(T,~, 8) -basic terms inductively as follows: 

(i). Immediate deadlock 8 is a «(T,~, 8) -basic term, 

(ii). if a E A8, thengis a «(T,g,,8)-basic term, 

(iii). if a E A8 and t is a «(T ,~, 8) -basic term, then g . t is a «(T,~, 8) -basic term, 

(iv). if t and s are «(T,~, 8) -basic terms, then t + s is a «(T,~, 8) -basic term, 

(v). if t is a «(T,~, 8)-basic term, then (Trel(t) is a «(T,~, 8)-basic term. 

From now on, if we speak of basic terms in the context of BPAdr" we mean «(T,~, 8) -basic 
terms. 

Definition 2.7.10 (Number of Symbols of a BPAdrt term) 
We define n(x), the number of symbols of x, inductively as follows: 

(i). We define n (8) = I, 

(ii). for a E A8, we define neg) = I, 

(iii). for closed BPAdr' terms x and y, we define n(x + y) = n(x· y) = nix) + n(y) + I, 

(iv). for a closed BPAdr' term x, we define n( (Trel (x» = n (Vrel (x» = n (x) + 1. 

Theorem 2.7.11 (Elimination for BPAdrt) 
Let t be a closed BPAdr, term. Then there is a basic term s such that BPAdrt f- t = s. 
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(x + y) . z - x . z + y . z 

(x . y) . z - x . (y . z) 

Urel(X) . Y - Urel(X' y) 

i5'X-i5 
Vrel(q) -g 

Vrel(X + y) - Vrel(X) + Vrel(Y) 

Vrel(X'Y) -Vrel(X)'Y 

Vrel (Urel (X)) - *= 
Vrel (15) - 15 

RA4 

RAS 

RDRT2 
RA7ID 

RDCS1 

RDCS2 

RDCS3 

RDCS4 

RDCSID 

Table 21: Term rewriting system for BPAdrt. 

Proof The term rewriting system of Table 21 is associated to BPAdrt by assigning a 
direction to the axioms. With the method of the lexicographical path ordering it is easily 
proven that this term rewriting system is strongly normalizing. Give· the lexicographical 
status for the first argument and define the following well-founded partial ordering on 
constant and function symbols: 

Vrel > > + 
v v 
*= Urel 

We give the following reductions for the rewriting rules RA7ID and RDCSID: 

i5,x>-li5·*x po 

>-lpo 8 
Vrel (15) >-Ipo Vrel * (15) 

>-lpo 8 
Note that the reductions for the other rewriting rules have already been given in the 
proofs of previous elimination theorems. 

Next, we will prove that the normal forms of the closed BPAdrt terms are basic terms. 
Thereto, suppose that s is a normal form of some closed BPAdrt term. Furthermore, sup­
pose that s is not a basic term. Let s' denote the smallest sub term of s which is not a basic 
term. Then we can prove that s' is not a normal form by case analysis. We distinguish 
all possible cases: 

(i). s' is an atomic action, Q, or 15. But then s' is a basic term. This is in contradiction 
with the assumption that s' is not a basic term, so this case does not occur. 

(ii). s' is of the form s~ . S2 for basic terms s~ and S2' With case analysis on the structure 
of basic term s~: 

(a) If s~ is 15 then rewriting rule RA7ID can be applied, and hence s' is not a normal 
form. 
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(b) If s; is of the form f! for some a E A", then s; . s; is a basic term, and so s' is a 
basic term which again contradicts the assumption that s' is not a basic term. 
This case can therefore not occur. 

(c) If s; is of the form f! . t for some a E A" and some basic term t, then rewriting 
rule RA5 can be applied. So, s' is not a normal form. 

(d) If s; is of the form t1 + t2 for t1 and t2 basic terms. Then rewriting rule RA4 is 
applicable. Therefore, s' is not a normal form. 

(e) If s; is of the form ITrel (t) for some basic term t. Then rewriting rule RDRT2 is 
applicable. So, s' is not a normal form. 

(iii). s' is of the form s; + s; for basic terms s; and s;. In this case s' would be a basic 
term, which contradicts the assumption that s' is not a basic term. Therefore, this 
case cannot occur. 

(iv). s' is of the form ITrd (t) for some basic term t. But then s' is basic term too, so the 
case does not occur. 

(v). s' is of the form Vrel(t) for some basic term t. But then one of RDCSI-RDCS4 or 
RDCSID is applicable, so s' is not a normal form. 

In any case that can occur it follows that s' is not a normal form. Since s' is a subterm of 
s, we conclude that s is not a normal form. This contradicts the assumption that s is a 
normal form. From this contradiction we conclude that s is a basic term, which completes 
the proof. _ 

Remark 2.7.12 (Elimination for BPAdrt) 
Elimination for a slightly different version of BPAdrt is also claimed (without proof) in 
Section 3.4 of [10]. 

Theorem 2.7.13 (Soundness of BPAdrt) 
The set of closed BPAd" terms modulo bisimulation equivalence is a model of BPAdrt. 

Proof For soundness of Axioms AI-A5, PRTl-DRT4, and DCSI-DCS4 we refer to the 
proof of soundness of BPAdr,-lO. To extend these proofs from BPAdrt-lO to BPAdr" we 
have to check that the bisimulations given in previous soundness proofs respect the lO 
predicate (as required by transfer condition (iv.) in 2.7.7 on page 46). However, as the 
fact that they do can be easily checked, we will not give details. 

It remains to prove soundness of the axioms from Table 19 on page 46. For all axioms, 
we look at the transitions of both sides at the same time. 

Axiom DRTSID Take the relation: 

R ~ {(ITrel(8),g,}) 

We look at the transitions of both sides at the same time. We have ITrel(8) .,. and 
g, .,. . Also, -,lO( ITrel (8» and -,lO(g,). 

Axiom A6ID Take the relation: 

R ~ {(s, s), (s + 8, s) Is E C(BPAdr,)} 

We look at the transitions of both sides at the same time. We have s + 8 - p iff 
s - p, and note that (p,p) E R. Also, lO(s + 8) ifflO(s) A lO(8) iff lO(s). 
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Axiom A7IO Take the relation: 

R = {(8· s,8) Is E C(BPAdr,)} 

We look at the transitions of both sides at the same time. We have 8· s ... and 8 .... 
Also, !D(8. s) and!D(8). 

Axiom DCSIO Take the relation: 
R = {(vrel(8), 8)} 

We look at the transitions of both sides at the same time. We have vrel(8) ... and 
8 .... Also, !D( Vrel (8» and!D( 8). 

• 
Remark 2.7.14 (Soundness of BPAdrt) 
Soundness of a slightly different version of BPAdr, is also claimed (without proof) in Sec­
tion 3.5 of [10]. 

Lemma 2.7.15 (Towards Completeness of BPAdr,) 
Let x be a closed BPAd" term and let a E A. Then we have: 

(i). T(BPAdn) F= X .:'..j = BPAdn I- X = £ + x, 

m). T(BPAdn ) F= X .:'. y = BPAdn I- X = £ . y + x, 

(iii). T(BPAd,,) F= ID(x) = BPAdrt I- X = 8, 

(iv). T(BPAdn ) F= -,ID(x) = BPAdrt I- X + g = x, 

(v). T(BPAdn) F= x::. = BPAdn I- X = Vrel(X) , 

(vi). T(BPAdrt ) F= X ~ Y = BPAdn I- X = O"rel(Y) + Vrel(X) , 

(vii). T(BPAdn ) F= x.:'. Y = n(x) > n(y), 

(viii). T(BPAdn ) F= X ~ Y = n(x) > n(y). 

Proof For part (i)-(vi) we assume, by Theorem 2.7.11 and Theorem 2.7.13, without 
loss of generality, that x is a basic term, and apply induction on the structure of basic 
terms. For part (vii) and (viii) we again have to use induction on the general structure of 
terms. 

(i). Suppose that T(BPAdr,) F= x.:'..J. Case 1: x '" 8. This is in contradiction with 
T(BPAdr,) F= x.:'..j, so this case does not occur. Case 2: x '" l2., where b E A". 
Because T(BPAdr,) F= x.:'. .j, it must be the case that b '" a. So we have BPAdr, l­
x = l2. = l2. + l2. = g + l2. = g + x. Case 3: x '" l2. . x', where b E Ao and x' is a 
basicterm-:- Tlils is ill contradiction with T(BPAdrJ F= x.:'. .j, so this case does not 
occur. Case 4: x '" x' + x", where x' and x" are basic terms. As T(BPAdrt ) F= X .:'. .j, 
necessarily T(BPAdrt) F= x' .:'. .j or T(BPAdrt ) F= x" .:'. .J. Therefore, by the induction 
hypothesis, BPAdrt I- x' = g + x' or BPAdrt I- x" = g + x". But then in both cases 
BPAdr, I- x = x' + x" = g + "X.' + x" = g + x. Case 5: x'" O"rel (x'), where x' is a basic 
term. This is in contradiction with T(BPAdrt ) F= X .:'. .j, so this case does not occur. 
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(ii). Suppose that T(BPAdrt ) ~ x!. y. Case 1: x '" 15. This is in contradiction with 
T(BPAdrt ) ~ x!. y, so this case does not occur. Case 2: x '" Q, where b E A6. This 
is in contradiction with T(BPAdrt ) ~ x!. y, so this case does not occur. Case 3: 
x '" fz. . x', where b E A6 and x' is a basic term. Then, because T(BPAdrt ) ~ x !. y, it 
must be that b '" a and x' '" y. So, BPAdrt I- X = X + X = Q . x' + x = E. . Y + x. Case 4: 
x '" x' + x", where x' and x" are basic terms. As T(BPAdrt ) ~ x 3 y, necessarily 
T(BPAdrt ) ~ x' !. y or T(BPAdrt ) ~ x" !. y. Therefore, by the induction hypothe­
sis, BPAdrt I- x' = E. . Y + x' or BPAdrt I- x" = fl . y + x". But then in both cases 
BPAdrt I- X = x' + x" = E. . Y + x' + XU = E. . Y + x. Case 5: x '" Urel (X'), where x' is 
a basic term. This is in contradiction with T(BPAdrt ) ~ x !. y, so this case does not 
occur. 

(iii). Suppose that T(BPAdrt ) ~ ID(x). Case 1: x '" 15. Then we have BPAdrt I- X = 15 
is trivially fulfilled. Case 2: x '" fl, where a E A6. This is in contradiction with 
T(BPAdrt ) ~ ID(x), so this case does not occur. Case 3: x'" fl· x', where a E A6 
and x' is a basic term. This is in contradiction with T(BPAdrt ) ; ID(x), so this case 
does not occur. Case 4: x '" x' + x", where x' and x" are basic terms. Then, because 
T(BPAdrt ) ~ ID(x), it must be the case that T(BPAdrt ) ~ ID(x'), ID(x"). So, by the 
induction hypothesis, we have that BPAdrt I- x' = 15, x" = 15. But then also BPAdrt l­

X = x' + x" = 15 + 15 = 15. Case 5: x '" Urel (X'), where x' is a basic term. This is in 
contradiction with T(BPAdrt ) ~ ID(x), so this case does not occur. 

(iv). Suppose that T(BPAdrt ) ~ .ID(x). Case 1: x '" 15. This is in contradiction with 
T(BPAdrt ) ~ .ID(x), so this case does not occur. Case 2: x '" fl, where a E A6. 
Then we have BPAdrt I- X + Q = fl + Q = fl = x. Case 3: x'" fl· x', where a E A6 and 
x' is a basic term. Then BPAdrt f=" x+" Q :;;; fl· x' + Q = E. . x'+ Q . x' = (E. + Q) . x' = 

!J... x' = x. Case 4: x == x' + x", whe;;; x'and x"are basic terms. As T(BPAdrt ) 1= 

-::;ID(x), necessarily T(BPAdrt ) ~ .ID(x') or T(BPAdrt ) ~ .ID(xU
). Therefore, by 

the induction hypothesis, BPAdrt I- x' + Q = x' or BPAdrt I- x" + Q = xu. So, in both 
cases, BPAdrt I- X + Q = x' + XU + Q = x' .:;:-x" = x. Case 5: x '" ur~(x'), where x' is a 
basic term. Then BPAdrt I- X + g:;;; uredx') + g = Urel(X') = x. 

(v). Suppose that T(BPAdrt) ~ x::.. Case 1: x '" 15. By Axiom DCSID we have BPAdrt l­

X = 15 = v rel(8) = Vrel(X). Case 2: x'" fl, where a E A6. We have BPAdrt I- X = fl = 

Vrel (g) = Vrel (x). Case 3: x '" fl . x', where a E A6 and x' is a basic term. We have 
BPA~ I- x =!l. x' = Vrel(!l) . X! = vred!l· x') = Vrel(X). Case 4: x'" x' + xu, where 
x' and x" are basic terms:-As T(BPAdrt) ~ x::. , necessarily T(BPAdrt ) ~ x'::' and 
T(BPAdrt ) ~ XU ::. • Therefore, by the induction hypothesis, BPAdrt I- x' = Vrel (x') 
and BPAdrt I- XU = Vrel (XU). But then also BPAdrt I- X = x' + XU = Vrel (x') + Vrel (XU) = 

Vrel (x' + XU) = Vrel (x). Case 5: x '" Urel (X'), where x' is a basic term with .ID(x). 
This is in contradiction with T(BPAdrt ) ~ x ::. , so this case does not occur. Case 6: 
x '" Urel(X'), where x' is a basic term. Then, by T(BPAdrt ) ~ x::', it must be the 
case that ID(x'). So, by (iii), we have that BPAdrt I- x' = 15. Therefore, BPAdrt I- X = 

Urel (x') = Urel (15) = g = Vrel (Urel (X')) = Vrel (X). 

(vi). Suppose that T(BPAdrt ) ~ x!!. y. Case 1: x '" 15. This is in contradiction with 
T(BPAdrt) ~ x!!. y, so this case does not occur. Case 2: x '" fl, where a E A6. This 
is in contradiction with T(BPAdrt ) ~ x!!. y, so this case does not occur. Case 3: 
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x '" !l' x', where a € A8 and x' is a basic term. This is in contradiction with 
T(BPAdrt ) >= x ~ y, so this case does not occur. Case 4: x '" x' + x", where x' and 
x" are basic terms. As T(BPAdrt ) >= x ~ y, necessarily (1) T(BPAdrt ) >= x' ~ y, x" 'J. , 
or, (2) T(BPAdrt ) >= x' 'J. ,x" ~ y, or, (3) T(BPAdrt ) >= x' ~ y', x" ~ y" where y '" 
y' + y". In the first case, by the induction hypothesis, we have BPAdrt f- x' ~ 
Urel(y) + Yrel(x'), and, by (v), BPAdrt f- x" ~ Yrel(X"). Therefore, BPAdrt f- X ~ 

x' + x" ~ Urel(Y) + YreI(x') + YreI(x") ~ UreI(y) + Yrel(X' + x") ~ UreI(y) + Yrel(X). 
The second case is treated analogously. In the third case we have, by the induc­
tion hypothesis, BPAdrt f- x' ~ Urel(y') + YreI(x'),x" ~ UreI(y") + Yrel(X"). There­
fore we have BPAdrt f- X ~ x' + x" ~ Ure! (y') + Yrel (x') + Urel (y") + Yrel (x") ~ 
Ure! (y' + y") + Yrel (x' + x") ~ UreI (y) + YreI (x). Case 5: x '" UreI (x'), where x' is 
a basic term. Because T(BPAdrt ) >= x ~ y, it must be the case that x' '" y. So we 
have BPAdrt f- X ~ Urel(X') ~ Urel(Y) ~ Urel(Y) + Ii ~ UreI(Y) + Yrel(Urel(X'» ~ 
Ure! (y) + Yrel (x). -

(vii). Suppose that T(BPAdrt ) >= x ~ y. Case 1: x '" 8. This is in contradiction with 
T(BPAdrt ) >= x ~ y, so this case does not occur. Case 2: x '" 12., where b € A 8 . This 
is in contradiction with T(BPAdrt ) >= x ~ y, so this case does not occur. Case 3: 
x '" x' . x", for certain terms x' and x". Then, because T(BPAdrt ) >= x ~ y, we ei­
ther have T(BPAdrt) >= x' ~ J and Y '" x", or we have T(BPAdrt ) >= x' ~ x'" and 
Y '" x'" . x" for some term x'''. In the first case, we have n(x) ~ n(x' . x") ~ 
n(x') + n (x") + 1 > n(x") ~ n(y), and in the second we can apply the induction hy­
pothesistoarriveatn(x') > n(x"'),sowegetn(x) ~ n(x'·x") ~ n(x')+n(x")+1 > 
n(x"') +n(x') + 1 ~ n(x'" 'x") ~ n(y). Case 4: x '" x'+x", for certain terms x' and 
x". Since T(BPAdrt ) >= x ~ y, necessarily T(BPAdrt ) >= x' ~ y or T(BPAdrt ) >= x" ~ y. 
Therefore, by the induction hypothesis, n(x') > n(y) or n(x") > n(y). In both 
cases n(x) ~ n(x' + x") ~ n(x') + n(x") + 1 > n(y). Case 5: x '" UreI(x'), for a 
certain term x'. This is in contradiction with T(BPAdrt ) >= x ~ y, so this case does 
not occur. Case 6: x'" Yrel(X'), for a certain term x'. Since T(BPAdrt ) >= x ~ y, nec­
essarily T(BPAdrt ) >= x' ~ y. Therefore, by the induction hypothesis, n(x') > n(y). 
So, n(x) ~ n(YreI(x'» ~ n(x') + 1 > n(y). 

(viii). Suppose that T(BPAdrt ) >= x ~ y. Case 1: x '" 8. This is in contradiction with 
T(BPAdrt ) >= x ~ y, so this case does not occur. Case 2: x'" fI, where a € A8. This is 
in contradiction with T(BPAdrt ) >= x ~ y, so this case does nOt occur. Case 3: x '" x' . 
x", for certain terms x' and x". Then necessarily, x' ~ x'" and y '" x'" . x" for some 
term x"'. We now can apply the induction hypothesis to arrive at n(x') > n(x"'), so 
wegetn(x) ~ n(x'·x") ~ n(x')+n(x")+1 > n(x"')+n(x")+1 ~ n(x"'·x") ~ n(y). 
Case 4: x'" x' + x", for certain terms x' and x". As T(BPAdrt ) >= x ~ y, necessarily 
(1) T(BPAdrt ) >= x' ~ y, x" 'J., or, (2) T(BPAdrt ) >= x' 'J. ,x" ~ y, or, (3) T(BPAdrt ) >= 
x' ~ y', x" ~ y" where y '" y' + y". In the first case, by the induction hypothesis, 
n(x') > n(y). So n(x) ~ n(x' +x") ~ n(x') +n(x") +1 > n(y). The second case is 
treated analogously. In the third case, by the induction hypothesis, n(x') > n(y') 
and n(x") > n(y"). So n(x) ~ n(x' +x") ~ n(x') + n(x") + 1 > n(y') + n(y") + 1 ~ 
n(y). Case 5: x '" Urel (x'), for a certain term x'. Because T(BPAdrt ) >= x ~ y, it 
must be the case that x' '" y. Then we have n(x) ~ n(Urel(X'» ~ n(x') + 1 ~ 
n(y) + 1> n(y). Case 6: x'" Yrel(X'), for a certain term x'. This is in contradiction 
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with T(BPAdrt ) F x.': y, so this case does not occur. 

• 
Theorem 2.7.16 (Completeness of BPAdrt ) 
The axiom system BPAdrt is a complete axiomatization of the set of closed BPAdrt terms 
modulo (strong) bisimulation equivalence. 

Proof Suppose s + t -BPA- t. We will prove, with induction on the structure of basic "n 
term s, that BPAdrt f- S + t = t. By Theorem 2.7.11 we can restrict ourselves to basic 
terms without loss of generality. The proof is done with induction on n (s), using Lemma 
2.7.15(vii)-(viii) and case distinction on the form of basic term s. 

(i). s == 6. Using Axiom A6\D we have BPAdrt f- S + t = 6 + t = t + 6 = t. 

(ii). s == Q. Then, since for u E A(J" we have T(BPAdrt ) F S ! , also T(BPAdrt ) F S + t.". p 
iff T(BPAdrt ) F t.". p, and for a E A, T(BPAdrt ) F S + t!'. ,J iff T(BPAdrt) F t!'. ,J. 
Furthermore, we have ,\D(s + t), since T(BPAdrt ) F '\D(s). Since s + t -BPA", t, we 
also have T(BPAdrt ) F '\D(t). Using Lemma 2.7.15(iv) we have BPAdrt f- S + t = 

g + t = t + ~ = t. 

(iii). s == !L where a E A. From the deduction rules we have T(BPAdrt) F s!'. ,J and 
T(BPAdrt ) F SH!'.,j. SincesH -BPAd,-, twealsohave T(BPAdrt ) F t!'.,J. ByLemma 
2.7.15(i) we obtain BPAdrt f- t = g + t. So, BPAdrt f- S + t = g + t = t. 

(iv). s == Q . s', where s' is a basic term. Then we have BPAdrt f- S = Q . s' = Q and, using 

(v). 

(vi). 

(ii), BPAdrt f- S + t = t. - -

S '" fl. . s', where a E A and s' is a basic term. From the deduction rules we obtain 
T(BPAdrt ) F s!'. s' and T(BPAdrt ) F S + t!'. s'. Since s + t -BPA", t, we then also have 
T(BPAdrt ) F t!'. t' for some t' such that s' -BPA", t'. By the induction hypothesis we 
have BPAdrt f- S' = t'. From Lemma 2.7.15(ii) we have BPAdrt f- t = !l' t' + t. So, 
BPAdrt f- S + t = g . s' + t = g . t' + t = t. -

s '" s' + s", where s' and s" are basic terms. Since s' + s" + t -BPA- t, we also have "n 
s' + t -BPA- t and s" + t -BPA- t. By the induction hypothesis we then have BPAdr- t f-

d« "n 
S' + t = t,s" + t = t. So, BPAdrt f- S + t = S' + s" + t = s' + t = t. 

(vii). s == Urel (s'), where s' is a basic term. From the deduction rules we have T(BPAdrt ) F 

Urel(S') .': s' and since s + t -BPA- t we also have T(BPAdrt ) F t.': t',s + t.': s' + t' "', 
for some t' such that s' + t' -BPA", t'. By Lemma 2.7.15(vi) we have BPAdrt f- t = 

Urel(t') + Vrel(t)· By the induction hypothesis we have BPAdrt f- s' + t' = t'. So, 
BPAdrt f- S + t = Urel(s') + t = Urel(S') + Urel(t') + Vrel(t) = Urel(S' + t') + Vrel(t) = 
Urel(t') + Vrel(t) = t. 

• 
Remark 2.7.17 (Completeness of BPAdrt) 
Completeness of a slightly different version of BPAdrt is also claimed (without proof) in 
Section 3.5 of [10]. 
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2.8 Soundness and Completeness of BPA~rt 

Definition 2.8.1 (Signature of BPAdrtl 
The signature of BPAdrt consists of the undelayable atomic actions {gla E A}, the de· 
layable deadlock actions {ala E A}, the undelayable deadlock constantQ, the delayable 
deadlock constant D, the immediate deadlock constant 8, the alternative composition oper­
ator +, the sequential composition operator " the time unit delay operator Urel, the "now" 
operator V re!. and the unbounded start delay operator l J w. 

Definition 2.8.2 (Axioms of BPAmt) 
The process algebra BPAdrt is axiomatized by the axioms of BPAdrt given in Defini­
tion 2.7.2 on page 45, and Axioms ATS and USD shown in Table 14 on page 32: BPAdrt ~ 
AI-A5 + A6ID + A7ID + DRTl-DRT5 + DRTSID + DCSI-DCS4 + DCSID + ATS + USD. 

Definition 2.8.3 (Recursion Principle for BPAdrt) 
Next to the axioms mentioned in Definition 2.8.2, the system BPAdrt also contains the 
recursion principle RSP(USD) shown in Table 15 on page 33. For more information on 
recursion principles and their status with respect to axioms, see [14]. 

Definition 2.8.4 (Semantics of BP Aclrr) 
The semantics of BPAdrt are given by the term deduction system T(BPAdrt) induced by the 
deduction rules for BPAdrt given in Definition 2.7.6 on page 46 and the deduction rules 
given in Table 16 on page 33. 

Remark 2.8.5 (Semantics of BPAclrr) 
Note that for any closed BPAdrt term x, we have that oID( lxJ ~. Hence, there is no de­
duction rule for ID(lxJ~. 

Definition 2.8.6 (Bisimulation and Bisimulation Model for BP Aclrr) 
Bisimulation for BPAdrt and the corresponding bisimulation model are defined in the 
same way as for BPAd,., and BPA respectively. Replace "BPAdr," by "BPAdr," in Defini­
tion 2.7.7 on page 46 and "BPA" by "BPAdr," in Definition 2.2.11 on page 8. 

Definition 2.8.7 (Basic Terms of BPAdr,) 
We define (u,g, D, 8) -basic terms inductively as follows: 

(i). Immediate deadlock 8 is a (u,g, D, 8)-basic term, 

(ii). If a E A8, then g and a are (u,g, D, 8)-basic terms, 

(iii). if a E A8 and t is a (u,g, D, 8)-basic term, then g . t and a . tare (u,g, D, 8)-basic 
terms, 

(iv). if t and s are (u,g, D, 8)-basic terms, then t + s is a (u,g, D, 8)-basic term, 

(v). if t is a (u, g, D, 8)-basic term, then Urel (t) is a (u,g, D, 8) -basic term. 

From now on, if we speak of basic terms in the context of BPAdrt, we mean (u,Q, D, 8)-
basic terms. -
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Theorem 2.8.8 (General Form of Basic Terms of BPA.!rt) 
Modulo the commutativity and associativity of the +, and modulo superfluous 8 sum· 
mands, all basic terms t of BPAdrt are of the form: 

t = I ai' Si + I b j + I Ck . Uk + I d/ + I Ure/(Vo ) 
i<m - j<n= k<p l<q o<r 

for m, n, p, q, r E N, ai,b j , Ck, d/ E AD, and basic terms Si, u/, and va. 

Proof Trivial, by inspection of the definition of basic terms, Definition 2.8.7. Observe 
that the general form of basic terms is closed under the formation rules gives in Defini­
tion 2.8.7. • 

Remark 2.8.9 (General Form of Basic Terms of BPA.!rt) 
Note that the case t = 8 is generated when we take m = n = p = q = r = O. See also 
Definition 2.7.5. 

Definition 2.8.10 (Number of Symbols of a BPAmt term) 
We define n (x), the number of symbols of x, inductively as follows: 

(i). We define n(8) = 1, 

(ii). for a E AD, we define n(~) = n(a) = 1, 

(iii). for closed BPAdrt terms x and y, we define n(x + y) = n(x· y) = n(x) + n(y) + 1, 

(iv). for a closed BPAdrt term x, we define n( Urel (x» = n(vrel(x» = n( LxJ W) = n(x) + 1. 

Proposition 2.8.11 (Properties of BP Adrt' Pan I) 
For BPAdrt terms x and y, and any a E AD, we have the following equalities: 

(i). BPA~rt f-LaJ w
= a 

(ii). BPA~rt f- Lx, yJw = LxJ w. Y 

(iii). BPA~rtf-Lx+YJw= LxJ w+ LyJ w 

(iv). BPA~rt f- Lure/(x) JW = 8 

(v). BPA~rt f- L8Jw = 8 

(vi). BPAdrt f- vre/(a) = ~ 

(vii). BPAdrt f- LxJ W + g, = LxJ W 

Proof The proofs for equality (i)-(iv) and (vi) given in Proposition 2.6.9 on page 34, 
with respect to BPAdrr-ID, remain valid in the setting of BPAdrt, as can be easily checked. 

Equality (v) and (vii) do not appear in Proposition 2.6.9. Consider the following com­
putation for equality (v): 

BPAdrt f- 8 = Lg,J w 

= VreI (g,) + UreI (Lg,J W) 

=g,+ureI(8) 

= u r el(8) 

=8+Urel(8) 
= v rel(8) + u rel(8) 
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Using RSP(USD) we obtain: 
BPAdrt f- 8 = l<5Jw 

Finally, consider the following computation for equality (vii): 

BPAdrt f- lxJ w+ ~ = Vrel(X) + eTrel(lxJ W) + ~ = Vrel(X) + eTrel(lxJW) = lxJ w 

Note the use of Axiom DRT5 in the second step. 

Proposition 2.8.12 (Properties of BPAd", Part II) 
For any BPAdrt term x we have the following equality: 

BPA~rtf- 8· x = 8 

Proof Using Proposition 2.8.11(ii) we derive: 

Lemma 2.8.13 (Representation of BPAdrt Terms) 
Let t be a basic term. Then either: 

(i). BPA~rt f- t = <5, or, 

(ii). BPA~rt f- t = Vrel(t) + ~ or, 

(iii). BPA~rt f- t = l t J w, or, 

• 

• 

(iv). there exists a basic term s such that BPAdrt f- t = Vrel(t) + eTrel(S) and n(s) < n(t). 

Proof Let t be a basic term. By Theorem 2.5.9, we may now proceed by case analysis 
on the form of basic terms. Suppose, by Theorem 2.8.8, that t has the following general 
form: 

t= L ai 'Si + Lb j + L Ck' Uk + Ldl + LeTrel(Vo ) 
i<m - j<n= k<p l<q o<r 

for m, n, p, q, r E N, ai. b j, Ck, dl E AD, and basic terms Si, Ul, and vo. We distinguish four 
cases: 

(i). There are no summands: p = q = m = n = r = O. 

(ii). Every, and at least one, summand starts with an undelayable action: m + n ;,: 1 and 
p = q = r = O. 

(iii). Every, and at least one, summand starts with a delayable action: p + q ;,: 1 and 
m = n = r = O. 

(iv). Neither of the above; there are both summands that start with delayable action and 
ones the start with undelayable actions, or there are summands that start with the 
time unit delay operator: p + q + r ;,: 1 and m + n + r ;,: 1 

As can be easily seen, this covers all cases. We now prove that the four cases we distin· 
guish exactly correspond to the four cases in the formulation of the theorem: 
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(i). We have p = q = m = n = r = O. So, by Definition 2.7.5, t == 8 and BPAdrt f- t = 8. 

(ii). We have m + n 2: 1 and p = q = r = O. So: 

t == L ai . Si + L b j 
i<m ;<n 

for m, n E N, aio b j E AJ, and basic terms Si. Then we have the following computa­
tion: 

BPAdrt f- t = L ai . Si + L bj = L Vrel(ai) . Si + L vrel(b j ) 
i<m- j<n= i<m - j<n = 

,L Vrel(ai' Si) + L vrel(bj ) = Vrel (.L ai' Si + L bj ) 

l<m J<n I<m J<n 

= Vrel (.L ai . Si + L (b j + ,§)) = Vrel (L ai . Si + L b j + g;) 
I<m )<n I<m }<n 

(iii). We have p + q 2: 1 and m = n = r = O. So: 

t == L Ck . Uk + L dl 
k<p l<q 

for p, q E N, Ck, dl E AJ, and basic terms Uk. Using Proposition 2.B.ll(i)-(iii) we then 
have the following computation: 

BPAdrt f- t = L q. Uk + Ldl = L lqjw. Uk + L ldIJw 
k<p l<q k<p l<q 

= L lCk' ud w
+ L ldIJ w

= lL Ck' Uk + LdlJW 
k<p 1<q k<p l<q 

= ltjW 

(iv). We have p + q + r 2: 1 and m + n + r 2: 1. So: 

t == L ai' Si+ Lbj + L q. Uk + Ldl + L O"rel(Vo ) 
i<m - j<n = k<p l<q o<r 

for m, n, p, q, r E N, a/, b j , Ck, dl E AJ, and basic terms s/, Ul, and Yo' Then we have 
the following computation: 

BPAdrt f- t = L ai 'Si + Lb j + L Ck' Uk + Ldl+ L O"rel(Vo ) 
i<m - j<n= k<p l<q o<r 

= L Vrel(ai) . Si + L Vrel(b j ) + - = i<m j<n 

L lqjw. Uk + L ldd w + L O"rel(Vo ) 
k<p - l<q - o<r 
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i<m j<n 

I (Vrel(Ck) + O"rel(lcd W» 0 Uk + I (vrel(d/) + O"rel(ldd W)) + 
k<p - - /<q - -

IO"rel(Vo) 
o<r 

I Vrel(ai 0 Si) + I vrel(bj ) + 
i<m - j<n = 

I (Vrel(Ck) + O"rel(Ck» 0 Uk + I (vrel(d/) + O"rel(d/» + 
k<p - l<q-

IO"rel(vo) 
o<r 

I (Vrel(Ck) 0 Uk + O"rel(Ck) 0 Uk) + I(Vrel(d/) + O"rel(d/» + 
k<p - l<q -

IO"rel(Vo) 
o<r 

I (Vrel(Ck 0 Uk) + O"rel(Ck 0 Uk» + I (Vrel (dl) + O"rel(dl» + 
k<p - l<q -

IO"rel(Vo) 
o<r 

=Vrel (I ai os; + Ib j + I q 0 Uk + Idl) + 
i<m j<n- k<p l<q 

O"rel (I Ck 0 Uk + I d/ + I yo) 
k<p l<q o<r 

= Vrel (.I ai 0 Si + I bj + 
I<m )<n 

I (q 0 Uk + O"rel(lqJW) 0 Uk) + I(d/ + O"rel(ldd W» + 
k<p - - /<q - -

I O"rel(Vo») + 
o<r 

O"rel (I Ck 0 Uk + I dl + I yo) 
k<p l<q o<r 

= Vrel (.I ai 0 Si + I bj + 
I<m J<n 

I (q + O"rel(lqJ W» 0 Uk + I(dl + O"rel(ldd'") + 
k<p - - l<q - -
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Ure! (L Ck • Uk + L dl + L va) 
k<p l<q o<r 

=vrel(.Lai'Si+ Lbj + 
i<m ]<n 

L lCkJ
w

. Uk + L ldzJw + L Urel(VO») + 
k<p l<q o<r 

Ure! (L Ck' Uk + Ldl + L va) 
k<p l<q o<r 

= Vrel (L ai 'Si+ Lbj + L Ck' Uk + Ldl+ LUrel(VO») + 
i<m j<n- k<p l<q o<r 

Urel (L Ck . Uk + L dl + L va) 
k<p l<q o<r 

= Vrel(t) + ure!(s) 

Where we define: 
s'" L Ck . Uk + L dl + L va 

k<p l<q o<r 

Note that n(s) < n(t) is now trivially satisfied: every summand of S also appears as 
a subterm of t, and by m + n + r ;,: I, t must contain summands that do not appear 
in s. Therefore, t must contain at least 2 more symbols than s. 

Lemma 2.8.14 (Simplified Representation of BPAdrt Terms) 
Let t be a basic term. Then either: 

(i). BPAdrt I- t = 6, or, 

(ii). BPAdrt I- t = t + g. 

• 

Proof This lemma follows almost immediately from Lemma 2.8.13; case (i) men­
tioned there corresponds to case (i) here, and cases (ii)-(iv) mentioned there correspond 
to case (ti) here. We distinguish the four cases from Lemma 2.8.13: 

(i). BPAdrt I- t = 6. 

(ii). BPAdrt I- t = Vrel (t) + g. Then we have, using Axiom A3: 

BPAdrt I- t = Vrel(t) + g = Vrel(t) + g + g = t + g. 

(iii). BPAdrt I- t = ltjw. Then we have, using Proposition 2.8.11(vii): 

BPAdTt I- t = ltjW = ltjw+ g = t + g. 
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(iv). BPAdrt f- t = Vrel(t) + Urel(S). Then we have, using Axiom DRTS: 

BPAdrt f- t = Vrel(t) + Urel(S) = Vrel(t) + Urel(S) + g = t + g. 

• 
Remark 2.8.15 (Representation of BPAdrt Terms) 
The main use of Lemmata 2.8.13 and 2.8.14 will be in induction proofs regarding regard­
ing the (yet to be treated) theories PAdrt and ACPdrt (see Sections 3.6 and 3.7). 

Theorem 2.8.16 (Elimination for BPAdrt) 
Let t be a closed BPAdrt term. Then there is a basic term s such that BPAdyt f- t = s. 

Proof First a term rewriting system is given. Then, it is shown that this term rewriting 
system is strongly normalizing and that the normal forms of the closed BPAdrt terms 
are basic terms. The term rewriting system is given in Table 22. The rewriting rules 

(x + y) . z - x . z + y . z RA4 
(x . y) . z - x . (y . z) RAS 

Urel(x) . Y - Urel(X' y) RDRT2 

LgjW - a RATS 

LajW - a RUSDI 
Lx. yjW_Lxjw. Y RUSD2 

Lx + yjW _ Lxjw+ LY]W RUSD3 
LUrel(x) jW_15 RUSD4 

L8jW-15 RUSDS 

8· x - 8 RA7ID 

Vrel(g) - g RDCS1 

Vrel (x + y) - Vrel (x) + Vrel (y) RDCS2 

Vrel (x . y) - Vrel (x) . y RDCS3 

Vrel(Urel(X)) - g RDCS4 

vrel(a) -g RDCSS 

vrel(8) -8 RDCSID 

Table 22: Term rewriting system for BPAdrt. 

RA4, RAS, RDRT2, RATS, RA7ID, RDCS1-RDCS4, and RDCSID are obtained directly from 
the axioms. The rewriting rules RUSD1-RUSDS and RDCSS are added to deal properly 
with the recursive definition of ultimate start delay. The corresponding equalities are 
derivable from the axioms as is shown in Proposition 2.8.11. 

With the method of the lexicographical path ordering it is shown that the term rewrit­
ing system is strongly normalizing. Thereto the operator· is assigned the lexicographi­
cal status for the first argument and the following well-founded partial ordering on the 

60 



signature of BPAdrt is defined: 

l jW > a 
v 

Vrel > > + 
v v 
g O"rel 

We give the following reduction for the rewriting rule RUSDS: 

. . * 
l8jw>-lpo l8jW 

>-lpo 8 

Note that the reductions for the other rewriting rules have already been given in the 
proofs of previous elimination theorems. 

It remains to prove that every normal form of a closed BPAdrt term is a basic term. 
Suppose that s is the normal form of a closed BPAdrt term. Furthermore, suppose that s 
is not a basic term and that s' is the smallest sub term of s which is not a basic term. We 
distinguish all possible cases: 

(i). s' is of the form fl or a for some a E AD, or of the form 8. Then s' is clearly a basic 
term, so this case does not occur. 

(ii). s' is of the form Sl . S2 for basic terms Sl and S2. With respect to basic term Sl the 
following cases can be distinguished: 

(a) Sl == 8; then RAllO is applicable, so s' is not a normal form. 

(b) Sl == fl for some a E AD. Then s' is a basic term. This contradicts the assump­
tion that s' is not a basic term. 

(c) Sl == a for some a E AD. Then s' is a basic term, and we have again a contra­
diction. 

(d) Sl == fl . s~ for some a E AD and basic term S~. Then rewriting rule RAS is 
applicable, so s' is not a normal form. 

(e) Sl == a . s~ for some a E AD and some basic term s~. Then rewriting rule RAS 
is applicable, so s' is not a normal form. 

(f) Sl == s~ + s~ for some basic terms s; and s~. Then rewriting rule RA4 is appli­
cable, so s' is not a normal form. 

(g) Sl == Urel(S;) for some basic terms~. Then rewriting rule RDRT2 is applicable, 
so s' is not a normal form. 

(iii). s' is of the form s~ + s; for basic terms s~ and s;. Then s' is a basic term itself, so 
this case cannot happen. 

(iv). s' is of the form Urel (s") for some basic term s". Then again s' is a basic term itself, 
so this case cannot happen either. 

(v). s' is of the form Vrel(s"), where s" is a basic term. Then one of RDCSI-RDCSS or 
RDCSIO can be applied, so s' is not a normal form. 
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(vi). s' is of the form ls" J W for some basic term s". Then one of RATS or RUSDI-RUSD5 
can be applied, so s' is not a normal form. 

In every case s' is a basic term or a rewriting rule is applicable. If s' is a basic term this 
contradicts the assumption that it is not. If a rewriting rule is applicable then s' and s 
are not a normal form. This contradicts the assumption that s is a normal form. From 
this contradiction we conclude that s is a basic term. _ 

Remark 2.8.17 (Elimination for BPAdrt) 
Elimination for a somewhat different version of BPAdrt is also claimed (without proof) in 
Section 3.4 of [10]. 

Theorem 2.8.18 (Soundness of BPAdrt) 
The set of closed BPAdrt terms modulo bisimulation equivalence is a model of BPAdrt. 

Proof The soundness of each of the axioms of BPAlrt has already been proven in the 
previous soundness theorems, so we do not repeat those proofs here. _ 

Remark 2.8.19 (Soundness of BPAclrt) 
Soundness of a somewhat different version of BPAdrt is also claimed (without proof) in 
Section 3.5 of [10]. 

Lemma 2.8.20 (Towards Completeness of BPA;trt) 
Let x be a closed BPAdrt term and let a E A. Then we have: 

(i). T(BPAdrt) F X .'!. J = BPAdrt f- X ~ g + x, 

(ii). T(BPAdrt) F X .'!. y = BPAdrt f- X ~ g . y + x, 

(iii). T(BPAdrt) F JD(x) = BPAdrt f- X ~ 8, 

(iv). T(BPAdrt) F ,JD(x) = BPAdrt f- X + g ~ x, 

(v). T(BPAdrt) F x::. = BPAdrt f- X ~ vre/(x) , 

(vi). T(BPAdrt) F X.<: Y = BPAdrt f- X ~ (Tre/(Y) + Vrel(x), 

(vii). T(BP~rt) F X.<: x = BPAdrt f- X ~ lxJ w
, 

(viii). T(BPAdrt) F x.'!. Y = n(x) > n(y). 

(ix). T(BPAdrt) F X.<: Y = x == y v n(x) > n(y). 

Proof For part (i)-(vii) we assume, by Theorem 2.8.16 and Theorem 2.8.18, without 
loss of generality, that x is a basic term, and then apply induction on the structure of basic 
terms. For part (viii) and (ix) we again have to use induction on the general structure of 
terms. 

(i). Suppose that T(BPAdrtl F x.'!. J. Case 1: x == 8. This is in contradiction with 
T(BPAdrt) F x.'!. J, so this case does not occur. Case 2: x == l2., where b E A o. 

a -
Because T(BPAdrt) F X - J, it must be the case that b == a. So we have BPAdrt f-

X ~ l2. ~ l2. + l2. ~ fl. + l2. ~ fl. + x. Case 3: x == b, where b E Ao. Because 
- - cr - - -

T(BPAdrt) F X - J, it must be the case that b == a. So we have BPA;!;.t f- X ~ b ~ 
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ll2.J W = Vre!(l2.) +Ure! (ll2.J W
) = Vre!(l2.) +Vre!(l2.) +Ure! (ll2.J W

) = l2.+ll2.J W = f!+b = f!+X. 
case 4: x "" -l2. . x', where b E Ao-and x' is a basic term. This is in contradiction 
with T(BPAdr-;-) F x ~ .j, so this case does not occur. Case 5: x "" b . x', where 
b E Ao and x' is a basic term. This is in contradiction with T(BPAdrtl F X ~ .j, so 
this case does not occur. Case 6: x "" x' + x", where x' and x" are basic terms. As 
T(BPAdr') F x ~ .j, necessarily T(BPAdr') F x' ~ .j or T(BPAdr,) F x" ~ .j. There­
fore, by the induction hypothesis, BPAd;., f- x' = f! + x' or BPAd;., f- x" = f! + x". But 
then in both cases BPAd;., f- x = x' + x" = f! + x,"+ x" = f! + x. Case 7: x -"" Ure! (x'), 
where x' is a basic term. This is in contradiction with T(BPAdr,) F x ~ .j, so this 
case does not occur. 

(ii). Suppose that T(BPAdr,) F x ~ y. Case 1: x "" 8. This is in contradiction with 
T(BPAdr') F x ~ y, so this case does not occur. Case 2: x "" l2., where b E Ao. This 
is in contradiction with T(BPAdrtl F x ~ y, so this case does not occur. Case 3: 
x "" b, where b E Ao. This is in contradiction with T(BPAdr,) F X ~ y, so this case 
does not occur. Case 4: x "" l2. . x', where b E Ao and x' is a basic term. Then, 
because T(BPAdr') F X ~ y, it must be that b "" a and x' "" y. So, BPAd;., f- x = 

X + X = l2. . x' + x = f! . y + x. Case 5: x "" b . x', where b E Ao and x' is a ba­
sic term.-Then, because T(BPAdr') F x ~ y, it must be that b "" a and x' "" y. So, 
BPAd;., f- x = b . x' = a . y = (f! + a) . y = fl. . y + a . y = fl. . y + x. Case 6: 

- - - a 
X "" x' + x", where x' and x" are basic terms. As T(BPAdr') F x - y, necessarily 
T(BPAdr') F x' ~ y or T(BPAdr') F x" ~ y. Therefore, by the induction hypothe­
sis, BPAd;., f- x' = f! . y + x' or BPAdr' f- x" = fl. . y + x". But then in both cases 
BPAd;., f- x = x' + x" = fl.. y + x' + x" = fl.. y + X. Case 7: x "" Ure!(x') , where x' is 
a basic term. This is in contradiction with T(BPAdr') F x ~ y, so this case does not 
occur. 

(iii). Suppose that T(BPAdr') F ID(x). Case 1: X"" 8. Then BPAdr, f- X = 8 is trivially ful­
filled. Case 2: x "" fl., where a E Ao. This is in contradiction with T(BPAdr') F ID(x), 
so this case does not occur. Case 3: x "" a, where a E Ao. This is in contradiction 
with T(BPAdr') F ID(x), so this case does not occur. Case 4: x "" fl. . x', where 
a E Ao and x' is a basic term. This is in contradiction with T(BPAck') F ID(x), 
so this case does not occur. Case 5: x "" a . x', where a E Ao and x' is a ba­
sic term. This is in contradiction with T(BPAdr') F ID(x), so this case does not 
occur. Case 6: x "" x' + x", where x' and x" are basic terms. Then, because 
T(BPAdr,) F ID(x), it must be the case that T(BPAdr,) F ID(x'),ID(x"). So, by 
the induction hypothesis, we have that BPAd;., f- x' = 8, x" = 8. But then also 
BPAd;., f- x = x' + x" = 8 + 8 = 8. Case 7: X"" ure!(x'), where x' is a basic term. This 
is in contradiction with T(BPAdr') F ID(x), so this case does not occur. 

(iv). Suppose that T(BPAdr') F -,ID(x). Case 1: x "" 8. This is in contradiction with 
T(BPAdr,) F -,ID(x) , so this case does not occur. Case 2: x "" fl., where a E Ao. 
BPAd;., f- x + Q = f! + Q = fl. = x. Case 3: x "" a, where a E A8. Then we have 
BPAd;., f- x + Q~ a + Q ':-lfl.J"' + Q = Vre! (fl.) + Ure! (lfl.J W

) + Q = f! + Q + Ure! (If!J W) = 

fl.+Ure! (lfl.JwT = Vre!~) +<Tre! (lii W
) = liiw = a = x-:-Case4: x ~ fl.:X', where a E Ao 

and x' is abasic term:-BPAdr, f- x+Q = fl. -:-x, +Q = f! ·x' +Q·x' = (f!+Q) ·x' = f! ·x' = x. 
Case 5: x "" a· x', where a E Ao and x'is a basic term. Then, using-Case 3,BPAd;., f­

x + g, = a . x' + g, = a . x' + g, . x' = (a + g,) . x' = a . x' = x. Case 6: x "" x' + x" , where x' 
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and x" are basic terms. As T(BPAdrt) F ...,JD(x) , necessarily T(BPAdrt) F ...,JD(x') or 
T(BPAdrt) F ...,JD(x"). Therefore, by the induction hypothesis, BPAdrt f- x' + !l = x' 
or BPA + f- x" + (j = x". So in both cases BPA + f- x + (j = x' + x" + (j = x' + x" = x. drt _, ,drt _ _ 

Case 7: x '" O"rel(x'), where x' is a basic term. Then we have BPAdrt f- X +!l = 
O"rel (x') + £ = O"rel (x') = x. -

(v). Suppose that T(BPAdrt) F x'{.. Case 1: x '" 8. By Axiom DCSJD we have BPAdrt f­

X = 8 = vrel(8) = Vrel(X). Case 2: x'" g, where a E AD. We have BPAdrt f- X = 
g = Vrel (ill = Vrel (x). Case 3: x '" a, where a E AD. This is in contradiction with 
T(BPAdrt) F X '{. , so this case does not occur. Case 4: x '" g . x', where a E AD and 
x' is a basic term. We have BPAdrt f- X = g. x' = Vrel(g) . x'= Vrel(g· x') = Vrel(x). 
Case 5: x '" a . x', where a E Ao and x'is a basic term. This is in contradiction 
with T(BPAdrt) 1= x'{. , so this case does not occur. Case 6: x '" x' + x", where x' 
and x" are basic terms. As T(BPAdrt) F X '{. , necessarily T(BPAdrt) F x' '{. and 
T(BPAdrt) F x" '{. . Therefore, by the induction hypothesis, BPAdrt f- x' = Vrel (x') 
and BPAdrt f- x" = Vrel (x"). But then also BPAdrt f- X = x' + x" = Vrel (x') + Vrel (x") = 
Vrel(x' + x") = Vrel(x). Case 7: x '" O"rel(X') , where x' is a basic term. Then, by 
T(BPAdrt) 1= x'{. ,it must be the case that JD(x'). So, by (iii), we have that BPAdrt f­

x' = 8. Therefore, BPAdrt f- X = O"rel(X') = O"rel(6) = £ = Vrel(O"rel(X'» = Vrel(x). 

(vi). Suppose that T(BPAdrt) 1= x."; y. Case 1: x '" 8. This is in contradiction with 
T(BPAdrt) 1= x."; y, so this case does not occur. Case 2: x '" g, where a E Ao. This 
is in contradiction with T(BPAdrt) F x."; y, so this case does not occur. Case 3: 
x '" a, where a E Ao. Because T(BPAdrt) F x."; y, it must be the case that Y '" a. 
So we have BPAdrt f- X = a = 19jW = Vrel(g) + O"rel (lgjW) = O"rel(a) + Vrel(g) + 
!l = O"rel(a) + Vrel(g) + Vrel (O"rel(lgjW)) = (Trel(a) + V-;:;'l (Vrel(g) + O"rel (lgjW)) = 
urel(a) + Vrel (lgjW)= O"rel(a) + vrei(a) = O"rel(Y) + Vrel(X). CaseL!: x'" g. X', where 
a E AD and x' is a basic term. This is in contradiction with T(BPAdrt) -F x."; y, so 
this case does not occur. Case 5: x '" a . x', where a E Ao and x' is a basic term. 
Because T(BPAdrt) F x."; y, it must be the case that y = a . x'. So we have BPAdrt e­
x = a . x' = 19jw. x' = (Vrel(g) + O"rel (lgjW)) . x' = Vrel(g) . x' + O"rel (lgjW) . x' = 
O"rel (lgj W) . X'+Vrel (g) . x' +!l ~ O"rel (a· X')+Vrel (g) . x' +!l. iT = O"rel (y) + (V~l (g) +!l) . 
x' = O"-;:;'l(Y) + (Vrel(Q) + vr;;-(O"rel (lgjW))) ·x' =-O"rel(Y)+Vrel (g + O"rel (lgj"')) ·x' = 

O"rel(Y) +vrel (vrel(g) + O"rel (lgjW)):-x' = O"rel(Y) +Vrel (lgjW).)1 = O"rel(Y) +Vrel(a)· 
x' = O"rel(Y) + Vrel(a· x') = a.:el(Y) + Vrel(x). Case 6: x-", x' + x", where x' and x" 
are basic terms. As T(BPAdrt) F x."; y, necessarily (1) T(BPAdrt) 1= x' ."; y, x" '{. , 

(j CT (j (j 

or, (2) T(BPAdrt) 1= x' ... , x" - y, or, (3) T(BPAdrt) F x' - y', x" - y" where Y _ 
Y + y'. In the first case, by the induction hypothesis, we have BPAdrt f- x' = 
O"rel(Y) + Vrel(X'), and, by (v), BPAdrt f- x" = Vrel(x"). Therefore, BPAdrt f- X = 
x' + x" = O"rel(Y) + Vrel(X') + Vrel(X") = O"rel(Y) + Vrel(X' + x") = O"rel(Y) + Vrel(x). 
The second case is treated analogously. In the third case we have, by the induc­
tion hypothesis, BPAdrt f- x' = O"rel(Y') + Vrel(X') ,x" = O"rel(Y") + Vrel(X"). There­
fore we have BPAdrt f- X = x' + x" = O"rel(Y) + Vrel(X') + O"rel(Y") + Vrel(x") = 
O"rel(Y + y") + Vrel(X' + x") = O"rel(Y) + Vrel(X). Case 7: x'" O"rel(X') , where x' is 
a basic term. Because T(BPAdrt) F x."; y, it must be the case that x' '" y. So we 
have BPAdrt f- X = O"rel(X') = O"rel(Y) = O"rel(Y) +!l = O"rel(Y) + Vrel(O"rel(X'» = 
O"rel (y) + Vrel (x). -
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(vii). Suppose that T(BPAdr,) F x.': x. Case 1: x '" 6. This is in contradiction with 
T(BPAdr,) F x.': x, so this case does not occur. Case 2: x '" !l, where a E A6. 
This is in contradiction with T(BPAdr,) F x .': x, so this case does not occur. Case 3: 
x '" a, where a E A6. Then we have, using Proposition 2.8.11(i), BPAd,., f- x = a = 

l a j W = lxj w. Case 4: x '" a . x', where a E A6 and x' is a basic term. This is in con­
tradiction with T(BPAdr,rF x.': x, so this case does not occur. Case 5: x '" a . x', 
where a E A6 and x' is a basic term. Then we can derive, using Proposition 2.8.11(i) 
and (ti), BPAd;., f- x = a . x' = lajw. x' = la . x' jW = lxjw. Case 6: x '" x' + x", 
where x' and x" are basic terms. Then we can derive, using Proposition 2.8.11(iti) 
and the induction hypothesis, BPAd;., f- x = x' + x" = lxj W + lx' j W = lx' + x" j W = 

lxjw. Case 7: x '" O'rel(X'), where x' is a basic term. This is in contradiction with 
T(BPAdr,) F x .': x, so this case does not occur. 

(viti). Suppose that T(BPAdr.) F x!!. y. Case 1: x '" 8. This is in contradiction with 
T(BPAdr') F x.': y, so this case does not occur. Case 2: x '" l2., where b E A6. This 
is in contradiction with T(BPAdr,) F x!!. y, so this case does not occur. Case 3: 
x '" b, where b E A6. This is in contradiction with T(BPAdr,) F x!!. y, so this 
case does not occur. Case 4: x '" x' . x", for certain terms x' and x". Then, be­
cause T(BPAdr,) F x!!. y, we either have T(BPAdr') F x'!!..J and y '" x", or we 
have T(BPAdr') F x' !!. x'" and y '" x'" . x" for some term x"'. In the first case, 
we have n(x) = n(x' . x") = n(x') + n(x") + 1 > n(x") = n(y), and in the sec­
ond we can apply the induction hypothesis to arrive at n(x') > n(x"'), so we get 
n(x) = n(x' . x") = n(x') + n(x") + 1 > n(x''') + n(x') + 1 = n(x'" . x") = n(y). 
Case 5: x '" x' + x", for certain terms x' and x". Since T(BPAdr') F x !!. y, necessarily 
T(BPAdr.) F x' !!. y or T(BPAdr') F x" !!. y. Therefore, by the induction hypothesis, 
n(x') > n(y) orn(x") > n(y). Inbothcasesn(x) = n(x'+x") = n(x')+n(x")+l > 
n(y). Case 6: x '" O'rel(x'), for a certain term x'. This is in contradiction with 
T(BPAdr,) F x!!. y, so this case does not occur. Case 7: x '" Vrel(X'), for a certain 
term x'. Since T(BPAdr') F x !!. y, necessarily T(BPAdr') F x' !!. y. Therefore, by the 
induction hypothesis, n(x') > n(y). So, n(x) = n(vrel(x')) = n(x') + 1 > n(y). 
Case 8: x '" lx' jW, for a certain term x'. Since T(BPAdr') F x!!. y, necessarily 
T(BPAdr') F x'!!. y. Therefore, by the induction hypothesis, n(x') > n(y). So, 
n(x) = n(lx' jW) = n(x') + 1 > n(y). 

(ix). Suppose that T(BPAdr,) F x.': y. Case 1: x '" 6. This is in contradiction with 
T(BPAdr,) F x.': y, so this case does not occur. Case 2: X"'!l, where a E A6. This is 
in contradiction with T(BPAdr') F x .': y, so this case does not occur. Case 3: x '" a, 
where a E A6. Because T(BPAdr') F x.': y, it must be the case that x '" y, and we 
are done. Case 4: x '" x' . x", for certain terms x' and x". Then necessarily, x' .': x'" 
and y '" x'" . x" for some term x"'. We now can apply the induction hypothesis 
to arrive at n(x') > n(x"'), so we get n(x) = n(x' . x") = n(x') + n(x") + 1 > 
n(x''') + n(x") + 1 = n(x'" . x") = n(y). Case 5: x '" x' + x", for certain terms 
x' and x". As T(BPAdr') F x.': y, necessarily (1) T(BPAdr') F x' .': y, x" ':. , or, (2) 
T(BPAdr') F x' ':. , x" .': y, or, (3) T(BPAdr,) F x' .': y', x" .': y" where y '" y' + y". In 
the first case, by the induction hypothesis, n(x') > n(y). So n(x) = n(x' + x") = 

n(x') + n(x") + 1 > n(y). The second case is treated analogously. In the third 
case, by the induction hypothesis, n(x') > n(y') and n(x") > n(y"). So n(x) = 
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n(x' +x") = n(x') + n(x") + 1 > n(y) + n(y') + 1 = n(y). Case 6: x == arel(X'), for 
a certain term x'. Because T(BPAdr,) F= X.<:>: y, it must be the case that x' == y. Then 
we have n(x) = n(arel(x'» = n(x') + 1 = n(y) + 1> n(y). Case 7: x == Vrel(X'), for 
a certain term x'. This is in contradiction with T(BPAdr') F= X.<:>: y, so this case does 
not occur. Case 8: x == lx' J w, for a certain term x'. Because T(BPAdr') F= X .<:>: y, it 
must be the case that x == y, and we are done. 

• 
Remark 2.8.21 (Towards Completeness of BPNr,) 
Note that Lemma 2.8.14 on page 59 now also follows as a corollary from Lemma 2.8.20(iii) 
and (iv) by the law of the excluded middle. 

Theorem 2.8.22 (Completeness of BPAdr,) 
The axiom system BPAl" is a complete axiomatization of the set of closed BPAdr' terms 
modulo bisimulation equivalence. 

Proof Suppose that s + t -BPAruc, t. We will prove that BPAt, f- s + t = t. By Theorem 
2.8.16 we can restrict ourselves to basic terms sand t. The proof is done with induction 
on n(s), using Lemma 2.8.20(viii)-(ix) and case distinction on the form of basic term s. 

(i). s == 8. Using Axiom A6ID we have BPAt, f- s + t = 8 + t = t + 8 = t. 

(ii). s == Q. Then, since for u E Au we have T(BPAdr') F= s! , also T(BPAdr') F= s + t .':'. p 
iff T(BPAdr') F= t.':'. p, and for a E A, T(BPAdr') F= S + t..". J iff T(BPAdr,) F= t..". .J. 
Furthermore, we have ..,ID(s + t), since T(BPAdr,) F= ..,ID(s). Since s + t -BPAdrt t, we 
also have T(BPAdrt) F= ..,ID(t). Using Lemma 2.8.20(iv) we have BPAtt f- S + t = 

g, + t = t + g, = t. 

(iii). s == iL where a E A. From the deduction rules we have T(BPAdrt) F= s..". J and 
T(BPAdr,) F= s+ t ..". .J. Since s +t -BPAruc, t we also have T(BPAdrt) F= t..". J. By Lemma 
2.8.20(i) we obtain BPAtt f- t = g + t. So, BPAdrt f- S + t = g + t = t. 

(iv). s == 0. Then 0'<:>: 0. Therefore s + t .<:>: s + t' and t .<:>: t' with s + t' -BPAruc, t'. With Lemma 
2.8.20(vi) we have BPAt, f- t = arel(t') + Vrel(t). Two cases need to be considered: 

(a) t == t'. Now, s + t'<:>: s + t and t'<:>: t, so by Lemma 2.8.20(vii) we have BPAdr, f­

S + t = ls + tJw and BPAt, f- t = ltJ w. So we can derive, using Proposition 
2.8.11(i) and (iii) and Lemma 2.8.20(iv): BPAdr, f- s+t = ls + t J W = ls J w+ It J'" = 
loJ w + ltJw = 0 + ltJw = 19J w + ltJw = 19, + tJw = ltJw = t. 

(b) t '" t'. Now, by Lemma 2.8.20(ix), n(t') < n(t). Therefore, the induction 
hypothesis is applicable: BPAtt f- 0 + t' = t'. Consider the following com­
putation: BPAt, f- s + t = 0 + t = lQJ w + t = Vrel(Q) + arel (lQJ W

) + t = 
Q+arel(O) +t = arel(O) +t = arel(O) +a-;:-el(t') +Vrel(t) ;-arel(O+t')+Vrel(t) = 
Urel (t') + Vrel (t) = t. 

(v). s == a, where a E A. Then s ..". J. Therefore s + t..". J and, since s + t -BP"on t, t..". .J. 
Using Lemma 2.8.20(i) we obtain BPAt, f- t = f! + t. We also have s .<:>: s. Therefore 
s + t'<:>: s + t' and t'<:>: t'. From Lemma 2.8.20(vD we obtain: BPAt, f- t = arel(t') + 
Vrel(t). Two cases can be distinguished: 
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(a) t = t'. Now, s + t ~ s + t and t ~ t, so by Lemma 2.8.20(vii) we have BPAdrt f­

S + t ~ ls + tJw and BPAdrt f- t ~ ltJ w. So we can derive, using Proposition 
2.8.11(i) and (iii): BPAdrt f- S + t ~ ls + tJw ~ lsJw + ltJw ~ laJw + ltJw ~ 
a + ltJw ~ 19J w + ltJw ~ 19 + tJw ~ ltJw ~ t. 

(b) t '" t'. Now, by Lemma 2.8.20(ix), nIt') < n(t). Therefore the induction hy­
pothesis is applicable: BPAdrt f- a + t' ~ t'. Consider the following compu­
tation: BPAdrt f- S + t ~ a + t ~ l.fl.J w + t ~ Vrel(.fl.) + (hel (l.fl.J W) + t ~ 
.fl.+arel(a) +t ~ arel(a) +t ~ arel(a) +Urel(t') +Vrel(t) ;;; arel(a+t')+vrel(t) ~ 
Urel(t') + Vrel(t) ~ t. 

(vi). s = Q. s', where s' is a basic term. Then we have BPAdrt f- S ~ Q. s' ~ Q and, using 
(ii), BPAdrt f- S + t ~ t. - -

(vii). s = .fl. . s', where a E A and s' is a basic term. From the deduction rules we obtain 
T(BPAdrt) F= S ~ s' and T(BPAdrt) F= S + t ~ s'. Since s + t -BP"on t, we then also have 
T (BPAdrt) F= t ~ t' for some t' such that s' -BP"on t'. By the induction hypothesis we 
have BPAdrt f- S' ~ t'. From Lemma 2.8.20(ii) we have BPAdrt f- t ~ .fl. . t' + t. So, 
BPAdrt f- S + t ~ g . s' + t ~ g . t' + t ~ t. -

(viii). s = 8 . s', where s' is a basic term. Then we have, using Proposition 2.8.12, BPAdrt f­

S ~ 8 . s' ~ 8 and, using (iv), BPAdrt f- S + t ~ t. 

(ix). s = a . s', where a E A and s' is a basic term. Then s ~ s' and s + t ~ s'. Since 
s + t -BPAdrt t we also have t ~ t' for some t' such that s' -BPAo_ t'. By induction we 

cr crt (j 

therefore have BPAdrt f- s' ~ t'. We also have s - sand s + t - s + t" and t - t". By 
Lemma 2.8.20(ii) we have BPAdrt f- t ~.fl.' t' + t and BPAdrt f- t ~ arel(t") + Vrel(t). 
Two cases can be distinguished: -

(a) t = t". Now, s + t ~ s + t and t ~ t, so by Lemma 2.8.20(vii) we have BPAdrt f­

S + t ~ ls + tJw and BPAdrt f- t ~ ltJw. So we can derive, using Proposition 
2.8.11(i)-(iii): BPAdrt f- S + t ~ ls + tJw ~ lsJw + ltJw ~ la· s' JW + ltJw ~ 
l a J w. s' + l t J W ~ a· s' + l t J W ~ l.fl.J w. s' + l t J W ~ l.fl. . s' J W + l t J W ~ l.fl. . s' + t J W ~ 
19·t'+tJw~ltJw~t. - - -

(b) t '" t". Now, by Lemma 2.8.20(ix), n(t") < n(t). By the induction hypothe­
sis we then have BPAdrt f- S + t" ~ t". Consider the following computation: 
BPAdrt f- s + t ~ a· s' + t ~ l.fl.J w. s' + t ~ (Vrel(.fl.) + arel (l.fl.J W)) . s' + t ~ (.fl. + 
arel(a» ·s' + t ~ g. t' +arel(a) ·s' + t ~ arel(a) .S' + t ~ arel(a ·s') +t ~ arel (5) + 
t ~ arel(S) + arel(t") + Vrel(t) ~ arel(S + t") + Vrel(t) ~ arel(t") + Vrel(t) ~ t. 

(x). s = s' + s", where s' and s" are basic terms. Since s' + s" + t -BPAm, t, we also have 
s' + t -BPAdn t and s" + t -BPA",., t. By the induction hypothesis we then have BPAdrt f­

S' + t ~ t, s" + t ~ t. So, BPAdrt f- S + t = S' + s" + t = s' + t ~ t. 

(xi). s = are! (s'), where s' is a basic term. From the deduction rules we have T(BPAdrt) F= 

arel (s') ~ s' and since s + t -BPAm, t we also have T(BPAdrt) F= t ~ t', S + t ~ s' + t' 
for some t' such that s' + t' -BP"on t'. By Lemma 2.8.20(vi) we have BPAdrt f- t = 

arel (t') + Vrel (t). By the induction hypothesis we have BPAdrt f- S' + t' = t'. So, 
BPAdrt f- S + t = arel(S') + t ~ arel(S') + arel(t') + Vrel(t) = arel(s' + t') + Vrel(t) ~ 
arel (t') + Vrel (t) = t. 

67 



-
Remark 2.8.23 (Completeness of BPA.!rt) 
Completeness of a somewhat different version of BPAdrt is also claimed (without proof) 
in Section 3.5 of [10]. 

Definition 2.8.24 (Axiom for the Ultimate Start Delay and Immediate Deadlock) 
We define Axiom USD5 for the ultimate start delay of immediate deadlock as shown in 
Table 23. Note that it precisely corresponds to the equality of Proposition 2.8.11(v). 

USD5 

Table 23: Axiom for L,5 J w. 

Corollary 2.8.25 (Soundness of BPAdrt + USDI-USD5) 
The set of closed BPAdrt terms modulo bisimulation equivalence is a model of BPAdrr + 
USDl-USD5. 

Proof This follows directly from the soundness of BPAdrt (see Theorem 2.8.18 on 
page 62) combined with the fact that Axioms USDI-USD5 are derivable in BPAdrt (see 
Proposition 2.8.11 on page 55). _ 

Corollary 2.8.26 (Completeness of BPA.!rt + USDI-USD5) 
If we add Axioms USD1-USD4 of Table 1 B on page 45 and Axiom USD5 of Table 23 to 
BPAdrt, we again have a complete axiomatization of the set of closed BPAdr' terms modulo 
bisimulation equivalence. 

Proof Careful inspection of the dependencies between the proofs in this section re­
veals that the proof of Theorem 2.8.22 only relies upon RSP(USD) to ensure Proposition 
2.8.11(i)-(v). So, we obviously do not need RSP(USD) anymore if we add the correspond­
ing Axioms USDI-USD5. Note that in this way we get a purely equational axiomatization 
(i.e. without conditional axioms or principles). _ 
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3 Concurrent Process Algebras 

3.1 Introduction 

In this section we prove soundness and completeness for some discrete-time concurrent 
process algebras, i.e. process algebras containing a merge operator. We will not explore 
the field of concurrent process algebras as thoroughly as we did for basic process alge­
bra. However, we feel that we have shown which paths to take in proving soundness and 
completeness for concurrent process algebras. 

The first algebra we examine is PAdrt-ID, which is basically BPAdrt-ID with a (free) 
merge operator added. We also look at PAdrt-ID' which intuitively very similar to PAdrt-ID, 
but only defined in a slightly different way. We then proceed by replacing the (free) merge 
operator with a merge operator capable of communication; this yields ACPdrt-ID. We 
again examine a slightly different version: ACPdrt-ID'. 

Finally, we take a look at PAdrt and ACPdrt. These theories also contain the ultimate 
start delay and the immediate deadlock. As ACPdrt combines all features described here 
in one theory, the completeness result for ACPdrt is in a sense "the mother of all com­
pleteness results" when it comes to discrete-time process algebra's. 

3.2 Soundness and Completeness of PAdrcID 

Definition 3.2.1 (Signature of PAdrt-ID) 
The signature of PAdrCID consists of the undelayable atomic actions {gl a E A}, the unde­
layable deadlock constant Q, the alternative composition operator +, the sequential com­
position operator·, the time unit delay operator iTre!. the "now" operator V re!. the (free) 
merge operator II, and the left merge operator 11... 

Definition 3.2.2 (Axioms of PAdrt-ID) 
The process algebra PAdrt-ID is axiomatized by the axioms of BPAdrt-ID given in Defini­
tion 2.S.2 on page 22, Axioms DRTMI-DRTM4 shown in Table 24, and Axioms DRTMS­
DRTM6 shown in Table 2S on the following page: PAdrt-ID = AI-AS + DRTl-DRTS + 
DCSI-DCS4 + DRTMI-DRTM6. 

x II y = x II.. y + y II.. x 

gll..x=g·x 
g . x II.. y = g . (x II y) 

(x + y) II.. z = x II.. z + y II.. z 

DRTMI 

DRTM2 

DRTM3 
DRTM4 

Table 24: Axioms for the (free) merge. 

Definition 3.2.3 (Semantics of PAdrt-ID) 
The semantics of PAdrt-ID are given by the term deduction system T{PAdrt-ID) induced 
by the deduction rules for BPAdrt-ID given in Definition 2.S.4 on page 23 and the deduc­
tion rules for the (free) merge given in Table 26 on the following page. 
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Ure! (x) IL Vrel (y) ~ g 
Urel(x) IL (Vrel(Y) + Ure!(Z)) ~ Urel(x IL z) 

DRTMS 
DRTM6 

Table 25: Additional axioms for PAdrt-ID. 

x~x' Y !'. y' x~x, 

x II y!'. x' II Y x II Y !'. x II y' xlLy!'.x'IlY 

x !'. -J y!'. -J x !'. -J 
a 

X Ily-y X II y!'. x 
a 

xlLY-y 
cr, cry' x-x,y- cr, cry' x-x,y-

x II y'<: x' II y' x IL y .<: x' IL y' 

Table 26: Deduction rules for the (free) merge. 

Definition 3.2.4 (Bisimulation and Bisimulation Model for PAdrcID) 
Bisimulation for PAdrt-ID and the corresponding bisimulation model are defined in the 
same way as for BPAdrt-O and BPA respectively. Replace "BPAdrt-O" by "PAdrt-ID" in Def­
inition 2.4.5 on page 14 and "BPA" by "PAdrt-ID" in Definition 2.2.11 on page 8. 

Definition 3.2.5 (Basic Terms of PAdrt-ID) 
If we speak of basic terms in the context of PAdrt-ID, we mean (u,g) -basic terms as de­
fined in Definition 2.5.6 on page 23. 

Definition 3.2.6 (Number of Symbols of a PAdrt-ID Term) 
We define n (x), the number of symbols of x, inductively as follows: 

(i). For a E AD, we define n(g) ~ I, 

(ii). for closed PAdrt-ID terms x and y, we define n(x + y) ~ n(x· y) ~ n(x II y) 
n(x IL y) ~ n(x) + n(y) + I, 

(iii). for a closed PAdrt-ID term x, we define n (ure! (x)) ~ n (vre! (x)) ~ n(x) + l. 

Remark 3.2.7 (Proving Elimination using the Direct Method) 
In some settings the term rewriting analysis method for proving elimination mentioned 
in Remark 2.4.10 on page IS does not work, as the term rewriting system we arrive at 
is not strongly terminating. In these cases, we apply a direct method: we Simply prove 
that for all closed terms elimination can be achieved by examining all possible cases. Al­
though conceptually simple, this method often gives rise to very lengthy proofs, expo­
nentially so for theories that contain many features. See Theorem 3.2.8 on the next page 
for an example of this method. 
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Theorem 3.2.8 (Elimination for PAdrt-ID) 
Let t be a closed PAdrt-ID term. Then there is a closed BPAdrt-ID terms such that PAdrt-ID f­

S = t. 

Proof Let t be a closed PAdrt-ID term. The theorem is proven by induction on n(t) 
and case distinction on the general structure of t. 

(i). t:; fb for some a E AD. Then t is a closed BPAdrt-ID term. 

(ii). t:; tl + t2 for closed PAdrt-ID terms tl and t2. By induction there are closed BPAdrt-ID 
terms Sl and S2 such that PAdrt-ID f- tl = Sl and PAdrt-ID f- t2 = S2. But then also 
PAdrt-ID f- tl + t2 = SI + S2 and SI + S2 is a closed BPAdrt-ID term. 

(iii). t :; tl . t2 for closed PAdrt-ID terms fJ and t2. This case is treated analogously to 
case (ii). 

(iv). t:; CTrel (tl) for a closed PAdrt-ID term tl. This case is treated analogously to case 
(ii). 

(v). t :; V rel(tll for a closed PAdrt-ID term fJ. This case is treated analogously to case 
(ii). 

(vi). t :; tl ll. t2 for closed PAdrCID terms tl and t2. By induction there are closed 
BPAdrt-ID terms SI and S2 such that PAdrt-ID f- tl = SI and PAdrt-ID f- t2 = S2. 
By Theorem 2.5.12, the elimination theorem for BPAdrt-ID, there are basic terms 
rl and r2 such that BPAdrt-ID f- SI = rl and BPAdrt-ID f- S2 = r2. But then also, 
PAdrt-ID f- tl = rio PAdrt-ID f- t2 = r2, and PAdrt-ID f- tl ll. t2 = rl ll. r2. We prove 
this case by induction on the structure of basic term rl: 

(a) YI :; f!. for some a E AD. Then PAdrt-ID f- tl ll. t2 = rl ll. r2 = f!. ll. r2 = f!. . r2, 
and i· r2 is a closed BPAdrt-ID term. --

(b) rl :; f!. . ri for some a E AD and basic term ri. Then PAdrt-ID f- tl ll. t2 = 

rl ll. r-:; = f!. . ri ll. r2 = f!. . (ri II r2). By the induction hypothesis there exists 
a closed BPAdrt-ID term-p such that PAdrt-ID f- ri II r2 = p. Then, PAdrCID f­

fJ ll. t2 = g. (ri II r2) = g. P, andg. P is a closed BPAdrt-ID term. 

(c) rl :; ri + ri' for basic terms ri and ri'. Then PAdrt-ID f- tl ll. t2 = rl ll. r2 = 

(ri + ri') ll. r2 = ri ll. r2 + ri' ll. r2. By induction there exist closed BPAdrt-ID 
terms PI and P2 such that PAdrt-ID f- ri ll. r2 = PI and PAdrt-ID f- ri' ll. r2 = P2. 
ThenalsoPAdrcID f- fJ ll. t2 = rl It. r2 = ri ll. r2+ri' ll. r2 = PI +P2, and PI +P2 
is a closed BPAdrt-ID term. 

(d) rl:; CTrel(ri) for a basic term ri. By Lemma 2.5.10 there is a basic term r; such 
that either PAdrt-ID f- r2 = V rel(r2) or PAdrt-ID f- r2 = V rel(r2) + CTrel(r;) with 
n(r;) < n(r2). With case analysis we obtain: 

i. r2 = V rel(r2). Then PAdrt-ID f- tl ll. t2 = rl ll. r2 = CTrel(ri) ll. r2 
CTrel(ri) ll. V rel(r2) =~ andgis a closed BPAdrt-ID term. 

ii. r2 = V rel(r2) + CTrel(r;) for a basic term r;. Then PAdrt-ID f- tl ll. t2 
rl ll. r2 = CTrel(ri) ll. r2 = CTrel(ri) ll. (Vrel(r2) + CTrel(r;» = CTrel(ri ll. r;). 
By the induction hypothesis there is a closed BPAdrt-ID term P such that 
PAdrt-ID f- ri ll. r; = p. But then also PAdrt-ID f- tl ll. t2 = CTrel(ri ll. r;) = 

CTrel(p), and CTret(p) is a closed BPAdr,-ID term. 
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(vii). t '" tl II t2 for closed PAd,-t-ID terms t-t and t2. Then PAdrt-ID f- tl II t2 ~ 
tl U. t2 + t2 U. tl. By (vi) there are closed BPAdrt-ID terms PI and P2 such that 
PAdrt-ID f- tl U. t2 ~ PI and PAdrt-ID f- t2 U. tl ~ P2. But then also PAd,-t-ID f­

h II t2 ~ h U. t2 + t2 U. h ~ PI + P2, and PI + P2 is a closed BPAdrt-ID term. 

• 
Corollary 3.2.9 (Elimination for PAdrt-ID) 
Let t be a closed PAdre-ID term. Then there is a basic term s such that PAdrt-ID f- S ~ t. 

Proof This follows immediately from: 

(i). The elimination theorem for PAdrt-ID (see Theorem 3.2.8), 

(ii). the elimination theorem for BPAdrt-ID (see Theorem 2.5.12), 

(iii). the fact that all axioms of BPAdrt-ID are also contained in PAdrt-ID. 

• 
Remark 3.2.10 (Elimination for PAdrt-ID) 
Elimination for PAdrt-ID is also claimed (without proof) in Theorem 3.2 of [11J. 

Theorem 3.2.11 (Soundness of PAdrt-ID) 
The set of closed PAdrt-ID terms modulo bisimulation equivalence is a model of PAdrt-ID. 

Proof Soundness is proven following the same lines as in the previous soundness 
theorems. 

Axiom DRTMI Take the relation: 

R ~ {(s, s), (s II t, t II s), (s II t, s U. t + t U. s) Is, tEe (PAdrt-ID) } 

First we look at the transitions of the left-hand side: 

(i). Suppose that slit.!'. p. First we look at the (s II t, t II s) pairs. By inspection 
of the deduction rules we can conclude that either s .!'. PI and P '" PI II t, or 
t .!'. P2 and P '" s II P2, or s .!'. J and P '" t, or t .!'. J and P '" s. Therefore, either 
t II s.!'. t II PI, or t II s .!'. P2 II s, or t II s.!'. t, or t II s .!'. s respectively, and note 
that (PI II t,t II PI) E R, (s II P2,P211 s) E R, (t,t) E R, and (s,s) E R. 
Continuing with the (s II t,s U. t +t U. s) pairs, we also have either s U. t.!'. PI II 
t, or t U. s .!'. P2 II s, or s U. t .!'. t, or t U. s .!'. s. Therefore, either s U. t + 
t U. s .!'. PI II t, or s U. t + t U. s .!'. P2 II S, or s U. t + t U. s .!'. t, or s U. t + t U. s .!'. s 
respectively, and again note that (PI II t,PI II t) E R, (s II P2,P2 II s) E R, 
(t, t) E R, and (s, s) E R. 

(ii). Suppose that slit.!'. J. This case cannot occur. 

(iii). Suppose that s II t.': p. First we look at the (s II t, t II s) pairs. By inspection 
of the deduction rules we can conclude that s.': PI, t.': P2, and P '" PI II P2. 
Therefore, t II s.': P2 II P], and note that (PI II P2,P2 II PI) E R. 
Continuing with the (s II t, s U. t + t U. s) pairs, we also have s U. t.': PI U. P2 
and t U. s.': P2 U. PI. Therefore, s U. t + t U. s.': PI U. P2 + P2 U. PI, and note 
that (PI II P2, PI U. P2 + P2 U. Pll E R. 
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Secondly, we look at the transitions of the right-hand side: 

(i). Suppose that t II s ~ p. This case is handled in the same way as the corre­
sponding (sub)case for the left-hand side shown above. 

(ii). Suppose that t II s ~ ,j. This case cannot occur. 

(iii). Suppose that t II s ~ p. This case is handled in the same way as the corre­
sponding (sub)case for the left-hand side shown above. 

(iv). Suppose that s lL t + t lL s ~ p. By inspection of the deduction rules we can 
conclude that either s ~ PI and P '" PI II t, or t ~ pz and P '" pz II s, or s ~ ,j 
and P '" t, or t ~ ,j and P '" s. Therefore, either s II t ~ PI II t, or s II t ~ s II Pz, 
or s II t ~ t, or s II t ~ s respectively, and note that (PI II t, PI II t) E R, (s II 
Pz,Pz II s) E R, (t, t) E R, and (s,s) E R. 

(v). Suppose that s lL t + t lL s ~ p. This case cannot occur. 

(vi). Suppose that s lL t + t lL s ~ p. By inspection of the deduction rules we can 
conclude that s ~ PI. t ~ Pz, and P '" PI lL pz + pz lL Pl. Since both sand t 
can perform a u transition, we obtain s II t ~ PI II Pz, and note that (PI II 
PZ,PI lL pz + pz lL PI) E R. 

Axiom DRTM2 Take the relation: 

R = {(s,s), (g lL s,g' s) Is E C(PAdrt-ID)} 

We look at the transitions of both sides at the same time. The only possible transi­
tion of the left-hand side is g lL s ~ s, the only possible transition of the right-hand 
side is g . s ~ s, and note that (s, s) E R. 

Axiom DRTM3 Take the relation: 

R = {(s,s),(g's lL t,g' (s II t) ISE C(PAdrt-ID)} 

We look at the transitions of both sides at the same time. The only possible tran­
sition of the left-hand side is g . s lL t ~ slit, the only possible transition of the 
right-hand side is g. (s II t) ~ s II t, and note that (s II t,s II t) E R. 

Axiom DRTM4 Take the relation: 

R = {(s,s), ((s + t) lL u,s lL U + t lL u) Is, t, u E C(PAdrt-ID)} 

First we look at the transitions of the left-hand side: 

(i). Suppose (s + t) lL u ~ p. By inspection of the deduction rules we can conclude 
that either s ~ PI and P '" PI II u, or t ~ pz and P '" pz II u, or s ~ ,j and 
P '" u, or t ~ ,j and P '" u. So, either s lL U ~ PI II u, or t lL U ~ pz II u, or 
s lL U ~ u, or t lL U ~ u. respectively. Therefore, either s lL U + t lL U ~ PI II u, 
or s lL uH lL U ~ pz II u, or s lL uH lL U ~ u, ors lL uH lL U ~ U respectively, 
and note that (PI II U, PI II u) E R, (pz II u, pz II u) E R, (u, u) E R, and 
(u,u)ER. 

(ii). Suppose (s + t) lL U ~ ,j. This case cannot occur. 
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(iii). Suppose (s + t) lL u .':'; p. Then s + t .':'; PI, u .':'; P2, and P = Pl lL P2. Then one 
of the following situations has occurred: 

(a) s.':'; Pl and t::': then s lL u .':'; Pl lL P2 and t lL u ::.. Therefore, s lL u + 
t lL u.':'; Pl lL Pz, and note that (Pl lL P2, Pl lL P2) E R. 

(b) s::' and t.':'; Pl: this case is handled in the same way as the previous one. 
(c) s.':'; ql, t.':'; q2, and Pl = ql +q2: thens lL u.':'; ql lL P2 and t lL u.':'; q2 lL P2· 

Therefores lL u+t lL u.':'; ql lL P2+q2 lL P2,andnotethat «ql +q2) lL P2, 
ql lL P2 + q2 lL P2) E R. 

Secondly, we look at the transitions of the right-hand side: 

(i). Suppose s lL u + t lL u ~ p. By inspection of the deduction rules we can con­
clude that either s ~ Pl and P = Pl II u, or t ~ P2 and P = P2 II u, or s ~ .j 
and P = u, or t ~ .j and P = u. Therefore, either (s + t) lL u ~ Pl II u, or 
(s + t) lL u ~ P2 II u, or (s + t) lL u ~ u, or (s + t) lL u ~ u, and note that 
(Pl II U,Pl II u) E R, (P211 U,P2 II u) E R, (u,u) E R, and (u,u) E R. 

(ii). Suppose s lL U + t lL U ~ .j. This case cannot occur. 

(iii). Suppose s lL U + t lL U .':'; p. Then this must be due to one of the following: 
<r <r <r <r h f (a) s lL U ~ P and t lL U .,.: then s ~ q}, U ~ q2, and P = ql lL q2. T ere ore, 

s + t.':'; ql and (s + t) lL u.':'; ql lL q2, and note that (ql lL q2, ql lL q2) E R. 
(b) s lL U::. and t lL U .':'; p: this case is handled in the same way as the previ­

ous one. 
<r <r h <r <r <r (c) s lL U ~ PI, t lL U ~ Pz, and P = Pl + P2: t en s ~ q}, t ~ q2, U ~ q3, Pl = 

ql lL q3, and P2 = q2 lL q3. Therefore, sH.':'; ql +q2 and (SH) lL u.':'; (ql + 
q2) lL q3, and note that «ql + q2) lL q3, ql lL q3 + q2 lL q3) E R. 

Axiom DRTM5 Take the relation: 

R = {( O"rel (s) lL Vrel (t),g) Is, t E C(PAdrt-ID)} 

We look at the transitions of both sides at the same time. Observe that there are no 
transitions possible on the left-hand side: O"rel(S) lL Vrel(t) .,.. Also for the right­
hand side there are no transitions possible: g .,. . 

Axiom DRTM6 Take the relation: 

R = {(s, s), (O"rel(S) lL (vre! (t) + O"rel (u», O"re! (s lL u» I sot, U E C(PAdrcID)} 

We look at the transitions of both sides at the same time. Observe that the only 
possible transition of the left-hand side is O"rel (s) lL (Vrel (t) + O"rel (u» .':'; s lL u, and 
that the only possible transition of the right-hand side is O"rel(S lL u) .':'; s lL u, and 
note that (s lL u, s lL u) E R. 

• 
Remark 3.2.12 (Soundness of PAdrt-ID) 
Soundness of PAdrt-[[) is also claimed (without proof) in Theorem 3.3 of [111. 
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Remark 3.2.13 (Conservativity etc.) 
In Theorem 3.2.15 and 3.2.16 below we use the concepts conservative extension, opera­
tionally conservative extension, path format, and sum of term deduction systems. For a 
formal definition of these concepts see Section 2.4.1 of [13], and the references given 
there. 

Remark 3.2.14 (Proving Completeness using Verhoefs Theorem) 
Instead of using the direct proof method (outlined in Remark 2.2.18 on page 9) to prove 
completeness, we can also use Verhoefs General Completeness Theorem [25] to derive 
completeness of a process theory P, given the completeness of a subtheory P' of P. In 
order to do this, we need to prove that P has the elimination property for P', and that P 
is a conservative extension of P'. 

See Theorems 3.2.15 and 3.2.16 below for a example of this proof method. Further­
more, thls method is used in the proofs of Theorems 3.4.15,3.6.14, and 3.7.17. 

Theorem 3.2.15 (Conservativity of PAdrt-ID with respect to BPAd.-t-ID) 
The equational specification PAdrt-ID is a conservative extension of the equational specifi­
cation BPAdrt-ID. 

Proof In order to prove conservativity it is sufficient to verify that the following con-
ditions are satisfied: 

(i). Bisimulation equivalence is definable in terms of predicate and relation symbols 
only, 

(ii). BPAdrt-ID is a complete axiomatization with respect to the bisimulation equivalence 
model induced by T(BPAdrt-ID) (see Theorem 2.5.17), 

(iii). PAd,-CID is a sound axiomatization with respect to the bisimulation equivalence 
model induced by T(PAdrt-ID) (see Theorem 3.2.11), 

(iv). T(PAdrt-ID) is an operationally conservative extension of T(BPAdrt-ID). 

And in order for T(PAdrt-ID) indeed to be an operationally conservative extension of 
T(BPAdrt-ID) we must verify the following conditions: 

(i). T(BPAdrt-ID) is a pure, well-founded term deduction system in path format, 

(ii). T(PAdrt-ID) is a term deduction system in path format, 

(iii). T(BPAdrt-ID) E!) T(PAdrt-ID) is defined. 

That the above properties hold can be trivially checked from the relevant definitions. _ 

Theorem 3.2.16 (Completeness of PAdrt-ID) 
The equational specification PAdrt-ID is a complete axiomatization of the set of closed 
PAdrt-ID terms modulo bisimulation equivalence. 

Proof By Verhoefs General Completeness Theorem (see [25], or Theorem 2.4.26 of 
[13]) thls follows immediately from: 

(i). PAd,-t-ID has the elimination property for BPAdrt-ID (see Theorem 3.2.8), 
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(ii). PAdrt-ID is a conservative extension of BPAdrt-ID (see Theorem 3.2.15). 

Remark 3.2.17 (Completeness of PAdrt-ID) 
Completeness of PAdrt-ID is also claimed (without proof) in Theorem 3.3 of [11]. 

3.3 Soundness and Completeness of PAdrt-ID' 

Definition 3.3.1 (Signature of PAdrt-ID') 

• 

The signature of PAdrt-ID' is identical to the signature of PAdrt-ID as given in Definition 
3.2.1; it consists of the undelayable atomic actions {gla E A}, the undelayable deadlock 
constant ~ the alternative composition operator +, the sequential composition operator', 
the time unit delay operator Urel, the "now" operator Vrel, the (free) merge operator II, and 
the left merge operator 11.. 

Definition 3.3.2 (Axioms of PAdrcID') 
The process algebra PAdrt-ID' is axiomatized by the axioms of BPAdrt-ID given in Defini­
tion 2.5.2 on page 22, Axioms DRTMI-DR1M4 shown in Table 24 on page 69, and Axioms 
DR1M7-DRTM11 shown in Table 27: PAdrt-ID' = AI-AS + DRTl-DRTS + DCSI-DCS4 + 
DR1MI-DRTM4 + DR1M7-DRTMll. 

Urel (x) II. g = g 
Urel(x) II. g. y = g 

Urel(x) II. (g + y) = Urel(X) II. y 

Urel (x) II. (g. y + z) = Urel (x) II. z 

Urel(x) II. Urel(Y) = Urel(x lLy) 

DRTM7 

DRTM8 

DRTM9 
DRTMI0 

DRTMll 

Table 27: Additional axioms for PAdrt-ID'. 

Definition 3.3.3 (Semantics of PAdrr-ID') 
The semantics of PAdrt-ID' are given by the term deduction system T(PAdrt-ID') which is 
identical to the term deduction system T(PAdrt-ID) given in Definition 3.2.3 on page 69. 

Definition 3.3.4 (Bisimulation and Bisimulation Model for PAdrr-ID') 
Bisimulation for PAdrt-ID' and the corresponding bisimulation model are defined in the 
same way as for BPAdrt-6 and BPA respectively. Replace "BPAdrt-6" by "PAdrt-ID'" in Def­
inition 2.4.5 on page 14 and "BPA" by "PAdrt-ID'" in Definition 2.2.11 on page 8. 

Definition 3.3.5 (Basic Terms of PAdrt-ID') 
If we speak of basic terms in the context of PAdrt-ID', we mean (u,£D-basic terms as 
defined in Definition 2.5.6 on page 23. -

Definition 3.3.6 (Number of Symbols of a PAdrcID' Term) 
We define n(x), the number of symbols of x, inductively as follows: 
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(i). For a E A", we define n (g) = 1, 

(ii). for closed PAdrt-ID' terms x and y, we define n(x + y) = n(x . y) = n(x II y) 
n(x ll. y) = n(x) + n(y) + 1, 

(iii). for a closed PAdrt-ID' term x, we define n(urel(x» = n(Vrel(X» = n(x) + 1. 

Theorem 3.3.7 (Elimination for PAdr,-ID') 
Let t be a closed PAdrr-IIY term. Then there is a closed BPAdrr-ID term s such that 
PAdrt-ID' f- s = t. 

Proof First a term rewriting system is given which is proven to be strongly normaliz­
ing. Thereafter, it is shown that every normal form of a closed PAdrt-ID' term is a closed 
BPAdrt-ID term. 

The term rewriting system used is given in Table 28. Note that we have added natural 
number subscripts n to the merge operators, in order to deal with the mutually recursive 
nature of definition of these operators. For a description of this technique, and a rigorous 
formal justification of its use, see Theorem 3.2.3 of [13] and the references given there. 

x lI,y-x lL,y+y IL,x 

glL,x-g·x 

g . X 1l.'+l Y - g . (x II, y) 

(x + y) ll., z - x ll., z + y ll., Z 

Urel (x) ll., g - g 
Urel (x) ll., g . y - g 

Urel (x) ll., (g + y) - Urel (x) ll., y 

Urel (x) ll., (g. y + z) - Urel (x) ll., z 

Urel(X) ll., Urel(Y) - Urel(X ll., y) 

RDRTM1 

RDRTM2 

RDRTM3 

RDRTM4 

RDRTM7 

RDRTM8 

RDRTM9 

RDRTM10 

RDRTMll 

Table 28: Additional rewriting rules for PAdrt-ID'. 

Using the method of the lexicographical path ordering we prove that the term rewriting 
system associated with PAdrt-ID' is strongly normalizing. Thereto, the operator· is as­
signed the lexicographical status of the first argument, and the following well-founded 
ordering on constant and function symbols is used: 

g < Urel < + < . < ll., < 11,< ll., < ... < ll., < 11,< 1l.'+l < ... 

That the left-hand side of every rewriting rule is bigger than the right-hand side with 
respect to the ordering ?-Ipo, is shown by the following reductions: 

x II, Y ?-Ipo X II: y ?-Ipo X II: y + x II: y 
?-Ipo (x II: y) ll., (x II: y) + (x II: y) ll., (x II: y) 
?-Ipo X ll., Y + y ll., x 
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g 1L, x >-Ipo g 1L; x >-Ipo g 1L; x . g 1L; x 

>-lpo ~ . x 
g . X L+, Y >-Ipo g . X 1L~+, Y >-Ipo (g . X !L;+, y) . (g . X 1L~+, y) 

>-'P' (g. x) . «g. X !L;+, y) II, (g. x 1L:+, y» 

>-Ipo (g . x) . (g. x II, y) >-,po (g . * x) . (g. * x II, y) 

>-'po g . (x II, y) 

(x + y) 1L, Z >-,1'0 (x + y) 1L: Z >-Ipo (x + y) 1L: Z + (x + y) 1L: Z 

>-Ipo (x + * y) L Z + (x + * y) 1L, Z >-Ipo (x 1L, z) + (y 1L, z) 

Urel(X) L g >-,po Urel(X) 1L: g 
>-lpo g 

Urel (x) 1L, g . Y >-Ip' Urel (x) 1L: g . y 

>-lpo g 
Urel (x) 1L, (g + y) >-'po Urel (x) 1L: (g + y) >-'po Urel (x) 1L, (g + * y) 

>-Ipo Urel (x) 1L, y 

Ure] (x) lL, (g . y + z) >-Ipo Urel (x) 1L; (g. y + z) >-Ipo Urel (x) lL, (g . y + * z) 

>-'po Urel(X) 1L, Z 

Urel(X) lL, Urel(Y) >-Ipo Urel(x) 1L: Urel(Y) >-Ipo Urel(Urel(X) 1L: Urel(Y» 

>-Ip' Urel (U:"l (x) 1L, u:"l (y» >-Ipo Urel (x L y) 

It remains to prove that every normal form of a closed PAdt-t-ID' term is a closed BPAdt-t-ID 
term. We prove this as follows: suppose that s is a normal form of a closed PAdt-t-ID' 
term, and furthermore suppose that s is not a closed BPAdt-t-ID term. Now consider the 
smallest subterm s' of s that is not a closed BPAdrt-ID term. Then, s' must be of the 
form s' '" S1 II S2 or of the form s' '" S1 IL S2 for closed BPAdrCID terms S1 and S2. By 
the elimination theorem for BPAdt-t-ID, Theorem 2.6.12, we may assume that S1 and S2 

are basic terms. Now in the first case, s' '" S1 II S2, clearly rewriting rule RDRTMI is 
applicable. This contradicts the assumption that s is a normal form, so this case cannot 
occur. In the second case, s' '" S1 IL S2, it is not clear at first sight that a contradiction 
can be derived. So, the follOWing cases have to be considered for basic term S1: 

(i). S1 '" g for some a E A8. Then rewriting rule RDRTM2 is applicable. 

(ii). S1 '" g. s; for some a E A8 and closed BPAdt-t-ID term s;. Clearly, rewriting rule 
RDRTM3 is applicable. 

(iii). S1 '" s} + s~ for some closed BPAdt-t-ID terms s} and s}'. This time rewriting rule 
RDRTM4 is applicable. 

(iv). S1 '" Urel (sll for some closed BPAdrt-ID term St. The following cases can be consid­
ered for the general form of basic term S2: 

(a) S2 '" g for some a E A8. In this case rewriting rule RDRTM7 is applicable. 

(b) S2 '" g.s; for some a E A and basic terms;. In this case rewriting rule RDRTM8 
is applicable. 
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(c) S2 '" .L ai,s2.i+ L bj + L lTrel(S~.k) for m, n,p E N, ai-bj E A6, ands2,i ands~.k 
I<m- J<n= k<p 

basic terms. In this case at least one of the rewriting rules RDRTM9, RDRTMI0, 
and RDRTMII is applicable. 

In every case a rewriting rule is applicable. Therefore s' is not a normal form. 
We see that in both cases s' is not a normal form. But this contradicts the assumption 

that s is a normal form. From this contradiction we conclude that s does not contain a 
merge operator. Therefore s must be closed BPAcirt-ID term, which had to be proven. _ 

Corollary 3.3.8 (Elimination for PAdr,-ID') 
Let t be a closed PAdr,-IIY term. Then there is a basic term s such that PAdrt-IIY I- s = t. 

Proof This follows immediately from: 

(i). The elimination theorem for PAdr,-ID' (see Theorem 3.3.7), 

(ii). the elimination theorem for BPAdr,-ID (see Theorem 2.5.12), 

(iii). the fact that all axioms of BPAdr,-ID are also contained in PAdr,-ID'. 

Remark 3.3.9 (Elimination for PAdr,-ID') 
-

Elimination for a slightly different version of PAdr,-ID' is also claimed (without proof) in 
Theorem 3.4.2 of [13] (where PAdr,-ID' is called PA6d'). 

Definition 3.3.10 (Ground Equivalence of Equational Specifications) 
Two equational specifications LI = (~],EI) and L2 = (~2,E2) are called ground equiv­
alent if they have identical signatures, i.e. ~I = ~2' and the same equalities over closed 
terms hold in both systems, i.e. for all closed terms sand t over the signature ~I (or ~2) 
we have LI I- S = tiff L2 I- s = t. 

Definition 3.3.11 (Ground Equivalence of Term Deduction Systems) 
Two equational specifications TI = (~I,DI) and T2 = (~2,D2) are called ground equiv­
alent if they have identical signatures, i.e. ~I = ~2' and the same equalities over closed 
terms hold in both systems, i.e. for all closed terms sand t over the signature ~I (or ~2) 
we have s -T, t iff S -T, t. 

Theorem 3.3.12 (Ground Equivalence of PAdr,-ID and PAdr,-ID') 
For all closed PAdrt-ID terms sand t we have PAdrt-ID I- S = t if and only if PAdrt-IIY l­

S = t. 

Proof It suffices to show that, for closed terms, every axiom of PAdr,-ID' is deriv­
able from the axioms of PAdr,-ID, and vice versa, that, for closed terms, every axiom of 
PAdr,-ID is derivable from the axioms of PAdr,-ID'. We can restrict ourselves to the ax­
ioms that are not shared by both theories. 
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Part I 

First, we show that Axioms DR1M7-DRTMll of PAdrt-ID' are derivable in PAdrt-ID: 

AxiomDRTM7 
PAdrt-ID I- O"rel (x) IL g = g 

Consider the following derivation: 

AxiomDRTM8 
PAdrt-ID I- O"re! (x) IL g . Y = Ii: 

Consider the following derivation: 

AxiomDRTM9 
PAdrt-ID I- O"rel(X) IL (g + y) = O"rel(X) IL Y 

By the Lemma 2.5.10, there is a basic terms S such that either PAdrt-ID I- Y = Vrel (y) 
or PAdrt-ID I- Y = Vrel(Y) + O"re!(S). So, there are two cases to be distinguished. 

(i). PAdrt-ID I- Y = Vrel (y). Then we have: 

PAdrt-ID I- O"rel(X) IL (g + y) = 

O"rel(x) IL (g+Vrel(Y» = 

O"rel(x) IL (Vrel(g) + Vrel(Y» = 

O"rel(X) IL Vrel(g+y) = 

g= 
O"rel (x) IL Vrel (y) = 

O"rel (x) IL Y 

(ii). PAdrt-ID I- Y = Vrel(Y) + O"rel(S). Then we have: 

Axiom DRTMIO 

PAdrt-ID I- O"rel(X) IL (g + y) = 

O"rel(X) IL (g + Vrel(Y) + O"rel(S» = 

O"rel(X) IL (Vrel(g) + Vrel(Y) + O"rel(s» = 

O"rel(x) IL (Vrel(g + y) + O"rel(S» = 

O"rel(x) IL O"rel(S) = 

O"rel(X) IL (Vrel(Y) + O"rel(S» = 

O"rel(X) IL Y 

PAdrt-ID I- O"rel(X) IL (g, Y + z) = O"rel(x) IL z 

Handled in the same way as the previous case. 
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Axiom DRTMII 
PAdr,-ID f- Urel(X) IL Urel(Y) = Urel(x lLy) 

Consider the following derivation: PAdr,-ID f- Urel (x) IL Urel (y) = Urel (x) IL (g + 
Urel(Y» = Urel(X) IL (vrel(g) + Urel(Y» = Urel(X IL y). 

Part II 

Secondly, we show that Axioms DRTMS-DRTM6 ofPAdr,-ID are derivable in PAdr,-ID': 

AxiomDRTM5 
PAdr,-ID' f- Urel(X) IL Vrel(Y) = g 

Use the general form of basic term y. Take: 

for m, n, PEN, ai, b j E AD, and basic terms t; and Uk. Then we have: 

PAdr,-ID' f-

Urel (x) IL Vrel (y) = 

Urel(X) IL Vrel (L a;· ti + L bj + L Urel(Uk») 
l<m J<n k<p 

Urel(x) IL (.L Vrel(a;· til + L vrel(b j ) + L vrel(Urel(Uk») = 
l<m .1<" k<p 

Urel(x) IL (.L Vrel(a;) . t; + L vrel(bj ) + L Vrel(Urel(Uk») = 
I<m J<n k<p 

Urel(x) IL (La;.t;+ Lbj + Lg) 
I<m )<n k<p 

Urel(x) IL (.L a; . t; + L b j + g) 
l<m )<n 

Urel (x) IL g = 

g 

AxiomDRTM6 

Use the general form of basic term y. Take: 

Y'" L a;· t; + L bj + L Urel(Uk) 
i<m- J<n= k<p 
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for m, n, pEN, aj, b j E AD, and basic terms ti and Uk. Then we have: 

PAcirt-ID' f-

O"rel(X) ll. (vrel(Y) + O"rel(Z» = 

O"rel(X) ll. (vrel (.L ai' ti + L bj + L O"rel(Uk») + O"rel(Z») = 
l<m ]<n k<p 

O"rel(X) ll. (.L Vrel(ai' til + L vre!(b j ) + L Vrel(O"rel(Uk» + O"rel(Z») 
l<m )<n k<p 

O"re!(x) ll. (.L vre!(ai)' ti + L vrel(b j ) + L Vrel(O"rel(Uk» + O"rel(Z») 
I<m J<n k<p 

O"rel(X) ll. (I ai' ti + L b j + L ~ + O"rel(Z») = 
I<m J<n k<p 

O"rel(X) ll. (.L ai' ti + L b j + O"rel(Z») 
I<m )<n 

O"rel (x) ll. O"rel (z) = 

O"re! (x ll. z) 

Theorem 3.3.13 (Ground Equivalence of T(PAdrr-ID) and T(PAdrt-ID'» 
The term deduction systems T(PAarr-ID) and T(PAarr-IfY) are ground equivalent. 

• 

Proof Both term deduction systems have the same signature and the same set of 
deduction rules. Then it is trivial that the same equalities hold between closed terms .• 

Remark 3.3.14 (Proving Soundness and Completeness using Ground Equivalence) 
Next to the direct method for proving completeness (outlined in Remark 2.2.18 on 
page 9), the indirect method (outlined in Remark 2.6.20 on page 44, or Verhoefs method 
(outlined in Remark 3.2.14 on page 75), we can also derive completeness of a process 
theory P from the given completeness of a "sufficiently similar" process theory P'. As it 
turns out, the intuitive notion "sufficiently similar" can be formalized by the notion of 
ground equivalence. Using this method, we can also derive the soundness of P. 

See Theorem 3.3.15 below for technical details, and the proofs of Corollaries 3.3.17, 
3.3.19, 3.5.12, and 3.5.14 for applications of this proof method. 

Theorem 3.3.15 (Soundness and Completeness) 
Let Ll and L2 be ground equivalent equational specifications. Let Tl and T2 be ground 
equivalent term deduction systems. Then, Ll is a sound axiomatization with respect to the 
bisimulation equivalence model induced by Tl if and only if L2 is a sound axiomatization 
with respect to the bisimulation equivalence model induced by T2. Also, Ll is a complete 
axiomatization with respect to the bisimulation equivalence model induced by T 1 if and 
only ifL2 is a complete axiomatization with respect to the bisimulation equivalence model 
induced by T2. 
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Proof Let LI and L2 be ground equivalent equational specifications. Let TI and T2 
be ground equivalent term deduction systems. Suppose that LI is a sound axiomatiza­
tion with respect to the bisimulation equivalence model induced by T I . Let sand t be 
closed terms. Suppose that L2 I-- s = t. By the ground equivalence of LI and L2 we ob­
tain LI I-- S = t. Using that LI is a sound axiomatization with respect to the bisimulation 
equivalence model induced by TI we have that s -r, t. By the ground equivalence of TI 
and T2 it follows that s -r, t. The proof in the other direction is analogous. The second 
part of the theorem is proven analogously. _ 

Remark 3.3.16 (Soundness and Completeness versus Elimination) 
Note that it is useless to extend Theorem 3.3.15 to include an elimination result, as in 
general elimination is used to prove ground equivalence between LI and L 2. In the proof 
of Theorem 3.3.12 on page 79, for example, we use elimination to allow ourselves to re­
strict the proof to basic terms. 

Corollary 3.3.17 (Soundness of PAd,,-ID') 
The set of closed PAdrt-IIY terms modulo bisimulation equivalence is a model of PAdn-IIY. 

Proof This follows immediately from the following observations and Theorem 3.3.15: 

(i). PAdrt-ID and PAdrt-ID' are ground equivalent equational specifications (see Theo­
rem 3.3.12), 

(ii). T(PAdrt-ID) and T(PAdrt-ID') are ground equivalent term deduction systems (see 
Theorem 3.3.13), 

(iii). Soundness of PAdrt-ID (see Theorem 3.2.11). 

-
Remark 3.3.18 (Soundness of PAdrt-ID') 
Soundness of a slightly different version of PAdrt-ID' is also claimed (without proof) in 
Theorem 3.4.3 of [13) (where PAdrt-ID' is called PA"dtl. 

Corollary 3.3.19 (Completeness of PAdrt-ID') 
The equational specification PAdn-IIY is a complete axiomatization of the set of closed 
PAdrr-ID' terms modulo bisimulation equivalence. 

Proof This follows immediately from the following observations and Theorem 3.3.15: 

(i). PAdrt-ID and PAdrt-ID' are ground equivalent equational specifications (see Theo­
rem 3.3.12), 

(ii). T(PAdrt-ID) and T(PAdrt-ID') are ground equivalent term deduction systems (see 
Theorem 3.3.13), 

(iii). Completeness of PAdrt-ID (see Theorem 3.2.16). 

-
Remark 3.3.20 (Completeness of PAdrt-ID') 
Completeness of a slightly different version of PAdrt-ID' is also claimed (without proof) 
in Theorem 3.4.5 of [13) (where PAdrt-ID' is called PA"dt). 
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3.4 Soundness and Completeness of ACPdrcID 

Definition 3.4.1 (Communication Function) 
For this section, and all sections to come, we presume the existence of a fixed, commuta­
tive, associative, complete function y : AD x AD - AD, that can be considered a parameter 
of the respective theories. The function y has to be strict in the sense that it should al­
ways evaluate to 8 when one or both of its parameters is 8. 

Definition 3.4.2 (Signature of ACPdrr-ID) 
The signature of ACPdrr-ID consists of the undelayable atomic actions {gla E A}, the un­
delayable deadlock constant ~, the alternative composition operator +, the sequential 
composition operator ., the time unit delay operator CTr,,, the "now" operator vr," the 
(communicating) merge operator II, the left merge operator IL, and the communication 
merge operator I. 

Definition 3.4.3 (Axioms of ACPdrr-ID) 
The process algebra ACPdrr-ID is axiomatized by the axioms of PAdr,-ID given in Defini­
tion 3.2.2 on page 69 minus Axiom DRTM1, plus Axioms DRTCMI-DRTCMS, DRTCMI2-
DRTCM13, and DRTCFl-DRTCF2 shown in Table 29, and Axioms DRTCM6-DRTCM7 
shown in Table 30 on the next page: ACPdr,-ID = AI-AS + DRTl-DRTS + DCSI-DCS4 
+ DRTM2-DRTM6 + DRTCMI-DRTCM7 + DRTCMI2-DRTCM13 + DRTCFl-DRTCF2. 

x II y = x IL y + y IL x + x I y 

gig· x = (g I g) . x 
g . x I g = (g I g) . x 

g . x I g . y = (g I g) . (x II y) 

CTrel(X) I CTrel(y) = CTrel(X I y) 

(x + y) I z = x I z + y I z 

x I (y + z) = x I y + x I z 

glg=£ 
glg=g 

ify(a,b) =c*-8 
ify(a,b) = 8 

Table 29: Axioms for the (communicating) merge. 

Remark 3.4.4 (Axioms DRTCFI-DRTCF2) 

DRTCMI 
DRTCM2 

DRTCM3 

DRTCM4 

DRTCMS 
DRTCM12 

DRTCM13 

DRTCFl 

DRTCF2 

Note that, by Definition 3.4.1, if we dropped the condition c *- 8 in DRTCFl, then DRTCF2 
would be a special case of DRTCFl, and so DRTCF2 would not be needed anymore. How­
ever, for historical reasons we retain DRTCFl and DRTCF2 as given in Table 29. 

Definition 3.4.5 (Semantics of ACPdrr-ID) 
The semantics of ACPdrr-ID are given by the term deduction system T(ACPdrr-ID) in­
duced by the deduction rules for PAdrr-ID given in Definition 3.2.3 on page 69 and the 
deduction rules for the (communicating) merge given in Table 31 on the next page. 
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Urel (x) I Yrel (y) = g 
Yrel (x) I Urel (y) = g 

DRTCM6 

DRTCM7 

Table 30: Additional axioms for ACPd"rcID. 

a, b, ( b) X-X,Y-Y,ya, =c 
xlly'::'x'lIy' 

x ". x', y ~ j, y (a, b) = c 

x II y'::'x' 

x". j, y~y', y(a,b) =c 

x II y-". y' 

x!'. j, y~ j, y(a,b) = c 

x lIy'::'j 
(T, (Ty' x-x,y-

xly~x'ly' 

x".x', y~y', y(a,b) =c 

xly'::'x'lIy' 

x". x', y ~ j, y(a,b) = c 

x I y-". x' 

x!'. j, y ~ y', y(a,b) = c 

x Iy'::' y' 

x!'.j,y~j, y(a,b) =c 

xly'::'j 

Table 31: Deduction rules for the (communicating) merge. 

Definition 3.4.6 (Bisimulation and Bisimulation Model for ACPdrt-ID) 
Bisimulation for ACPdrt-ID and the corresponding bisimulation model are defined in the 
same way as for BPAd"rt-o and BPA respectively. Replace "BPAd"rt-o" by "ACPd"rt-ID" in 
Definition 2.4.5 on page 14 and "BPA" by "ACPd"rt-ID" in Definition 2.2.11 on page 8. 

Definition 3.4.7 (Basic Terms of ACPd"rt-ID) 
If we speak of basic terms in the context of ACPd"rt-ID, we mean (u,Q)-basic terms as 
defined in Definition 2.5.6 on page 23. -

Definition 3.4.8 (Number of Symbols of an ACPdrt-ID Term) 
We define n(x), the number of symbols of x, inductively as follows: 

(i). For a E AD' we define n (g) = 1, 

(ii). for closed ACPd"rt-ID terms x and y, we define n(x + y) = n(x . y) = n(x II y) 
n(x IL y) = n(x I y) = n(x) + n(y) + 1, 

(iii). for a closed ACPd"rcID term x, we define n(Urel(X» = n(Yrel(x» = n(x) + 1. 

Theorem 3.4.9 (Elimination for ACPdrt-ID) 
Let t be a closed ACPdrr-ID term. Then there is a closed BPAdrr-ID term s such that 
ACPdrt-ID f-- S = t. 
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Proof Let t be a closed ACPdrt-ID term. The theorem is proven by induction on n(t) 
and case distinction on the general structure of t. 

(i). t = g for some a E Ab". Then t is a closed BPAdrt-ID term. 

(ii). t = t] + t2 for closed ACPdrt-ID terms t] and t2. By induction there are closed 
BPAdrt-ID terms s] and S2 such that ACPdrt-ID f- t] = s] and ACPdrt-ID f- t2 = S2. 
But then also ACPdrt-ID f- h + t2 = s] + S2 and s] + S2 is a closed BPAdrt-ID term. 

(iii). t = h . t2 for closed ACPdrt-ID terms t] and t2. This case is treated analogously to 
case (ii). 

(iv). t = O"rel (h) for a closed ACPdrt-ID term t]. This case is treated analogously to case 
(ii). 

(v). t = Vrel(t]) for a closed ACPdrt-ID term t]. This case is treated analogously to case 
(ii). 

(vi). t = t] ll. t2 for closed ACPdrt-ID terms t] and t2. By induction there are closed 
BPAdrt-ID terms s] and S2 such that ACPcirt-ID f- t] = s] and ACPdrt-ID f- t2 = S2. 
By Theorem 2.5.12, the elimination theorem for BPAdrt-ID, there are basic terms 
r] and r2 such that BPAdrt-ID f- s] = r] and BPAdrt-ID f- S2 = r2. But then also, 
ACPdrt-ID f- t] = rio ACPdrt-ID f- t2 = r2, and ACPdrt-ID f- t] ll. t2 = r] ll. r2. We 
prove this case by induction on the structure of basic term r]: 

(a) r] = !I for some a E Ab". Then ACPdrt-ID f- tJ ll. t2 = r] ll. r2 = !I ll. r2 = fl. . r2, 
and i· r2 is a closed BPAdrt-ID term. --

(b) r] = !I. ri for some a E Ab" and basic term ri. Then ACPdrt-ID f- t] ll. t2 = 

r] ll.;:; =!I. ri ll. r2 =!I. (ri II r2). By the induction hypothesis there exists a 
closed BPAdrt-ID term p such that ACPdrt-ID f- ri II r2 = p. Then, ACPdrt-ID f­

t, IL tz = g. (r; II rz) = g. p, and g. p is a closed BPAdrt-ID term. 

(c) r] = r; + r;' for basic terms r; and r;'. Then ACPdrt-ID f- tl ll. t2 = rl ll. r2 = 

(ri + ri') ll. r2 = r; ll. r2 + ri' ll. r2. By induction there exist closed BPAdrt-ID 
terms PI and P2 such that ACPdrt-ID f- ri ll. r2 = PI and ACPdrt-ID f- ri' ll. r2 = 
P2· Then also ACPdrt-ID f- tl ll. t2 = r; ll. r2 + r;' ll. r2 = PI + P2, and PI + P2 is 
a closed BPAdrt-ID term. 

(d) rl = O"rel(ri) for a basic term ri. By Lemma 2.5.10 there is a basic term r; such 
that either ACPdrt-ID f- r2 = V rel(r2) or ACPdrt-ID f- r2 = Vrel(r2) + O"rel(r;) 
with n(r;) < n(r2). With case analysis we obtain: 

i. r2 = Vrel(r2). Then ACPdrt-ID f- tl ll. t2 = r, ll. r2 = O"re1(r;) ll. rz 
O"rel(r;) ll. Vrel(r2) =,@, and,@is a closed BPAdrt-ID term. 

ii. r2 = Vrel(r2) + O"rel(r;) for a basic term r;. Then ACPdrt-ID f- tJ ll. t2 = 

rl ll. r2 = O"rel(ri) ll. t2 = O"rel(ri) ll. r2 = O"rel(ri) ll. (Vrel(r2) +O"rel(r;» = 
O"rel (r; ll. r;). By the induction hypothesis there is a closed BPAdrt-ID term 
P such that ACPdrt-ID f- ri ll. r; = p. But then also ACPdrt-ID f- tl ll. t2 = 
O"rel(r; ll. r;) = O"rel(P), and O"rel(P) is a closed BPAdrt-ID term. 
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(vii). t = tl I t2 for closed ACPdrt-ID terms tl and t2. By induction there are closed 
BPAdr,-ID terms SI and S2 such that ACPdrt-ID f- tl = SI and ACPdrt-ID f- t2 = S2. 

By Theorem 2.5.12, the elimination theorem for BPAdrt-ID, there are basic terms 
rl and r2 such that BPAdrt-ID f- SI = rl and BPAdrt-ID f- S2 = r2. But then also, 
ACPdrt-ID f- tl = rIo ACPdrt-ID f- t2 = r2, and ACPdrt-ID f- tt I t2 = rl I r2. We prove 
this case by simultaneous induction on the structure of basic terms rl and r2. We 
examine all possible cases: 

(a) rl = fl. and r2 = Q for some a, bEAD. Suppose that y(a, b) = c. Then we have 
ACP;t;.-ID f- tl It; = rl I r2 = gig = £. and g is a closed BPAdrt-ID term. 

(b) rl = fl. and r2 = Q . r z for some a, bEAD and some basic term r;. Suppose that 
y(a,b) = c. Then we have ACPdrt-ID f- tl I t2 = rl I r2 = II I Q. r; = f2. r;, and 
g. y; is a closed BPAdrt-ID term. - - -

(c) rl = fl.. ri and r2 = Q for some a,b E AD and some basic term ri. This case is 
treated symmetrically to the previous case. 

(d) rl = fl. . ri and r2 = Q . r; for some a, bEAD and some basic terms ri and 
r;. Suppose that y(a-;-b) = c. Then we have ACPdrCID f- tl I t2 = rl I r2 = 

fl.. ri I Q. r; = f2. (ri II r;). By the induction hypothesis there exists a closed 
BPAdrt-ib terms' such that ACPdrt-ID f- ri II r; = s'. So ACPdrt-ID f- tl I t2 = 
g. (ri II r;) = g. s', andg. s' is aclosed BPAdrt-ID term. 

(e) rl = ri + ri' for some basic terms ri and ri', and r2 is of arbitrary form. Then 
ACPdrt-ID f- tl I t2 = rl I r2 = (ri + ri') I r2 = ri I r2 + ri' I r2. By the induction 
hypothesis there exist closed BPAd.-t-ID terms PI and P2 such that ACPdrt-ID f­

ri I r2 = PI and ACPdrt-ID f- ri' I r2 = P2· So, we have ACPdrt-ID f- tl I t2 = 
ri I r2 + ri' I r2 = PI + P2, and PI + P2 is a closed BPAdrt-ID term. 

(ti rl is of arbitrary form and r2 = r; + r~ for some basic terms r; and r~. This 
case is treated symmetrically to the previous case. 

(g) rl = urel(ri) for some basic term ri, and r2 is of arbitrary form. By Lemma 
2.5.10 there is a basic term rz such that either ACPd.-t-ID f- r2 = Vrel(r2) or 
ACPdrt-ID f- r2 = Vrel(r2) + Urel (r;) with n (r;) < n( r2). With case analysis we 
obtain: . 

i. r2 =vrel(r2). ThenACPdrt-IDf-tllt2 = Yl1r2 = urel(ri) IVrel(Y2) =Q.and 
g is a closed BPAdrt-ID term. -

ii. r2 = Vrel(r2) + Urel(r;) for a basic term r;. Then ACPdrt-ID f- tl I t2 = 
rl I r2 = Urel(ri) I (Vrel(r2) + Urel(r;» = urel(ri) I urel(rz) = urel(ri I r z)· 
By the induction hypothesis there is a closed BPAdrt-ID term P such that 
ACPdrt-ID f- ri I r; = p. But then also ACPdrt-ID f- tt I t2 = urel(ri I r;) = 

Urel(P), and Urel(p) is a closep BPAdrCID term. 

(h) rl is of arbitrary form and r2 = urel(r;) for some basic term r;. This case is 
treated symmetrically to the previous case. 

(viii). t = t) II t2 for closed ACPdrt-ID terms t) and t2. Then ACPdrt-ID f- tl II t2 = tl lL t2 + 
t2 lL tl + tt I t2. By (vi) and (vii) there are closed BPAdrt-ID terms PI. P2, and P3, such 
that ACPdrt-ID f- t) lL t2 = PI. ACPdrt-ID f- t2 lL tl = P2, and ACPdrt-ID f- tl I t2 = P3. 
But then also ACPdrt-ID f- tl II t2 = tl lL t2 + t2 lL tt + tl I t2 = p) + P2 + P3, and 
PI + P2 + P3 is a closed BPAdrt-ID term. 
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• 
Corollary 3.4.10 (Elimination for ACPdrr-ID) 
Let t be a closed ACP;j,,-ID term. Then there is a basic term s such that ACP;j,t-ID f- s ~ r. 

Proof This follows immediately from: 

(i). The elimination theorem for ACPdrr-ID (see Theorem 3.4.9), 

(ii). the elimination theorem for BPAdrr-ID (see Theorem 2.5.12), 

(iii). the fact that all axioms of BPAdrr-ID are also contained in ACPdrr-ID. 

Remark 3.4.11 (Elimination for ACPdrCID) 
Elimination for ACPdrr-ID is also claimed (without proof) in Theorem 4.2 of [Ill. 

Theorem 3.4.12 (Soundness of ACPdrr-ID) 

• 

The set of closed ACP;j,,-ID terms modulo bisimulation equivalence is a model of ACP;j,t-ID. 

Proof We only prove soundness for the axioms which are added to BPAdrr-ID to ob­
tain ACPdrt-ID. 

Axioms DRTM2-DRTM6 The proofs for the soundness of these axioms with respect to 
PAdrr-ID that are given in Theorem 3.2.11 remain valid, since there are no new de­
duction rules dealing with lL. 

Axiom DRTCMl Take the relation: 

R ~ {(s, s), (s II t, t II s), (s II t, s lL t + t lL s + sit) I sot E C (ACPdrr-ID) } 

First we look at the transitions of the left-hand side: 

(i). Suppose that slit!'. p. First we look at the (s II t, til s) pairs. By inspection of 
the deduction rules we distinguish the following cases: 

(a) S!'.PI andp "" PIli t. Then t II s!'. t II PI, and (PI II t,t II PI) E R 

(b) t!'. P2 and P "" s II Pz· Then t II s!'. P2 II s, and (s II P2,P2 II s) E R. 
(c) s!'. vlandp "" t. Then t II s!'. t, and (t,t) E R. 
(d) t!'. vi and P "" s. Then t II s!'. s, and (s,s) E R. 

(e) s.!'. PI, t"<:' P2, y(b,c) ~ a, and P "" PI II P2. Then t II s!'. P2 II PI, and 
(PI II P2,P2 II PI) E R. 

(f) s.!'. vi, t"<:' P2, y(b,c) ~ a, and P "" P2. Then til s!'. P2, and (P2,P2) E R. 
(g) s.!'. PI, t"<:' vi, y(b, c) ~ a, and P "" PI. Then til s!'. PI. and (PI. PI) E R. 

We continue with the (s II t, S lL t + t lL s) pairs. Distinguishing the same cases 
as above, we derive: 

(a) s lL t!'. PI II t. Then s lL t + t lL s + sit!'. PI II t, and (PI lit, t II PI) E R. 
(b) t lL s !'. P2 II s. Then s lL t + t lL s + sit!'. t II P2, and (s II P2, P2 II s) E R. 
(c) s lL t!'. t. Then s lL t + t lL s + sit!'. t, and (t, t) E R. 

88 



(d) t IL s .'!. s. Then sILt + t IL s + sit.'!. s, and (s, s) E R. 
(e) sit.'!. PI Ilp2. Thens ILt+t IL s+slt.'!. PI IIpz,and(PI Ilp2,PI Ilp2) ER. 

(f) sit.'!. P2· Then sILt + t IL s + sit.'!. P2, and (P2, P2) E R. 
(g) sit.'!. PI. Then sILt + t IL s + sit.'!. PI. and (PI. PI) E R. 

(ii). Suppose that s II t.'!. J. By inspection of the deduction rules we can con­
clude that s ~ J, t f.. J, and y(b, c) = a. Therefore, t II s.'!. J, and continuing, 
sit.'!. J, so sILt + t IL s + sit.'!. J. 

(iii). Suppose that slit 0'; p. By inspection of the deduction rules we can conclude 
that sO'; PI and to'; P2 and P '" PI II P2. Therefore, t II sO'; pz II PI, and 
note that (PI II P2,P2 II PI) E R. Continuing, we also have sILt 0'; PI IL pz 
t IL s 0'; P2 IL PI, and sit 0'; PI I P2. Therefore, sILt + t IL s + sit 0'; PI IL pz + 
P2 IL PI + PI I P2, and note that (PI II P2,PI IL P2 + pz IL PI + PI I pz) E R. 

Secondly, we look at the transitions of the right-hand side: 

(i). Suppose that t II s.'!. p. This case is handled in the same way as the corre­
sponding (sub)case for the left-hand side shown above. 

(ii). Suppose that t II s.'!. J. This case is handled in the same way as the corre­
sponding (sub)case for the left-hand side shown above. 

(iii). Suppose that t II s 0'; p. This case is handled in the same way as the corre­
sponding (sub)case for the left-hand side shown above. 

(iv). Suppose that sILt + t IL s + sit.'!. p. By inspection of the deduction rules we 
distinguish the following cases: 

(a) s.'!. PI and P '" PI II t. Then slit.'!. PI II t, and (PI II t,PI II t) E R. 
(b) t.'!. P2 and P '" P2 II s. Then s II t.'!. s II P2, and (s II Pz, P2 II s) E R. 
(cl s.". J and P '" t. Then s II t.". t, and (t, t) E R. 
(d) t.'!. J and P '" s. Then slit.'!. s, and (s, s) E R. 
(e) s ~ PI, t f.. P2, y(b,c) = a, and P '" PI II P2. Then s II t.'!. PI II P2, and 

(PI II P2,P2 II PI) E R. 
(f) s ~ J, t f.. P2, y(b, c) = a, and P '" P2. Then s II t.'!. P2, and (P2, P2) E R. 

(g) s ~ PI, t f.. J, y(b, c) = a, and P '" PI. Then slit.'!. PI. and (PI. PIl E R. 

(v). Suppose that sILt + t IL s + sit.'!. J. By inspection of the deduction rules we 
can conclude that s ~ J, t ~ J, and y(b, c) = a. Therefore, s II t.'!. J. 

(vi). Suppose that sILt + t IL s + sit."; p. By inspection of the deduction rules we 
can conclude that s 0'; P]' to'; P2, and P '" PI IL P2 + pz IL PI + PI I P2. Since 
both sand t can perform a u transition, we obtain s II t 0'; PI II P2, and note 
that (PI II P2, PI IL P2 + P2 IL PI + PI I P2) E R. 

Axiom DRTCM2 Take the relation: 

R = {(s,s), (g I g. s, (g I g) . s) I Sf' C(ACPd"rt-ID)} 

We look at the transitions of both sides at the same time. First, if y(a, b) = 15 there 
are no transitions possible on either side, and we are done. Otherwise, suppose 
y(a, b) = c. Then the only possible transition on the left-hand side is il.' s I 12. f.. s, 
and the only possible transition on the right-hand side is (il. I 12.) . sf.. S, and-note 
that (s,s) E R. - -
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Axiom DRTCM3 Take the relation: 

R = {(s,s), (g. s Ig, (gig) . s) Is E C(ACPdrt-ID)} 

This axiom is treated symmetrically to the previous axiom. 

Axiom DRTCM4 Take the relation: 

R = {(s, s), (g . s I g . t, (g I g) . (s II t» Is, t E C(ACPdrt-ID)} 

We look at the transitions of both sides at the same time. First, if y(a,b) = .5 there 
are no transitions possible on either side, and we are done. Otherwise, suppose 
y(a, b) = c. Then the only possible transition on the left-hand side is g. s 111· t !:.. s II 
t, and the only possible transition on the right-hand side is (g I 11) . (s II iT!:.. s 1/ t, 
and note that (s II t,s II t) E R. - -

Axiom DRTCM5 Take the relation: . 

We look at the transitions of both sides at the same time. The only possible transi­
tion of the left-hand side is O"rel (s) I O"rel (t) C'; sit, and the only possible transition 
of the right-hand side is O"rel(S I t) C'; sit, and note that (s I t,s It) E R. 

Axiom DRTCM6 Take the relation: 

We look at the transitions of both sides at the same time. Observe that there are no 
transitions possible on the left-hand side: O"rel (s) I Yrel (t) -.. . Also for the right-hand 
side there are no transitions possible: g -.. . 

Axiom DRTCM7 Take the relation: 

This axiom is treated symmetrically to the previous axiom. 

Axiom DRTCM12 Take the relation: 

R = {(s,s), ((s+ t) I u,S I u + t I u) Is,t,u E C(ACPdrt-ID)} 

First we look at the transitions of the left-hand side. 

(i). Suppose that (s+ t) I u ~ p. By inspection of the deduction rules we distinguish 
the following cases: 

(
be a 

a) s ~ PI, U ~ P2, y(b, c) = a, and P ;: PI II P2. Then s I u ~ PI II P2, so also 
s I u + t I u ~ PI II P2, and note that (PI II P2, PI II P2) E R. 

(b) t.!'. PI, u !:.. P2, y(b, c) = a, and P ;: PI II P2. This case is treated symmet­
rically to the previous case. 

(c) s.!'. -J, u !:.. P2, y(b, c) = a, and P ;: P2. Then s I u ~ P2, so also s I u + 
t I u ~ P2, and note that (P2,P2) E R. 
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(d) t!'. J, u .5:. P2, y(b, c) = a, and P = P2. This case is treated symmetrically 
to the previous case. 

(e) s!'. PI. u.5:. J, y(b,c) = a, and P = Pl. Then s I u C'. PI. so also s I u + 
t I u C'. PI, and note that (PI.PI) E R. 

(0 t!'. PI, u.5:. J, y(b,c) = a, and P = Pl. This case is treated symmetrically 
to the previous case. 

(ii). Suppose that (s + t) I u C'. J. 
(a) s!'. J, u .5:. J, and y(b, c) = a. Then s I u C'. J, so also s I u + t I u C'. J. 
(b) t!'. J, u.5:. J, and y(b,c) = a. This case is treated symmetrically to the 

previous case. 

(iii). Suppose that (s+ t) I u ~ p. By inspection of the deduction rules we distinguish 
the following cases: 

() 

(J" (J" (J" (J" (J" 

a s - PI. t.,. , u - P2, and P = PI I P2. Then s I u - PI I P2 and t I u .,. , so 
s I u + t I u ~ PI I P2, and note that (PI I P2, PI I P2) E R. 

(b) s 'J., t ~ PI, U ~ P2, and P = PI I P2. This case is treated symmetrically to 
the previous case. 

(c) s ~ PI. t ~ P2, U ~ P3, and P = (PI + P2) I P3· Then s I u ~ PI I P3 and 
tl u ~ P21p3, so slUHlu ~ Pllp3+P2Ip3, and note that ((PI +P2) Ip3, PII P3+ 
P2 I P3) E R. 

Secondly, we look at the transitions of the right-hand side: 

(i). Suppose that s I u +t I u C'. p. By inspection of the deduction rules we distinguish 
the following cases: 

(a) s!'. PI. u.5:. P2, y(b, c) = a, and P '= PI II P2· Then s + t!'. PI, so (s + 
t) I u C'. PI II P2, and note that (PI II P2, PI II P2) E R. 

(b) t!'. PI. u .5:. P2, y(b, c) = a, and P = PI II P2. This case is treated symmet­
rically to the previous case. 
bed b J ) a (c) S - J, u - P2, y(b, c) = a, an P = P2. Then s + t - ,so (s + t I u - P2, 

and note that (P2,P2). 

(d) t!'. J, u .5:. P2, y(b, c) = a, and P = P2. This case is treated symmetrically 
to the previous case. 

(e) s!'. PI. u.5:. J, y(b,c) = a, and P = Pl. Then s + t!'. PI. so (s + t) I u C'. PI, 
and note that (PI, PI). 

(f) t!'. PI, u.5:. J, y(b,c) = a, and P = Pl. This case is treated symmetrically 
to the previous case. 

(ii). Suppose that sl u+tl u C'. J. By inspection of the deduction rules we distinguish 
the following cases: 

(a) s!'. J, u.5:. J, and y(b,c) = a. Then s + t!'. J, so (s + t) I u C'. J. 
(b) t!'. J, u .5:. J, and y(b, c) = a. This case is treated symmetrically to the 

previous case. 

(iii). Suppose that s I u + t I u ~ p. By inspection of the deduction rules we distinguish 
the following cases: 
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u u u u u 
(a) s - PI, t.,. , u - Pz, and P = PI I pz. Then s + t - PI. so (s + t) I u - PI I Pz, 

and note that (PI I P2,PI I P2) E R. 
(h) s!, t.'?; PI, u.'?; P2, and P = PI I P2. This case is treated symmetrically to 

the previous case. 
(c) s.'?; PI, t.'?; P2, u .'?; P3, and P = PI I P3 + P2 I P3. Then s + t.'?; PI + P2, so 

(s + t) I u .'?; (PI + P2) I P3, and note that «PI + P2) I P3, PI I P3 + P2 I P3) E R. 

Axiom DRTCM13 Take the relation: 

R = {(s, s), (s I (t + u), sit +s I u) Is, t, u E C(ACPdrt-ID)} 

This axiom is treated symmetrically to the previous axiom. 

Axiom DRTCFl Take the relation: 
R = {(g I g,£)} 

We look at the transitions of both sides at the same time. By the definition of Axiom 
DRTCFl we have that y(a,b) = c '* o. Then the only possible transition of the left­
hand side is fl. 1l2. -'. .j, and the only possible transition of the right-hand side is 
£ -'. .J. - -

Axiom DRTCF2 Take the relation: 
R = {(g I g,~) } 

We look at the transitions of both sides at the same time. As, by the definition of 
Axiom DRTCF2, we have that y(a, b) = 0, there are no transitions possible on either 
side. 

• 
Remark 3.4.13 (Soundness of ACPdrt-ID) 
Soundness of ACPdrt-ID is also claimed (without proof) in Theorem 4.2 of [Ill. 

Theorem 3.4.14 (Conservativity of ACPdrt-1D with respect to BPAdrt-ID) 
The equational specification ACPdn-JD is a conservative extension of the equational spec­
ification BPAdn-ID. 

Proof In order to prove conservativity it is sufficient to verify that the following con-
ditions are satisfied: 

(i). Bisimulation equivalence is definable in terms of predicate and relation symbols 
only, 

(ii). BPAdrcID is a complete axiomatization with respect to the bisimulation equivalence 
model induced by T(BPAdrt-ID) (see Theorem 2.5.17), 

(iii). ACPdrt-ID is a sound axiomatization with respect to the bisimulation equivalence 
model induced by T(ACPdrt-ID) (see Theorem 3.4.12), 

(iv). T(ACPdrt-ID) is an operationally conservative extension of T(BPAdrt-ID). 

And in order for T(ACPdrt-ID) indeed to be an operationally conservative extension of 
T(BPAdrt-ID) we must verify the following conditions: 
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(il. T(BPAdrt-ID) is a pure, well-founded term deduction system in path format, 

(ii). T(ACPdrt-ID) is a term deduction system in path format, 

(iii). T(BPAdrt-ID) G) T(ACPdrt-ID) is defined. 

That the above properties hold can be trivially checked from the relevant definitions. _ 

Theorem 3-4.15 (Completeness of ACPdrt-ID) 
The equational specification ACP;jrt-ID is a complete axiomatization of the set of closed 
ACP;jrt-ID terms modulo bisimulation equivalence. 

Proof By Verhoefs General Completeness Theorem (see [2SI, or Theorem 2.4.26 of 
[13]) this follows immediately from: 

(il. ACPdrt-ID has the elimination property for BPAdrt-ID (see Theorem 3.4.9), 

(ii). ACPdrt-ID is a conservative extension of BPAdrt-ID (see Theorem 3.4.14). 

Remark 3.4.16 (Completeness of ACPdrt-ID) 
Completeness of ACPdrt-ID is also claimed (without proof) in Theorem 4.2 of [Ill. 

3.5 Soundness and Completeness of ACPdrt-ID' 

Definition 3.5.1 (Signature of ACPdrt-ID') 

-

The signature of ACPdrt-ID' is identical to the signature of ACPdrt-ID as given in Definition 
3.4.2; it consists of the undelayable atomic actions {gla E Al. the undelayable deadlock 
constant Q., the alternative composition operator +, the sequential composition operator·, 
the time unit delay operator O"reJ. the "now" operator Vrel, the (communicating) merge 
operator II, the left merge operator 1L, and the communication merge operator I. 

Definition 3.5.2 (Axioms of ACPdrt-ID') 
The process algebra ACPdrt-ID' is axiomatized by the axioms of PAdrCID' given in Defini­
tion 3.3.2 on page 76 minus Axiom DRTM1, plus Axioms DRTCM1-DRTCMS, DRTCM12-
DRTCM13, and DRTCFl-DRTCF2 shown in Table 29 on page 84, and Axioms DRTCM8-
DRTCM11 shown in Table 32 on the next page: ACPdrt-ID' = AI-AS + DRTl-DRTS + 
DCS1-DCS4 + DRTM2-DRTM4, DRTM7-DRTMll + DRTCM1-DRTCMS + DRTCM8-13 + 
DRTCFl-DRTCF2. 

Definition 3.5.3 (Semantics of ACPdrt-ID') 
The semantics of ACPdrt-ID' are given by the term deduction system T(ACPdrt-ID') which 
is identical to the term deduction system T(ACPdrt-ID) given in Definition 3.4.S on 
page 84. 

Definition 3.5.4 (BisimuIation and Bisimulation Model for ACPdrcID') 
Bisimulation for ACPdrt-ID' and the corresponding bisimulation model are defined in the 
same way as for BPAdrt-o and BPA respectively. Replace "BPAdrt-o" by "ACPdrt-ID'" in 
Definition 2.4.S on page 14 and "BPA" by "ACPdrt-ID'" in Definition 2.2.11 on page 8. 
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g I Urel(X) = £ 

Ure!(x) I g = £ 
g . x lUre! (y) = £ 

Urel(X) I g. Y = £ 

DRTCM8 

DRTCM9 

DRTCM10 

DRTCMll 

Table 32: Additional axioms for ACPdrt-IJ)'. 

Definition 3.5.5 (Basic Terms of ACPdrt-ID') 
If we speak of basic terms in the context of ACPdrt-IJ)', we mean (u,£)-basic terms as 
defined in Definition 2.5.6 on page 23. 

Definition 3.5.6 (Number of Symbols of an ACPdrCID' Term) 
We define n (x), the number of symbols of x, inductively as follows: 

(i). For a E A", we define n(g) = I, 

(ii). for closed ACPdrt-IJ)' terms x and y, we define n(x + y) = n(x . y) = n(x II y) 
n(x IL y) = n(x I y) = n(x) + n(y) + I, 

(iii). for a closed ACPdrt-IJ)' term x, we define n(Urel(X» = n(vre!(x» = n(x) + l. 

Theorem 3.5_7 (Elimination for ACPdrt-ID') 
Let t be a closed ACP;jrt-1IY term. Then there is a closed BPAdrt-ID term s such that 
ACP;jrt-1IY f- S = t. 

Proof First a term rewriting system is given which is proven to be strongly normaliz­
ing. Thereafter, it is shown that every normal form of a closed ACPdrt-ID' term is a closed 
BPAd.-t-IJ) term. 

The term rewriting system used is given in Table 33 on the following page. Note that 
we have added natural number subscripts n to the merge operators, in order to deal with 
the mutually recursive nature of definition of these operators. For a description of this 
technique, and a rigorous formal justification of its use, see Theorem 3.2.3 of [13] and 
the references given there. Using the method of the lexicographical path ordering we 
prove that the term rewriting system associated with ACPdrt-IJ)' is strongly normalizing. 
Thereto, the operator· is assigned the lexicographical status of the first argument, and 
the following well-founded ordering on constant and function symbols is used: 

g < Urel < + < . < IL" I, < II, < IL" I, < ... < L, I" < II" < IL"+I' 1"+1 < ... 

That the left-hand side of every rewriting rule is bigger than the right-hand side with 
respect to the ordering >-Ipo, is shown by the following reductions: 

x II" y >-Ipo x II: y >-Ipo x II: y + x II: y >-Ipo x II: y + x II: y + x II: y 
>-lpo (x II: y) IL" (x II: y) + (x II: y) IL" (x II: y) + (x II: y) I" (x II: y) 
>-lpo x IL. y + y IL. x + x I"y 
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x II,Y-x lL,y+y lL,x+xl,Y 

aIL x-aox = n = 
~ 0 x IL,,, Y - ~ 0 (x II, y) 

(x + y) IL, Z - x IL, Z + Y IL, Z 

are! (x) IL, ~ - g 

arel(X) IL, ~ 0 Y - g 

arel (x) IL, (~ + y) - are! (x) lL, Y 

arel (x) IL, ([ 0 Y + z) - arel(X) IL, Z 

arel (x) lL, arel (y) - arel (x IL, y) 

~I,g - £ 
~I,g - g 

~I,gox- (~I,g) oX 

~ 0 x I,g - (~I,g) 0 x 

~ 0 X 1'+lg 0 Y - (~I,+lg) 0 (x II, y) 

arel(X) l,arel(Y) - arel(X I,Y) 

~ I,arel(x) - g 

arel (x) I,~ - g 

~oxl,arel(Y) -g 

arel(X) I,~oy_g 

(x + y) I,z - x I,z + Y I,z 

xl,(Y+z) -xl,y+xl,z 

ify(a,b) = c '" (j 

if y(a, b) = (j 

Table 33: Term rewriting system for ACPdrt-!D' 0 

~ I,g rlPo~ I;g 

>-lpo £ 
g I,g rl""g I:g 

>-lpo ~ 

RDRTCMl 
RDRTM2 
RDRTM3 
RDRTM4 
RDRTM7 
RDRTM8 
RDRTM9 
RDRTMIO 
RDRTMll 
RDRTCFl 
RDRTCF2 
RDRTCM2 
RDRTCM3 
RDRTCM4 
RDRTCM5 
RDRTCM8 
RDRTCM9 
RDRTCMIO 
RDRTCMll 
RDRTCM12 
RDRTCM13 

~I,goX>-IPo~l:goxrIPo(~I:gox) 0 (~I:gox) rIPo(~I,go*x) 0 (gox) 

rlpo (~I,g) 0 (g 0 x) rlpo (~I,g) 0 * (g 0 x) rlpo (~I,g) 0 (g 0 * x) 

rlpo (~ I,g) 0 x 
~ 0 x I,g rlPo~ 0 x I:g rlpo (~o x I:g) 0 (~o x I:g) rlpo (~o * x I,g) 0 (~o x) 

rlpo (~I,g) 0 (g 0 x) rl"" (~I,g) 0 * (~o x) rlpo (~I,g) 0 (~o * x) 

rlpo (~I,g) 0 x 
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g. X I,+,g' Y >-Ipog' x I:+,g' Y hpo (g. x I:+,g' y) . (g. x I:+,g' y) 

>-Ipo (g. x I:+lg' y) . ((g. x I:+,g' y) II, (g. x I:+,g' Y)) 

>-'po (g . * X I,.,g . * y) . ((g. x I:+,g . y) II, (g. x I:+,g . y)) 

>-'po (g I,+,g) . (g. x II, g. y) >-IPO (g I,+,g) . (g. * x II, g* . y) 

>-1"" (g I,+,g) . (X II, y) 

O"rel(x) I,O"rel(Y) >-,poO"rel(x) I:O"rel(Y) >-,poO"rel(O"rel(X) I:O"rel(Y)) 
>-,po O"rel(O":;'I(X) l'O"r~I(Y)) >-'po O"rel(x I,Y) 

g I,O"rel(x) >-,pog I:O"rel(X) 

>-Ipo ~ 

O"rel(X) I,g>-I"" O"rel(X) I:g 
rlpo g 

g. X I,O"rel(Y) >-IPog' X I: O"rel (y) 

>-IPog 
O"rel(X) I,g' Y hpo O"rel(X) I:g' Y 

>-Ipo g 
(x + y) I,z >-1"" (X + y) I:z >-'po (X + y) I:z + (X + y) I:z 

>-'po (X +* y) I,z + (X +* y) I,z >-'po (X I,z) + (y I,z) 
X I, (Y + z) >-'po X 1* (y + z) >-'po X 1* (y + z) + X 1* (y + z) , , , 

>-lpo X I, (y + * z) + X I, (y + * z) >-Ipo X I, (y) + X I, (z) 

Note that we do not give reductions for RDRTM 2-RDRTM 11 , as these already have been 
given in the proof of Theorem 3.5.7, and since the new ordering is a proper extension of 
the old one, these proofs remain valid. 

It remains to prove that every normal form of a closed ACPdrt-ID' term is a closed 
BPAdrt-ID term. We prove this as follows: suppose that s is a normal form of a closed 
ACPdrt-ID' term, and furthermore suppose that s is not a closed BPAdrt-ID term. Now 
consider the smallest subterm s' of s that is not a closed BPAdrt-ID term. Then, s' must 
be of the form s' ;: SI II S2, of the form s' ;: SI IL S2, or of the form s' ;: SI I S2, for closed 
BPAdrt-ID terms s] and S2. By the elimination theorem for BPAdrt-ID, Theorem 2.6.12, 
we may assume that SI and S2 are basic terms. Now in the first case, s' ;: SI II S2, clearly 
rewriting rule RDRTCM1 is applicable. This contradicts the assumption that s is a normal 
form, so this case cannot occur That the second case, s' ;: s] IL S2, cannot occur is proven 
in the same way as already done in the proof of the elimination theorem for PAdrt-ID', 
Theorem 3.3.7. So it remains to derive a contradiction for the third case, s' ;: s] I S2. The 
following cases can be considered for basic terms SI and S2 (for some a, b E Ao and basic 

I II , ") terms SI,SI ,S2,S2 : 

(i). If SI ;: g and S2 ;: g we can apply RDRTCFl if y(a,b) * 8, if not, we can apply 
RDRTCF2. 

(ii). If SI ;: g and S2 ;: g . s;, we can apply RDRTCM2. 

(iii). If SI ;: g and S2 ;: O"rel (s;), we can apply RDRTCM8. 

(iv). If s] ;: g . s; and S2 '" g, we can apply RDRTCM3. 
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(v). If S1 '" g. s; and S2 '" g . s;, we can apply RDRTCM4. 

(vi). If S1 '" g. s; and S2 '" Ure](s;), we can apply RDRTCM10. 

(vii). If S1 '" Ure] (s;) and S2 '" g, we can apply RDRTCM9. 

(viii). If S1 '" Urel (s;) and S2 '" g . s;, we can apply RDRTCM11. 

(ix). If S1 '" Ure] (s;) and S2 '" Ure] (s;), we can apply RDRTCM5. 

(x). If S1 '" s; + s~ and S2 is of an arbitrary form, we can apply RDRTCM12. 

(xi). If S1 is of an arbitrary form and S2 '" s; + s~, we can apply RDRTCM13. 

This sums up all possible sixteen cases (with seven cases thrown together in (x). and (xi).). 
In all of these cases we can apply one of the rewriting rules, so s' is not a normal form. 
This contradicts the assumption that s is a normal form. From this contradiction we con­
clude that s does not contain a merge operator. Therefore s must be closed BPAdr,-ID 
term, which had to be proven. _ 

Corollary 3.5_8 (Elimination for ACPdr,-ID') 
Let t be a closed ACP;irt-1IY term. Then there is a basic term s such that ACP;irt-1IY f- S = t. 

Proof This follows immediately from: 

(i). The elimination theorem for ACPdr,-ID' (see Theorem 3.5.7), 

(ii). the elimination theorem for BPAdr,-ID (see Theorem 2.5.12), 

(iii). the fact that all axioms of BPAdr,-ID are also contained in ACPdr,-ID'. 

Remark 3.5_9 (Elimination for ACPdr,-ID') 
-

Elimination for a slightly different version of ACPdr,-ID' is also claimed (without proof) 
in Theorem 3.6.4 of [13] (where ACPdr,-ID' is called ACPd'). 

Theorem 3.5.10 (Ground Equivalence of ACPdr,-ID and ACPdr,-ID') 
For all closed ACP;irt-ID terms sand t we have ACP;irt-ID f- s = t if and only if ACP;irt-1IY f­

s = t. 

Proof It suffices to show that, for closed terms, every axiom of ACPdr,-ID' is deriv­
able from the axioms of ACPdr,-ID, and vice versa, that, for closed terms, every axiom 
of ACPdr,-ID is derivable from the axioms of ACPdr,-ID'. We can restrict ourselves to the 
axioms that are not shared by both theories. Furthermore, the proofs regarding Axioms 
DRTM5-DRTMll that are given in Theorem 3.3.12 on page 79, with respect to PAdr,-ID 
and PAdr,-ID', remain valid with respect to ACPdr,-ID and ACPdr,-ID'. 
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Part I 

First, we show that Axioms DRTCM8-DRTCMll of ACPdrt-ID' are derivable in ACPdrt-ID: 

Axiom DRTCM8 
ACPdrt-ID f- g liTrel(x) ~ ~ 

Consider the following derivation: 

Axiom DRTCM9 
ACPdrt-ID f- iTrel (x) I g ~ ~ 

This axiom is treated symmetrically to the previous axiom. 

Axiom DRTCMIO 
ACPdrt-ID f- g . X liTrel (y) ~ ~ 

Consider the following derivation: 

Axiom DRTCMll 
ACPdrt-ID f- iTreJ (x) I g . y ~ ~ 

This axiom is treated symmetrically to the previous axiom. 

Part 0 

Secondly, we show that Axioms DRTCM6-DRTCM7 of ACPdrt-ID are also derivable in 
ACPdr,-ID': 

Axiom DRTCM6 
ACPdrcID' f- iTrel (x) I Vrel (y) ~ ~ 

Use the general form of basic term y. Take: 

y= Laj.tj+ Lb j + LiTrel(Uk) 
i<m j<n- k<p 

for m, n, pEN, aj, b j E AD, and basic terms tj and Uk. Then we have: 

ACPdrt-ID' f- iTreJ (x) I VreJ (y) ~ 

iTreJ(x) I Vrel (.L aj . tj + L bj + L iTrel(Uk») 
I<m )<n k<p 

iTrel(X) I (.L Vrel(aj· tj) + L vrel(bj ) + L vrel(iTrel(Uk») 
I<m J<n k<p 

iTrel(x) I (.L Vrel(aj) . tj + L vrel(b j ) + L vrel(iTrel(Uk») ~ 
I<m J<n k<p 
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Urel (x) I (I aj . tj + I b j + I g) = 
l<m ]<n k<p 

( urel(X) I .I aj . t j) + (urel(X) I I b j ) + (ure1(x) I I g) 
l<m )<n k<p 

(I Urel(X) I aj . t;) + (I Urel(X) I b j ) + (I Urel(X) I g) 
ICm ~. kq 

Ig+ Ig+ Ig= 
i<m j<n kcp 

Axiom DRTCM7 
ACPdr,-ID' f- Vrel(X) I Urel(Y) = g 

This axiom is treated symmetrically to the previous axiom. 

Theorem 3.5.11 (Ground Equivalence of T(ACPdrcID) and T(ACPdrt-ID'» 
The term deduction systems T(ACPdrt-ID) and T(ACPdrt-1IY) are ground equivalent. 

-
Proof Both term deduction systems have the same signature and the same set of 
deduction rules. Then it is trivial that the same equalities hold between closed terms. _ 

Corollary 3.5.12 (Soundness of ACPdr,-ID') 
The set of all closed ACPd,,-IIY terms modulo bisimulation equivalence is a model of 
ACPdrt-1IY. 

Proof This follows immediately from the following observations and Theorem 3.3.15: 

(i). ACPdr,-ID and ACPdr,-ID' are ground equivalent equational specifications (see The­
orem 3.5.10), 

(ii). T(ACPdr,-ID) and T(ACPdrCID') are ground equivalent term deduction systems 
(see Theorem 3.5.11), 

(iii). Soundness of ACPdr,-ID (see Theorem 3.4.12). 

-
Remark 3.5.13 (Soundness of ACPdrt-ID') 
Soundness of a slightly different version of ACPdr,-ID' is also claimed (without proof) in 
Theorem 3.6.5 of [13] (where ACPdr,-ID' is called ACPd'). 

Corollary 3.5.14 (Completeness of ACPdrcID') 
The equational specification ACPdrt-1IY is a complete axiomatization of the set of closed 
ACPdrt-1IY terms modulo bisimulation equivalence. 

Proof This follows immediately from the following observations and Theorem 3.3.15: 
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(i). ACPdrt-ID and ACPdrt-ID' are ground equivalent equational specifications (see The­
orem 3.5.10), 

(ii). T(ACPdrt-ID) and T(ACPdrt-ID') are ground equivalent term deduction systems 
(see Theorem 3.5.11), 

(iii). Completeness of ACPdrt-ID (see Theorem 3.4.15). 

• 
Remark 3.5.15 (Completeness of ACPdrt-ID') 
Completeness of a slightly different version of ACPdrt-ID' is also claimed (without proof) 
in Theorem 3.6.7 of [13) (where ACPdrt-ID' is called ACPdt). 

3.6 Soundness and Completeness of P A~rt 

Definition 3.6.1 (Signature ofPAdrtl 
The signatureofPAdrt consistsofthe undelayable atomic actions {g.la E A}, the delayable 
atomic actions {a la E A}, the undelayable deadlock constant Q, the delayable deadlock 
constant 0, the immediate deadlock constant 6, the alternative composition operator +, 
the sequential composition operator·, the time unit delay operator U re), the "now" oper­
ator V re!. the unbounded start delay operator I J ro, the (free) merge operator II, and the 
left merge operator IL. 

Definition 3.6.2 (Axioms of P Adrt) 
The process algebra PAdrt is axiomatized by the axioms of BPAdrt given in Definition 2.8.2 
on page 54, Axioms DRTM1 and DRTM4 shown in Table 24 on page 69, Axiom DRTM6 
shown in Table 25 on page 70, and finally Axioms DRTM2ID-DRTM3ID, DRTM5ID, and 
DRTMID1-DRTMID2 shown in Table 34: PAdrt = AI-AS + A6ID + A7ID + DRTl-DRT5 + 
DRTSID + DCS1-DCS4 + DCSID + ATS + USD + DRTM1 + DRTM2ID-DRTM3ID + DRTM4 + 
DRTMSID + DRTM6 + DRTMIDI-DRTMID2. 

g lL (X+ g) = g. (x + g) 
g. x IL (y + g) = g . (x II (y + g» 

Urel (x) IL (Vrel (y) + g) = g 
xlL6=8 
811.x=8 

DRTM2ID 

DRTM3ID 

DRTM5ID 

DRTMID1 

DRTMID2 

Table 34: Additional axioms for PAdrt. 

Definition 3.6.3 (Semantics of PAdrt) 
The semantics of PAdrt are given by the term deduction system T(PAdrt) induced by the 
deduction rules for BPAdrt given in Definition 2.8.4 on page 54 and the deduction rules 
for the (free) merge with immediate deadlock shown in Table 35 on the next page. 
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x!'. x', ,ID(y) y!'. y', ,ID(x) x!'. x', ,ID(y) 

x II y!'. x' II y x II y!'. x II y' x IL y !'. x' II y 

x!'. j, ,ID(y) y!'. j, ,ID(x) x!'. j, ,ID(y) 

x II y!'. y xllY!'.x xlLY!'.y 
u 1 (]" y' X-X, y- "., "'y' x-x,y-

x II y.':'; X' II y' X IL y.':'; X' 1Ly' 

ID(x) ID(y) 

ID(x II y) ID(x II y) 

ID(x) ID(y) 

ID(x IL y) ID(x IL y) 

Table 35: Deduction rules for the (free) merge with immediate deadlock. 

Definition 3.6.4 (Bisimulation and Bisimulation Model for PAdrt) 
Bisimulation for PAdrt and the corresponding bisimulation model are defined in the same 
way as for BPAdrt and BPA respectively. Replace "BPA;!,.," by "PAdrt" in Definition 2.7.7 on 
page 46 and "BPA" by "PAdrt" in Definition 2.2.11 on page 8. 

Definition 3.6.5 (Basic Terms of PAdrt) 
If we speak of basic terms in the context of PAdrt, we mean (CT,,i, 0", 8)-basic terms as 
defined in Definition 2.8.7 on page 54. 

Definition 3.6.6 (Number of Symbols of a PAdrt term) 
We define n (x), the number of symbols of x, inductively as follows: 

(i). We define n (8) = 1, 

(ii). for a E AD, we define n(g) = n(a) = 1, 

(iii). for closed PAdrt terms x andy, we define n(x+y) = n(x·y) = n(x II y) = n(x IL y) = 

n(x) + n(y) + 1, 

(iv). for a closed PAdrt term x, we define n (CTrel (x» = n (vrel (x» = n (LxJ W) = n (x) + 1. 

Proposition 3.6.7 (Properties of PAdrt ) 
For PAdrt terms x and y, and any a E AD, we have the following equalities: 

(i). PA~rt f- LaJw = a 

(ii). PAdrt f- Lx· yJw = LxJ w. y 

(iii). PAdrt f- Lx + yJw = LxJ w + LyJw 

(iv). PAdrt f- LCTrel(X) JW = 0" 
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(v). PAd" f- l8 j W = 15 

(vi). PAd" f- a lL lxj W = a . lxj W 

(vii). PAd" f- a . x lL lyjW = a . (x IllyjW) 

(viii). PAd" f- Vrel(a) = a 

(ix). PAd" f- lxjW + g, = lxjW 

Proof The proofs for equality (i)-(v) and (viii)-(ix) given in Proposition 2.8.11 on 
page 55, with respect to BPAdr', remain valid in the setting of PAdr" as can be easily 
checked. 

Equality (vi) and (vii) do not appear in Proposition 2.8.11. Consider the following com­
putation for equality (vi): 

PAdr, f- a lL lxjW = 19jW lL lxjW 

Using RSP(USD) we obtain: 

= (Vrel(g) + Urel(lgj"')) lL lxjW 

= (g + Urel(a)) lL lxjW 

= g lL lxjW + urel(a) lL lxjW 

= g lL (lxjW + g,) + Urel(a) lL (Vrel(X) + urel(lxjW)) 

=g. (lxjw+g,) +Urel(a lL lxjW) 

= Vrel(g) . lxjW + urd(a lL lxjW) 

= Vrel(g· lxjW) + urd(a lL lxj"') 

PAdr' f- a lL lxjW = 19. lxjwJw = 19jw. lxjW = a . lxjW 

Finally, consider the following computation for equality (vii): 

PAdr, f- a . x lL lyjW = 19jw. x lL lyjW 

= (Vrel(g) + Urel(lgjW)) . x lL lyjW 

= (g + Urel(a)) . x lL lyjW 

= (g. x + Urel(a . x)) lL lyjW 

= g. x lL lyjW + Urel(a· x) lL lyjW 

= g. x lL (lyjW + g,) + Urel(a . x) lL (Vrel(y) + Urel(lyjW)) 

= g. (x II (ly j W + g,)) + Urel (a . x lL ly j"') 

= Vrel(g) . (x IIlyjW) + urel(a . x lL lyJW) 

= Vrel (g. (x Illy J"')) + Urel (a . x lL ly J"') 

Using RSP(USD) we obtain: 

PAdr' f- a . x lL lyjW = 19· (x IllyjW) JW = 19jw. (x IIlyjW) = a . (x IllyJW) 

Theorem 3.6.8 (Elimination for PAdr') 

• 
Let t be a closed PAdrt term. Then there is a closed BPAart term s such that PAdrt f- t = s. 
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Proof Let t be a closed PAdr' term. The theorem is proven by induction on n(t) and 
case distinction on the general structure of t. 

(i). t == 8. Then t is a closed BPAdr' term. 

(ii). t == g for some a E AD' Then t is a closed BPAdr' term. 

(iii). t == a for some a E AD. Then t is a closed BPAdr' term. 

(iv). t == tl + tz for closed PAdr' terms tl and tz. By induction there are closed BPAdr' 
terms SI and Sz such that PAdr, f- tt = SI and PAdr, f- tz = Sz. But then also PAdr, f­

tl + tz = SI + Sz and SI + Sz is a closed BPAdr' term. 

(v). t == tl . tz for closed PAdr' terms tl and tz. This case is treated analogously to case 
(ii). 

(vi). t == O"rel (td for a closed PAdr' term tl. This case is treated analogously to case (ii). 

(vii). t == Vrel (tl) for a closed PAdr' term tl' This case is treated analogously to case (ii). 

(viii). t == l tl J W for a closed PAdr' term tt. This case is treated analogously to case (ii). 

(ix). t == tl U. tz for closed PAdr' terms tl and tz. By induction there are closed BPAdr' 
terms SI and Sz such that PAdr, f- tl = SI and PA~r' f- tz = Sz. By Theorem 2.8.16, the 
elimination theorem for BPAdr', there are basic terms rl and rz such that BPAdr, f­

SI = rl and BPAdr, f- Sz = rz. But then also, PA~r' f- tl = rl, PAdr, f- tz = rz, and 
PAdr, f- tl u. tz = rl U. rz. We proceed by induction on the structure of basic terms, 
and distinguish all possible cases for basic term rl: 

(a) rl == 8. Then PAdr, f- tl u. tz = rl U. rz = 8 U. rz = 8, and 8 is a closed BPAdr' 
term. 

(b) rl == g for some a E AD. Using Lemma 2.8.14 we distinguish two cases: 

i. rz = 8. Then we have: PAdr, f- tl U. tz = rl U. rz = rl U. 8 = 8, and 8 is a 
closed BPAdr' term. 

ii. rz = rz +~. Then we have: PAdr, f- tl u. tz = rl U. rz = fI. U. (rz + Q) 
g. (rz +~) = g. rz, and g. rz is a closed BPAdr, term. 

(c) rl == a for some a E AD. Using Lemma 2.8.13 we distinguish four cases: 

i. r2 = 8. Then we have: PAdr, f- tl u. t2 = rl U. rz = rl U. 8 = 8, and 8 is a 
closed BPAdr' term. 

ii. rz = Vrel(rZ) +~. Then we have: 

PAdr, f- tl U. tz = rl U. r2 

= a U. rz 

= 19J W U. rz 

= (vrel (g) + O"rel (lgJ",)) U. rz 

= (g + O"rel (a)) U. rz 

=gU.r2+O"rel(a) U.rz 

= g U. (vrel(r2) +~) + O"rel(a) U. (vrel(r2) +~) 
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= g. (Vrel(r2) +~) + ~ 

= g. r2 + ~ 
= g. r2 + ~. r2 

= (g +~) . r2 

= g. r2, 

and g . r2 is a closed BPAdrt term. 
iii. r2 = lr2J w

• Then, using Proposition 3.6.7(vi), we have: PA';"t f- t1 IL t2 = 

r1 IL r2 = a IL lr2J w 
= a ·lr2J w 

= a . r2, and a . r2 is a closed BPAdrt term. 
iv. r2 = Vrel(r2) + CTrel(r;) for a basic term r; such that n(r;) < n(r2). Then 

we have: 

PAdrt f- tt IL t2 = r1 IL r2 
= a IL r2 

= 19J'" IL r2 
= (Vrel (g) + CTrel (lgJ W» IL r2 

= (g + CTrel(a» IL r2 

= g IL r2 + CTrel (a) IL r2 

=g IL (vreJ{h) + CTrel(r;)) + 
CTrel(a) IL (Vrel(r2) + CTrel(r;)) 

=g IL (Vrel(r2) + CTrel(r;) +~) + CTrel(a IL r;) 
= g. (Vrel(r2) + CTrel(r;) +~) + CTrel(a IL r;) 
= g. (Vrel(r2) + CTrel(r;)) + CTrel(a IL r;) 
= g. r2 + CTrel(a IL r;). 

By the induction hypothesis there exists a closed BPAdrt term p such that 
PA';"t f- a ll. r z = p. Then, PAdrt f- tt ll. t2 = f!' r2 + CTrel(a ll. r z) = f!' r2 + 
CTrel(p), andg· r2 + CTrel(P) is a closed BPA;;;:t term. -

(d) r1 == fl.' r; for some a E A" and basic term r;. Using Lemma 2.8.14 we distin­
guish-two cases: 

i. r2 = 8. Then we have: PAdrt f- t1 IL t2 = r1 IL r2 = r1 IL 8 = 8, and 8 is a 
closed BPAdrt term. 

ii. r2 = r2 + Ii. Then we have: PA';"t f- t1 IL t2 = r1 IL r2 = fl. . r; IL (r2 + Ii) = 
f! . (r; II (;:;; + Ii» = f!' (r; II r2). By the induction hypothesis there exists a 
Closed BPAdrtterm P such that PAdrt f- r; II r2 = p. Then, PA';"t f- t1 IL t2 = 

g. (r; II r2) = g. p, and g' p is a closed BPAdrt term. 

(e) r1 == a . r; for some a E A" and basic term r;. Using Lemma 2.8.13 we distin­
guish four cases: 

i. r2 = 8. Then we have: PAdrt f- t1 IL t2 = r1 IL r2 = r1 IL 8 = 8, and 8 is a 
closed BPAdrt term. 

ii. r2 = Vrel(r2) + ~. Then we have: 

PAdrt f- t1 IL t2 = r1 IL r2 
= a . r; IL r2 
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= 19J W . r; IL r2 

= (Vrel (g) + O"rel (lgJ"')) . r; IL r2 

= (g + O"rel(a)) . r; IL r2 

= (g. r; + O"rel(a) . r;) IL r2 

= (g. r; + O"rel(a . r;)) IL r2 

= g . r; IL r2 + O"rel (a . r;) IL r2 

= g. r; IL (Vrel(r2) +~) + O"rel(a· r;) IL (Vrel(r2) +~) 

= g. (r; II (Vrel(r2) + ~)) + ~ 

= g. (r; II r2) + ~ 

=g. (r; II r2) +~. (r; II r2) 

= (g + ~) . (r; II r2) 

= g. (r; II rz). 

By the induction hypothesis there exists a closed BPAdr' term P such that 
PAdr, f- r; II rz = p. Then, PAdr, f- tt lL tz = Q. (r; II r2) = Q. p, and Q. p 
is a closed BPAdr' term. - --

iii. r2 = lr2J w
• Then, using Proposition 3.6.7(vii), we have: PAdr, f- tt lL t2 = 

rl IL r2 = a· r~ IL lrzJw = a . (r; Illr2J"') = a . (r~ II r2). By the induction 
hypothesis there exists a closed BPAdr' term p such thatPAdr, f- r; II r2 = p. 
Then, PAdr, f- tl lL t2 = a . (r; II rz) = a . p, and a . p is a closed BPAdr' 
term. 

iv. r2 = Vrel(r2) + O"rel(r;) for a basic term r; such that n(r;) < n(r2). Then 
we have: 

PAdr, f- tl IL t2 = rl IL r2 

= a . r; IL r2 

= 19J W • r; IL r2 

= (Vrel (g) + O"rel (lgJ W)) . r; IL r2 

= (g+O"rel(a)) ·r; lLr2 

= (g. r; + O"rel(a) . r;) IL rz 

= (g . r; + O"rel (a . r;)) IL rz 

= g. r; IL r2 + O"rel(a . ri) lL r2 

= g. r; IL (Vrel(r2) + O"rel(r;)) + 

O"rel(a . r;) IL (vrel(r2) + O"rel(r;)) 

= g. r; IL (Vrel(r2) + O"rel(r;) +~) + 

O"rel(a . r;) IL (Vrel(r2) + O"rel(r;)) 

= g. (r; II (Vrel(r2) + O"rel(r;) +~)) + O"rel(a . r; lL r;) 
= g. (r; II (vrel(r2) + O"rel(r;)) + O"rel(rl lL r;) 
= g. (r; II r2) + O"rel(rl IL r;). 

By the induction hypothesis there exist closed BPAdr' terms PI and P2 such 
that PAdr, f- r; II r2 = PI and PAdr' f- r, IL r; = P2. Then, PAdr, f- t, IL t2 = 
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f!' (r; II r2) + O"rel(rl Il r;) = f!' PI + O"rel(P2), and f!' PI + O"rel(P2) is a 
closed BPAdrt term. - -

(f) rl == r; + r~ for basic terms ri and ri'. Then PAl, f- h Il t2 = rl Il r2 = 

(r; + ri') Il r2 = ri Il r2 + r~ Il r2. By induction there exist closed BPAdrt terms 
PI and P2 such that PAdrt f- r; Il r2 = PI and PAl, f- ri' Il r2 = P2. Then also 
PAl, f- tl Il t2 = r; Il r2 + r;' Il r2 = PI + P2, and PI + P2 is a closed BPActrt 
term. 

(g) rl == O"rel(ri) for a basic term ri. Using Lemma 2.8.13 we distinguish four 
cases: 

i. r2 = 8. Then we have: PAl, f- h Il t2 = rl Il r2 = a Il 8 = 8, and 8 is a 
closed BPAdrt term. 

ii. r2 = V rel(r2) + Q. Then PAdrt f- tl Il t2 = rI Il r2 = O"rel(r;) Il (vrel(r2) + 
~) = g, and ~ is-a closed BPAdrt term. 

iii. r2 = Lr2J w
. Then we have: PAl, f- tl Il t2 = rl Il r2 = O"rel(ri) Il Lr2J w 

= 

O"rel(ri) Il (vrel(r2) + O"rel(Lr2JW) = O"rel(r; Il Lr2J W
) = O"rel(ri Il r2). By 

the induction hypothesis there exists a closed BPAdrt term P such that 
PAl, f- ri II r2 = p. Then, PAd~t f- tl Il t2 = O"rel(r; II r2) = O"rel(P), 
and O"rel(P) is a closed BPAdrt term. 

iv. r2 = V rel(r2) + O"rel(r;) for a basic term r; such that n(r;) < n(r2). Then 
we have: PAl, f- h Il t2 = rl Il r2 = O"rel(r;) Il (Vrel(r2) + O"rel(r;» = 

O"rel(r; Il r;). By the induction hypothesis there is a closed BPAdrt term P 
such that PAl, f- r; Il r; = p. Then, PAl, f- tl Il t2 = O"rel(r; Il r;) = 

O"rel (p), and O"rel (p) is a closed BPAdrt term. 

(x). t == tl II t2 for closed PAdrt terms tt and t2. Then PAl, f- h II t2 = tl Il t2 + t2 Il tI. 
By (ix) there are closed BPAdrt terms PI and P2 such that PAl, f- tI Il t2 = PI and 
PAl, f- t2 Il h = P2. But then also PAdrt f- h II t2 = h Il t2 + t2 Il h = PI + P2, and 
PI + P2 is a closed BPAIrI term. 

Corollary 3.6.9 (Elimination for PAdrt) 
Let t be a closed PAd" term. Then there is a basic term s such that PA~rr f- s = t. 

Proof This follows immediately from: 

(i). The elimination theorem for PAdrt (see Theorem 3.6.8), 

(ii). the elimination theorem for BPAdrt (see Theorem 2.8.16), 

(iii). the fact that all axioms of BPAlt are also contained in PAl"~ 

Remark 3.6.10 (Elimination for PActr,) 

• 

• 
Elimination for a somewhat different version of PAdrt is also claimed (without proof) in 
Section 3.9 of [10]. 

Theorem 3.6.11 (Soundness of P Adrt) 
The set of closed PAJ" terms modulo bisimulation equivalence is a model of PA~,t. 
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Proof We only prove soundness for the axioms of PAdrt that have not been treated 
in earlier soundness proofs. Note that to extend these proofs to PAdrt, we have to check 
that the bisimulations given in previous soundness proofs respect the ID predicate (as 
required by transfer condition (iv.) in Definition 2.7.7 on page 46). However, as the fact 
that they do can be easily checked, we will not give details. 

Axiom DRTM2ID Take the relation: 

R = {(s,s),(g U. (s+g),g' (s+g))lsE C(PAdrt)} 

We look at the transitions of both sides at the same time. The only transition of the 
left-hand side is f! U. (s + Q) !!.. s + Q., and the only transition of the right-hand side 
is f! . (s + Q) !!.. s"+ Q, and note thar(s + Q, s + Q) E R. Finally, neither side satisfies 
theID predicate: ,ID(f! U. (s + Q)) and '::;-ID(f! -:- (s + Q)) (note that ,ID(s + Q) even 
ifID(s)). - - - - -

Axiom DRTM3ID Take the relation: 

R = {(s, s), (g . s U. (t + g) ,g' (s II (t + g))) Is, t E C(PAdrt)} 

We look at the transitions of both sides at the same time. The only transition of the 
left-hand side iSf!·s U. (t+ Q) !!.. s II (t+ Q.J, and the only transition of the right-hand 
sideisf!'(s II (t+Q))!!..s lI(t+Q),andnotethat(s II (t+Q),s II (t+Q)) E R. Finally, 
neither side satisfies the ID predicate: ,ID(g' s U. (t+ gf)" and ,ID(g' (s II (t + g)). 

Axiom DRTM5ID Take the relation: 

We look at the transitions of both sides at the same time. Observe that there are 
no transitions possible on the left-hand side: Urel(S) U. (Yrel(t) +Q) .... Also for the 
right-hand side there are no transitions possible: Q ... . Finally, neither side satisfies 
the ID predicate: ,ID( Urel (S) U. (Yrel (t) + g)) and -::;ID(g) (note that ,ID( Yrel (t) + g) 
even if ID(t)). 

Axiom DRTMIDI Take the relation: 

R= {(s U.8,8)lsEC(PAdrt)} 

We look at the transitions of both sides at the same time. Observe that there are 
no transitions possible on the left-hand side: s U. 6 .... Also for the right-hand side 
there are no transitions possible: 6 .... Finally, both sides satisfy the ID predicate: 
ID(s U. 6) and ID(6) (note that ID(s U. 6) even if 'ID(s)). 

Axiom DRTMID2 Take the relation: 

R = {(6,s U. 8)ls E C(PAdrtll 

This case is treated symmetrically to the previous case. 

• 
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Remark 3.6.12 (Soundness of PA.!rrl 
Soundness of a somewhat different version of PAdr' is also claimed (without proof) in 
Section 3.9 of [10]. 

Theorem 3.6.13 (Conservativity of PA;jr, with respect to BPA;;',) 
The equational specification PAdrt is a conservative extension of the equational specifica­
tion BPAdr,. 
Proof In order to prove conservativity it is sufficient to verify that the following con-
ditions are satisfied: 

(i). Bisimulation equivalence is definable in terms of predicate and relation symbols 
only, 

(ii). BPA;;', is a complete axiomatization with respect to the bisimulation equivalence 
model induced by T(BPAdrt) (see Theorem 2.8.22), 

(iii). PA;;', is a sound axiomatization with respect to the bisimulation equivalence model 
induced by T(PAdr') (see Theorem 3.6.11), 

(iv). T(PAdr,) is an operationally conservative extension of T(BPAdr,). 

And in order for T(PAdr') to be an operationally conservative extension of T(BPAdr') we 
must verify the follOwing conditions: 

(i). T(BPAdr,) is a pure, well-founded term deduction system in path format, 

(ii). T(PAdr,) is a term deduction system in path format, 

(iii). T(BPAdr') aJ T(PAdrt) is defined. 

That the above properties hold can be trivially checked from the relevant definitions. _ 

Theorem 3.6.14 (Completeness of PAdrt) 
The equational specification PA;)r, is a complete axiomatization of the set of closed PAdr/ 
terms modulo bisimulation equivalence. 

Proof By Verhoefs General Completeness Theorem (see [25], or Theorem 2.4.26 of 
[13]) this follows immediately from: 

(i). PA;;', has the elimination property for BPAdrt (see Theorem 3.6.8), 

(ii). PA;;', is a conservative extension of BPA;;', (see Theorem 3.6.13). 

Remark 3.6.15 (Completeness of PAdrt) -
Completeness of a somewhat different version of PAdr' is also claimed (without proof) in 
Section 3.9 of [10]. 

Definition 3.6.16 (Axioms for the lntimate Start Delay and Merge) 
We define Axioms USD6 and USD7 for the ultimate start delay as given in Table 36 on the 
next page. Note that they precisely correspond to the equalities of Proposition 3.6.7(vi) 
and (vii). 
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a IL LxJ w 
= a . LxJ w USD6 

a . x IL LyJw = a . (x II LyJ"') USD7 

Table 36: Additional axioms for the ultimate start delay and merge. 

Corollary 3.6.17 (Soundness of PA.trt + USD1-USD7) 
The set of closed PAdrt terms modulo bisimulation equivalence is a model of PAdrt + USD1-
USD7. 

Proof This now follows directly from the soundness of PAtt (see Theorem 3.6.11 
on page 106) and the fact that Axioms USD1-USD7 are derivable in PAtt (see Proposi­
tion 3.6.7 on page 101). _ 

Corollary 3.6.18 (Completeness of PAdrt + USD1-USD7) 
[fwe add Axioms USDl-USD4 of Table 18 on page 45, Axiom USD5 of Table 23 on page 68, 
and Axioms USD6-USD7 of Table 36 to PAdrt, we again have a complete axiomatization of 
the set of closed PAd" terms modulo bisimulation equivalence. 

Proof Careful inspection of the dependencies between the proofs in this section re­
veals that the proof of Theorem 3.6.14 only relies upon RSP(USD) to ensure Proposition 
3.6.7(i)-(vii). So, we obviously do not need RSP(USD) anymore if we add the correspond­
ing Axioms USD1-USD7. Note that in this way we get a purely equational axiomatization 
(i.e. without conditional axioms or principles). _ 

3.7 Soundness and Completeness of ACP~rt 

Definition 3.7.1 (Signature of ACPdrtl 
The signature of ACPdrt consists of the undelayable atomic actions {gla E Al, the de­
layable atomic actions {ala E Al, the undelayable deadlock constant!2., the delayable 
deadlock constant 6, the immediate deadlock constant 8, the alternative composition oper­
ator +, the sequential composition operator " the time unit delay operator U re], the "now" 
operator V re], the unbounded start delay operator L J w, the (communicating) merge oper­
ator II, the left merge operator ll., and the communication merge operator I. 

Definition 3.7.2 (Axioms of ACPdrtl 
The process algebra ACPdrt is axiomatized by the axioms ofPAdrt given in Definition 3.6.2 
on page 100 minus Axiom DRTM1, plus Axioms DRTCM1-DRTCMS, DRTCM12-13, and 
DRTCFl-DRTCF2 shown in Table 29 on page 84, Axioms DRTCM6-DRTCM7 shown in Ta­
ble 30 on page 8S, and Axioms DRTMID3-DRTMID4 and DRTCM6ID-DRTCM7ID shown in 
Table 37 on the following page: ACPdrt = AI-AS + A6ID + A7ID + DRT1-DRTS + DRTSID + 
DCS1-DCS4 + DC SID + ATS + USD + DRTM2ID-DRTM3ID + DRTM4 + DRTMSID + DRTM6 + 
DRTCM1-DRTCMS + DRTCM6ID-DRTCM7ID + DRTCM12-DRTCM13 + DRTCFl-DRTCF2 
+ DRTMID1-DRTMID4. 
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CTrel (x) I (Vre] (y) + §) = g 
(Vrel(X) +g) ICTrel(Y) =g 

x I 0 = 0 

61 x = 6 

DRTCM6ID 

DRTCM7ID 

DRTMID3 

DRTMID4 

Table 37: Additional axioms for ACPdr'. 

Definition 3.7.3 (Semantics of ACPdrt) 
The semantics of ACPdr' are given by the term deduction system T(ACPdr,) induced by 
the deduction rules for PAdrt given in Definition 3.6.3 on page 100, the deduction rules for 
the communication merge shown in Table 31 on page 85, and the additional deduction 
rules for ACP dr, shown in Table 38. 

ID(x) 

ID(x I y) 

ID(y) 

ID(x I y) 

Table 38: Additional deduction rules for ACPdr" 

Definition 3.7.4 (Bisimulation and Bisimulation Model for ACPdr') 
Bisimulation for ACPdr' and the corresponding bisimulation model are defined in the 
same way as for BPAdt, and BPA respectively. Replace "BPAdt," by "ACPdr'" in Defini­
tion 2.7.7 on page 46 and "BPA" by "ACPdr'" in Definition 2.2.11 on page 8. 

Definition 3.7.5 (Basic Terms of ACPdrt) 
If we speak of basic terms in the context of ACPdrt. we mean (CT,Q, 0, 6)-basic terms as 
defined in Definition 2.8.7 on page 54. -

Definition 3.7.6 (Number of Symbols of an ACPdrt term) 
We define n (x), the number of symbols of x, inductively as follows: 

(i). We define n(6) = 1, 

(ii). for a E A8, we define n(g) = n(a) = 1, 

(iii). for closed ACPdrt terms x and y, we define n(x + y) = n(x . y) = n(x II y) = 

n(x Il y) = n(x I y) = n(x) + n(y) + 1, 

(iv). foraciosedACPdr,termx,wedefinen(CTrel(x)) = n(Vrel(X)) = n(lxJ"'l = n(x) +l. 

Proposition 3.7.7 (Propenies of ACPc\", Part I) 
For ACPdrt terms x and y, and any a E A8, we have the following equalities: 
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(i). ACPdrt f- laJw = a 

(ii). ACPdrt f- lx . y JW = lxJ w
• y 

(iii). ACPdrt f- lx + yJw = lxJ w + lyJ w 

(iv). ACPdrt f-lO"rel(X)J w
= 0 

(v). ACPdrt f- l6 J W = 0 

(vi). ACPdrt f- a lL lxJ w = a . lxJ w 

(vii). ACPdrt f- a·x lLlyJ w = a· (x IIlyJW) 

(viii). ACPdrt f- Vrel(a) = g 

(ix). ACPdrt f- lxJ W + g = lxJ W 

Proof The proofs for these equalities given in Proposition 3.6.7 on page 101, with 
respect to PAdrt, remain valid in the setting of ACPdrt, as can be easily checked. _ 

Proposition 3.7.8 (Properties of ACP~rl' Part II) 
For ACPdrt terms x and y and any a, b, C E AD, we have the following equalities: 

(i). ACPdrt f- a I b = c 

(ii). ACPdrt f- a I b = 0 

ify(a,b) = c*"o 

ify(a,b) = 0 

(iii). ACPdrt f- a lb· x = (a I b) . x 

(iv). ACPdrt f- a . x I b = (a I b) . x 

(v). ACPdrt f- a . x lb· y = (a I b) . (x II y) 

Proof 

(i). Consider the following computation: 

ACPdrt f- a I b = 19J w Ilg)W 

= (vrel (g) + O"rel (lgJ",) I (vrel (f?) + O"rel (l,!?,J W» 
= (g + O"rel(a» I (,!?, + O"rel(b» 

= g I,!?, + g I O"rel(b) + O"rel(a) I,!?, + O"rel(a) 100rel(b) 
= g I,!?, + Vrel(g) I O"rel(b) + O"rel(a) I Vrel(,!?,) + O"rel(a) 100rel(b) 

=£;+g+g+O"rel(alb) 

=£;+O"rel(alb) 
= Vrel(£;) + O"rel(a I b) 

Using RSP(USD), we obtain: 

(ii). This case is treated like the previous one, but with c replaced by 0. 
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(iii). Consider the following computation: 

ACPdr' I- a lb· x ~ If!.J w I L11.J w
. x - -

~ (Vrel (g) + Urel (LgJ ~) I (Vrel (!1) + Urel (LgJ ~) . x 
~ (g + urel(a)) I (g + urel(b)) . X 

~ (g + urel(a)) I (g. x + urel(b) . x) 

~glg·x+glurel(b) ·X+ 

Urel(a) Ig·x+urel(a) IUrel(b)·x 

~glg·X+Vrel(g) I urel(b) ·X+ 

Urel(a) I Vrel(g) . X + urel(a) I urel(b) . X 

~ gig· x + Vrel (g) I Urel (b . x) + 
Urel(a) I Vrel(g· x) + Urel(a) I urel(b· x) 

~y(a,b) ·x+g+g+urel(alb·x) 

~ y(a,b) . x + Urel(a lb· x) 

~ vrel(y(a,b)) . X + Urel(a lb· x) 

~ vrel(y(a,b) . x) + Urel(a lb· x) 

Using RSP(USD), we obtain: 

ACPdr, I- a lb· x ~ ly(a,b) . xJw~ ly(a,b)J w
. x ~ y(a,b) . x 

~ (a I b) . x 

(iv). This case is treated symmetrically to the previous case. 

(v). Consider the following computation: 

ACP dr, f- a . x lb· y ~ 19J W • x I 19J W • y 

~ (vrel(g) + urel(lgJ W
)) • x I (Vrel(g) + urel(lgJ W

)) • Y 
~ (g + Urel(a)) . x I (g + urel(b)) . Y 

~ (g.X+Urel(a) ·x) I (g.y+urel(b) .y) 

~g.xlg·y+g·xlurel(b) .y+ 

urel(a) . x I g. y + urel(a) . x I urel(b) . Y 

~ g . x I g . y + Vrel (g) . x I Urel (b) . y + 
urel(a) . x I Vrel(g) . y+ urel(a) . x I urel(b) . Y 

~ g . x I g . y + Vrel (g . x) I Urel (b . y) + 
urel(a . x) I Vrel(g· y) + urel(a . x) I urel(b . y) 

~ y(a,b) . (x II y) + g + g + Urel(a· x lb· y) 

~ y(a,b) . (x II y) + urel(a. x lb· y) 

~ vrel(y(a,b)) . (x II y) + Urel(a· x lb· y) 

~ vrel(y(a,b) . (x II y)) + urel(a· x lb· y) 
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Using RSP(USD), we obtain: 

ACPdrt f- a . x lb· y = l y(a, b) . (x II y) JW 

= ly(a,b)J w
, (x II y) 

= y(a,b) . (x II y) 

= (a I b) . (x II y) 

Remark 3.7.9 (Properties of ACPJrto Part II) 
• 

Note that the equalities of Proposition 3.7.8 on page 111 are in a sense the "delayable 
reformulations" of Axioms DRTCFl-DRTCF2 and DRTCM2-DRTCM4 for the communi­
cation merge I. Such reformulations are however not possible for the axioms for the left 
merge IJ... Take for example DRTM2ID; although we do have: 

ACPJrt f- g IJ.. (x +~) = g . (x + ~) 

the "delayable" reformulation does not hold: 

ACPdrt f/- a IJ.. (x + ~) = a . (x + ~) 

as can be seen by instantiating x with any x such that x ::. . In that case, namely, a . (x + ~ 
can delay, while a IJ.. (x + ~) cannot, because x cannot. 

Proposition 3.7.10 (Properties of ACPdrh Part III) 
For ACPdrt terms x and y, and any a, b € AD, we have the following equalities: 

(i). ACPdrt f- g I b = g I ~ 

(ii). ACPdrt f- a I ~ = g I ~ 

(iii). ACPdrt f- g lb· x = (g I~) . x 

(iv). ACPdrt f- a . x I ~ = (g I~) . x 

(v). ACPdrt f- a I ~ . x = (g I~) . x 

(vi). ACPdrt f- g . x I b = (g I~) . x 

(vii). ACPdrt f- g . x lb· y = (g I~) . (x II y) 

(viii). ACPdrt f- a . x I ~ . y = (g I~) . (x II y) 

Proof 

(il. Consider the following computation: 

ACP drt f- g I b = g I l~J W 

= g I (Vrel (~) + Ure! (l~J'") 

= g I (~+ urel(b)) 

= g I ~ + g I Urel (b) 

= g I ~ + Vrel(g) I ure!(b) 

=gl~+~ 
=gl~ 
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(ii). This case is treated symmetrically to the previous case. 

(iii). Consider the following computation: 

ACPdrt I- g lb· x = g I L!?r· x 
= g I (vrel(g) + O"rel(LgJ"'l . X 

=gl (g+O"rel(b»·x 
=gl (g.X+O"rel(b) ·x) 

= gig· x + g I O"rel (b) . x 
= gig· x + Vrel(g) I O"rel(b . x) 

=glg·x+g 

=glg·x 
=(glg) ·X 

(iv). This case is treated symmetrically to the previous case. 

(v). Consider the following computation: 

ACP drt I- a lb· x = La J 00 lb· x = = = 
= (Vrel (g) + O"rel (LgJ "'l I g . x 
= (g + O"rel(a)) I g. x 
= gig· x + O"rel (a) I g . x 

= gig· x + O"rel(a) I Vrel(g) . X 

= gig· x + O"rel(a) I Vrel(g· x) 

=glg·x+g 

=glg·x 
=(glg) ·x 

(vi). This case is treated symmetrically to the previous case. 

(vii). Consider the following computation: 

ACPdrt I- g. x lb· y = g. x I LgJ w
• y 

= g . x I (vrel (g) + O"rel (LgJ 00» . y 

=g. x I (g + O"rel(b» . Y 

= g. x I (g. y + O"rel(b) . y) 

=g·xlg·y+g·xIO"rel(b) .y 
= g . x I g . y + Vrel (g) . x I O"rel (b) . Y 

= g . x I g . y + Vrel (g . x) I O"rel (b . y) 

=g.xlg·y+g 

=g·xlg·y 
= (g I g) . (x II y) 

(viii). This case is treated symmetrically to the previous case. 
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• 
Theorem 3.7.11 (Elimination for ACPdrt ) 
Let t be a closed ACPdrt term. Then there is closed BPAdrt term s such that ACPdrt r- t ~ s. 

Proof Let t be a closed ACP drt term. The theorem is proven by induction on n (t) and 
case distinction on the general structure of t. 

(i). t '" 8. Then t is a closed BPAdrt term. 

(ii). t '" iib for some a E AD. Then t is a closed BPAdrt term. 

(iii). t '" a for some a E AD. Then t is a closed BPAdrt term. 

(iv). t '" tl + tz for closed ACPdrt terms tl and tz. By induction there are closed BPAdrt 
terms SI and Sz such that ACPdrt r- tl ~ SI and ACPdrt r- tz ~ Sz. But then also 
ACPdrt r- tl + tz ~ SI + Sz and SI + Sz is a closed BPAdrt term. 

(v). t", tl . tz for closed ACPdrt terms tl and tz. This case is treated analogously to case 
(ii). 

(vi). t '" Urel (tI) for a closed ACP drt term tl. This case is treated analogously to case (ii). 

(vii). t '" Vrel(tI) for a closed ACPdrt term tl. This case is treated analogously to case (ii). 

(viii). t'" ltd W for a closed ACPdrt term tl. This case is treated analogously to case (ii). 

(ix). t '" f] Ii tz for closed ACPdrt terms tl and tz. By induction there are closed BPAdrt 
terms SI and Sz such that ACPdrt r- tl ~ SI and ACPdrt r- tz ~ Sz. By Theorem 
2.8.16, the elimination theorem for BPAdr!, there are basic terms rl and rz such that 
BPAdr! r- SI ~ nand BPAdrt r- Sz ~ rz. But then also, ACPdrt r- tl ~ rI, ACPdrt r­
tz ~ rz, and ACPdr! r- f] Ii tz ~ rl Ii rz. We proceed by induction on the structure 
of basic terms, and distinguish all possible cases for basic term rI: 

(a) rl '" 8. Then ACP;t., r- tl Ii tz ~ rl Ii rz ~ 8 Ii rz ~ 8, and 8 is a closed BPAdrt 
term. 

(b) rl '" iib for some a E A8. Using Lemma 2.8.14 we distinguish two cases: 

i. rz ~ 8. Then we have: ACPdrt r- tl Ii tz ~ r1 U. rz ~ r1 U. 8 ~ 8, and 8 is a 
closed BPAdr! term. 

ii. rz ~ rz + Q. Then we have: ACPdrt r- t1 Ii t2 ~ r1 Ii rz ~ f!. Ii (rz + Q) 
iib . (rz + g) ~ iib . rz, and iib . rz is a closed BPAdrt term. 

(c) rl '" a for some a E AD. Using Lemma 2.8.13 we distinguish four cases: 

i. rz ~ 8. Then we have: ACPdrt r- tl Ii tz ~ rl Ii rz ~ rl U. 8 ~ 8, and 8 is a 
closed BPAdrt term. 

ii. rz ~ Vrel (rz) + g. Then we have: 

ACPdrt r- f] Ii tz ~ r1 Ii rz 

~ a Ii rz 

~ LiibJ W Ii yz 
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= (Vrel C~) + !Trel (lgJ '"» IL Y2 

= (a + !Trel(a» IL Y2 

= g IL Y2 + (Trel (a) IL Y2 

= gIL (Vrel(Y2) + £) + !Trel(a) IL (Vrel(Y2) + £) 
= g. (Vrel(Y2) + £) + £ 
= g. Y2 + g 
= g. Y2 + £. Y2 

= (g + £) . r2 

= g. rz, 

and g . Y2 is a closed BPAdrt term. 

iii. Y2 = LY2Jw. Then, using Proposition 3.7.7(vi), we have: ACPdrt f- tl IL t2 = 
Yl IL Y2 = a IL LY2Jw = a . Lr2Jw = a . Y2, and a . r2 is a closed BPAdrt term. 

iv. Y2 = Vrel(r2) + !Trel(r;) for a basic term Y; such that n(r;) < n(r2). Then 
we have: 

ACPdrt f- tl IL t2 = rl IL r2 

= a IL r2 

= LgJ w IL r2 

= (Vrel (g) + !Trel (LgJ W» IL Y2 

= (g + !Trel(a» IL r2 

=a ILr2+!Trel(a) ILY2 

= gIL (Vrel(r2) + !Trel(r;» + 

!Trel(a) IL (Vrel(Y2) + !Trel(r;» 

= gIL (Vrel(r2) + !Trel(r;) + g) + !Trel(a IL r;) 

= g' (Vrel(r2) + !Trel(r;) + £) + !Trel(a IL r;) 

= g. (Vrel(r2) + !Trel(r;» + !Trel (a IL r;) 

=g' r2 +!Trel(a IL Y;). 

By the induction hypothesis there exists a closed BPAdrt term p such that 
ACPdrt f- alLy; = p. Then, ACPdrt f- tl IL t2 = f!. . r2 + !Trel(a IL Y;) = 

g. r2 + !Trel(P), and g. r2 + !Trel(P) is a closed BPAdrt term. 

(d) Yj '" g . r; for some a E Ao and basic term r;. Using Lemma 2.8.14 we distin­
guish two cases: 

i. Y2 = 6. Then we have: ACPdrt f- tJ IL t2 = rl IL Y2 = rl IL 6 = 6, and 6 is a 
closed BPAdrt term. 

ii. r2 = Y2 + !I. Then we have: ACPdrt f- tJ IL t2 = rl IL Y2 = f!. . Y; IL (r2 + 
!I) = f!.' (r; II (r2 + !I» = f!.' (Y; II r2). By the induction hypothesis 
"there eKists a closed BPAdrt term P such that ACPdrt f- r; II r2 = p. Then, 
ACPdrt f- tl IL t2 = g . (r; II r2) = g . p, and g . p is a closed BPAdrt term. 

(e) rl '" a . r; for some a E Ao and basic term r;. Using Lemma 2.8.13 we distin­
guish four cases: 
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i. rz ~ 6. Then we have: ACPdr, r- t1 ll. tz ~ r1 ll. rz ~ r1 ll. 6 ~ 6, and 6 is a 
closed BPAdr' term. 

ii. rz ~ Vrel(rZ) + g. Then we have: 

ACPdr, r- t1 ll. tz ~ r1 ll. rz 

~ a . r; ll. rz 

~ 19J w
. r; ll. rz 

~ (Vrel (g) + O"rel (lgJ W)) • r; ll. rz 

~ (g + O"rel (a)) . r; ll. rz 

~ (g. r; + O"rel(a) . r;) ll. rz 

~ (g . r; + O"rel (a . r;)) ll. rz 

~ g. r; ll. rz + O"rel(a· r;) ll. rz 

~ g. r; ll. (Vrel(rZ) + g) + O"rel(a· r;) ll. (vrel(rz) + g) 
~ g' (r; II (Vrel(rZ) + g)) + g 
~g' (r; II rz) +g 
~g' (r; II rz) +g. (r; II rz) 

~ (g + g) . (r; II rz) 

~g' (r; II rz). 

By the induction hypothesis there exists a closed BPAdr' term p such that 
ACPdr, r- r; II rz ~ p. Then, ACPdr, r- t1 ll. tz ~ g. (r; II rz) ~ g. p, and 
g . p is a closed BPAdr' term. 

iii. rz ~ lrzJw. Then, using Proposition 3.7.7(vii), we have: ACPdr, r- h ll. tz ~ 
r1 ll. rz ~ a . r; ll. lrzJw ~ a . (r; IIlrzJ"') ~ a· (r; II rz). By the induction 
hypothesis there exists a closed BPAdrt term p such that ACPdr, r- r; II rz ~ 
p. Then, ACP~r' r- t1 ll. tz ~ a· (r; II rz) ~ a· p, and a· p is a closed BPAdr' 
term. 

iv. rz ~ Vrel(rZ) + O"rel(r;) for a basic term r; such that n(r;) < n(rz). Then 
we have: 

ACPdr, r- t1 ll. tz ~ r1 ll. rz 

~ a . ri ll. rz 

~ 19J W • r; ll. rz 

~ (Vrel (g) + O"rel (lgJ W)) . ri ll. rz 

~ (g + O"rel (a)) . r; ll. rz 

~ (g. ri + O"rel(a) . ri) ll. rz 

~ (g. ri + O"rel (a . r;)) ll. rz 

~ g. r; ll. rz + O"rel(a . r;) ll. rz 

~ g. r; ll. (Vrel(rZ) + O"rel(r;)) + 
O"rel(a . r;) ll. (Vrel(rZ) + O"rel(r;)) 

~ g. r; ll. (Vrel(rZ) + O"rel(r;) + g) + 
O"rel(a· r;) ll. (vrel(rz) + O"rel(r;)) 
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=g. (r~ II (Vrel(r2) + CTrel(r~) + g» + CTrel(a· r~ lL r~) 
= g. (r~ II (Vrel(r2) + CTrel(r~» + CTrel(r] lL r~) 
= g. (r~ II r2) + CTrel(rl lL r~). 

By the induction hypothesis there exist closed BPAdr' terms p] and P2 such 
that ACPclr, f- ri II r2 = p] and ACPdr' f- r] lL r~ = P2. Then, ACPclr, f­

t] lL t2 = f!. (ri II r2) + CTrel(r] lL r;) = g. PI + CTrel(P2), and g. PI + CTrel(P2) 
is a closedBPAdr' term. - -

(t) r] == ri + rj' for basic terms rj and ri'. Then ACPclr, f- t] IL t2 = r] IL r2 = 

(r~ + rj') lL r2 = rj IL r2 + rj' IL r2. By induction there exist closed BPAdr' terms 
PI and P2 such that ACPclr, f- rj IL r2 = p] and ACPclr, f- ri' IL r2 = P2. Then 
also ACPclr, f- h IL t2 = rj IL r2 + ri' IL r2 = PI + P2, and PI + P2 is a closed 
BPAdr' term. 

(g) rl == CTrel (rj) for a basic term rj. Using Lemma 2.S.13 we distinguish four 
cases: 

i. r2 = 8. Then we have: ACPclr, f- tl IL t2 = r1 lL r2 = a IL 8 = 8, and 8 is a 
closed BPAdr' term. 

ii. r2 = V rel(r2) + !i. Then ACPclr, f- h lL t2 = r1 IL r2 = CTrel(ri) IL (vrel(r2) + 
g,) = g" and g, is a closed BPAdr' term. 

iii. r2 = Lr2J w. Then we have: ACPclr, f- t1 IL t2 = rl IL r2 = CTrel(rj) IL Lr2Jw = 

CTrel(ri) lL (vrel(r2) + CTrel(Lr2J W
) = CTrel(ri lL LrzJ"'l = CTrel(ri IL r2). By 

the induction hypothesis there exists a closed BPAdr' term P such that 
ACPclr, f- rj II rz = p. Then, ACPclr, f- h IL t2 = CTrel (rj II r2) = CTrel (p), 
and CTrel(p) is a closed BPAdr' term. 

iv. r2 = V rel(r2) + CTrel(r;) for a basic term r; such that n(r;) < n(r2). Then 
we have: ACPclr, f- tl IL t2 = r1 IL rz = CTrel(ri) IL (vrel(r2) + CTrel(r;» = 

CTrel(r~ lL r~). By the induction hypothesis there is a closed BPAdr' term p 
such that ACPclr, f- rj IL r; = p. Then, ACPclr, f- £j IL tz = CTrel(r; IL r;) = 

CTrel(P), and CTrel(P) is a closed BPAdr' term. 

(x). t == t1 I tz for closed ACPdr' terms t1 and t2. By induction there are closed BPAdr' 
terms S1 and S2 such that ACPclr, f- t1 = S1 and ACPclr, f- t2 = S2. By Theorem 
2.S.16, the elimination theorem for BPAdr', there are basic terms r1 and rz such that 
BPAclr, f- S] = r1 and BPAdr, f- Sz = r2. But then also, ACPclr, f- t1 = r], ACPclr, f­

t2 = rz, and ACPclr, f- h I tz = r1 I r2. We prove this case by simultaneous induction 
on the structure of basic terms r1 and r2. We examine all possible cases (of which 
there are in total 49, some of which can be treated simultaneously, reducing our 
task to "just" 22 cases): 

(a) r1 == 8 and r2 is of arbitrary form. Then ACPclr, f- tl I t2 = r] I rz = 8 I rz = 8, 
and Ii is a closed BPAdr' term. 

(h) rl is of arbitrary form and r2 == 8. This case is treated symmetrically to the 
previous case. 

(c) r1 == g and r2 == Q for some a, bE Ab". Suppose that y(a, b) = c. Then we have 
ACPf, f- t1 I tz ~ r1 I r2 = gig = £. and £, is a closed BPAdr' term. 

us 



(d) FI "'!l and F2 '" b for some a, bEAD' Suppose that y(a, b) = c. Then we have 
ACP':;:; f- tl I t2 = FI I F2 = g I b = O£, and £ is a closed BPAdrt term. 

(e) F1 '" a and F2 '" g for some a, bEAD. This case is treated symmetrically to the 
previous case. 

(f) F1 '" a and F2 '" b for some a, bEAD' Suppose that y(a, b) = c. Then we have 
ACP;h.t f- tl I t2 = F1 I r2 = a I b = c, and c is a closed BPAdrt term. 

(g) rl '" !l and r2 '" l!. . r; for some a, bEAD and some basic term r;. Suppose that 
y(a,b) = c. Then we have ACP;h.t f- tIl t2 = rIlr2 =f!.Il!.· r; =£.' r;, and£.· r; 
is a closed BPAdrt term. - - - -

(h) rl "'!l' r; and r2 '" l!. for some a, bEAD and some basic term r;. This case is 
treated symmetrically to the previous case. 

(i) rl '" !l and r2 '" b . r; for some a, bEAD and some basic term r;. Suppose that 
y(a,b) = c. Then we have ACP;h.t f- tIl t2 = r11 r2 =glb. r; =o£' r;, ando£· r; 
is a closed BPAdrt term. 

U) FI '" a . r; and r2 '" g for some a, bEAD and some basic term r;. This case is 
treated symmetrically to the previous case. 

(k) rl '" a and r2 '" l!.' r; for some a,b E AD and some basic term r;. Suppose that 
y(a,b) = c. Then we have ACP;h.t f- tIl t2 = rll r2 = a Ig· r; =o£' r;, ando£. r; 
is a closed BPAdrt term. 

(I) FI '" !l . r; and r2 '" b for some a, bEAD and some basic term r;. This case is 
treated symmetrically to the previous case. 

(m) r1 '" a and r2 '" b· r; for some a,b E AD and some basic term r;. Suppose that 
y(a,b) = c. Then we have ACP;h.t f- t11 t2 = r11 r2 = a lb· r; = c· r;, andc· r; 
is a closed BPAdrt term. 

(n) FI '" a . r; and r2 '" b for some a, b E A" and some basic term r;. This case is 
treated symmetrically to the previous case. 

(0) r1 '" f!.' r; and r2 '" l!.. F; for some a,b E AD and some basic terms r; and r;. 
Suppose that y(a,b)-= c. Then we have ACP;h.t f- tIlt2 = r11r2 =f!.·r; Il!.·r; = 
£.' (r; II r;). By the induction hypothesis there exists a closed BPAdrt term s' 
such that ACP;h.t f- r; II r; = s'. So ACP;h.t f- tl I t2 = g. (r; II r;) = g. s', and 
g. s' is a closed BPAdrt term. 

(p) rl '" f!.' r; and r2 '" b . r; for some a,b E AD and some basic terms r; and r;. 
Suppose that y(a,b) = c. Then we have ACPdrt f- tIlt2 = rIlr2 =f!.·r;lb·r; = 
£.' (r; II F;). By the induction hypothesis there exists a closed BPAdrt term s' 
such that ACP;h.t f- r; II r; = s'. So ACP;h.t f- tl I t2 = £.' (r; II r;) = £.' s', and 
g . s' is a closed BPAdrt term. --

(q) r1 '" a . r; and r2 '" l!.' r; for some a, bEAD and some basic terms r; and r;. 
This case is treated symmetrically to the previous case. 

(r) rl '" a . r; and r2 '" b . r; for some a,b E AD and some basic terms r; and r;. 
Suppose that y(a, b) = c. Then we have ACPdrt f- tIl t2 = rll r2 = a· r; lb· r; = 
c . (r; II r;). By the induction hypothesis there exists a closed BPAdrt term s' 
such that ACP;h.t f- r; II r; = s'. So ACP;h.t f- tl I t2 = C • (r; II r;) = £.' s', and 
c . s' is a closed BPAdrt term. -
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(s) rl =' r; + r;' for some basic terms r; and r;', and r2 is of arbitrary form. Then 
ACPdrt I- h I t2 = rl I r2 = (r; + r;') I r2 = r; I r2 + r;' I r2. By the induction 
hypothesis there exist closed BPAdrt terms PI and P2 such that ACPdrt I- r; Ir2 = 

PI and ACPdrt I- r;' I r2 = P2. So, we have ACPdrt I- hi t2 = r; I r2 + r;' I r2 = PI + P2, 
and PI + P2 is a closed BPAdrt term. 

(t) rl is of arbitrary form and r2 =' r~ + r;' for some basic terms r~ and r~'. This 
case is treated symmetrically to the previous case. 

(u) rl =' O"rel (r;) and r; a basic term, and r2 is of arbitrary form. Using Lemma 
2.8.13 we distinguish four cases: 

i. r2 = 8. Then we have: ACPdrt I- h I t2 = rl I r2 = O"rel(r;) 18 = 8, and 8 is 
a closed BPAdrt term. 

ii. r2 = Vrel (r2) + Q. Then ACPdrt I- tIl t2 = rll r2 = O"rel (r;) I (Vrel (r2) + Q) = Q, 
and g is a closed BPAdrt term. - -

iii. r2 = L r2 J w. Then we have: ACP~.t I- tl I t2 = rl I r2 = O"rel (r;) I L r2 J W = 

O"rel(r;) I (vrel(r2) + O"rel(Lr2J W
) = O"rel(r; I Lr2J W

) = O"rel(r; I r2). By the 
induction hypothesis there is a closed BPAdrt term P such that ACPdrt I­

r; I r2 = p. But then also ACPdrt I- hi t2 = O"rel(r; I r2) = O"rel(P), and 
O"rel (p) is a closed BPAdrt term. 

iv. r2 = Vrel(r2) + O"rel(r;) for a basic term r; such that n(r;) < n(r2). Then 
we have: ACPdrt I- h I t2 = r, I r2 = O"rel(r;) I (vrel(r2) + O"rel(r;» = 

O"rel(r;) I O"rel(r;) = O"rel(r; I r;). By the induction hypothesis there is 
a closed BPAdrt term P such that ACPdrt I- r; I r; = p. But then also 
ACPdrt I- h I t2 = O"rel(r; I r;) = O"rel(P). and O"rel(P) is a closed BPAdrt 
term. 

(v) rl is of arbitrary form and r2 =' O"rel (r;) and r; a basic term. This case is treated 
symmetrically to the previous case. 

(xi). t =' tl II t2 for closed ACPdrt terms tl and t2. Then ACPdrt I- tl II t2 = tl U. t2 + 
t2 ll.. tl + t, I t2· By (ix) and (x) there are closed BPAdrt terms PI. P2, and P3, such that 
ACPdrt I- tl ll.. t2 = PI, ACPdrt I- t2 ll.. tl = P2, and ACPdrt I- h I t2 = P3. But then also 
ACPdrt I- tl II t2 = tl ll.. t2 + t2 ll.. tl + tl I t2 = PI + P2 + P3, and PI + P2 + P3 is a closed 
BPAdrt term. 

Corollary 3.7.12 (Elimination for ACPdrt) 
Let t be a closed ACPdrt term. Then there is a basic term s such that ACPJrt I- S = t. 

Proof This follows immediately from: 

(i). The elimination theorem for ACPdrt (see Theorem 3.7.11), 

(ii). the elimination theorem for BPAdrt (see Theorem 2.8.16), 

(iii). the fact that all axioms of BPAdrt are also contained in ACPdrt . 
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Remark 3.7.13 (Elimination for ACPdrtl 
Elirrlination for a somewhat different version of ACPdrt is also claimed (without proof) in 
Section 3.10 of [10]. 

Theorem 3.7.14 (Soundness of ACP~rt) 
The set of closed ACPdrt terms modulo bisimulation equivalence is a model of ACPdrt. 

Proof We only prove soundness for the axioms of ACPdrt that have not been treated 
in earlier soundness proofs. Note that to extend these proofs to ACP drt, we have to check 
that the bisimulations given in previous soundness proofs respect the ID predicate (as 
required by transfer condition (iv.) in 2.7.7 on page 46). However, as the fact that they 
do can be easily checked, we will not give details. 

Axiom DRTCM6ID Take the relation: 

R = {(Urel(S) I (Vrel(t) +~),g)ls,t E C(ACPdrt)} 

We look at the transitions of both sides at the same time. Observe that there are 
no transitions possible on the left-hand side: Urel(S) I (vrel(t) + Q) -<+. Also for the 
right-hand side there are no transitions possible: Q -<+ • Finally, neither side satisfies 
the ID predicate: ,ID( Urel (S) I (Vrel (t) + g» and-:'ID(g). 

Axiom DRTCM7ID Take the relation: 

This case is treated symmetrically to the previous case. 

Axiom DRTMID3 Take the relation: 

R = {(s I 8,8) Is E C(ACPdrt)} 

We look at the transitions of both sides at the same time. Observe that there are 
no transitions possible on the left-hand side: s I 8 -<+ • Also for the right-hand side 
there are no transitions possible: 8 -<+ • Finally, both sides satisfy the ID predicate: 
ID(s I 8) and ID( 8). 

Axiom DRTMID4 Take the relation: 

R = {(8 I s, 8) Is E C(ACPdr')} 

This case is treated symmetrically to the previous case. 

• 
Remark 3.7.15 (Soundness of ACPdrt) 
Soundness of a somewhat different version of ACP dr, is also claimed (without proof) in 
Section 3.10 of [10]. 

Theorem 3.7.16 (Conservativity of ACP~rt with respect to BP~r') 
The equational specification ACPdrt is a conservative extension of the equational specifica­
tion BPA~rt. 
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Proof In order to prove conservativity it is sufficient to verify that the following con-
ditions are satisfied: 

(i). Bisimulation equivalence is definable in terms of predicate and relation symbols 
only, 

(ii). BPAd,., is a complete axiomatization with respect to the bisimulation equivalence 
model induced by T(BPAdr') (see Theorem 2.8.22), 

(iii). ACPd,., is a sound axiomatization with respect to the bisimulation equivalence 
model induced by T(ACPdr,) (see Theorem 3.7.14), 

(iv). T(ACPdr') is an operationally conservative extension of T(BPAdr,). 

And in order for T(ACPdr') indeed to be an operationally conservative extension of 
T(BPAdr,) we must verify the following conditions: 

(i). T(BPAdr') is a pure, well-founded term deduction system in path format, 

(ii). T(ACPdr,) is a term deduction system in path format, 

(iii). T(BPAdr') $ T(ACPdr') is defined. 

That the above properties hold can be trivially checked from the relevant definitions. _ 

Theorem 3.7.17 (Completeness of ACP~rt) 
The equational specification ACPJrt is a complete axiomatization of the set of closed ACPdrt 
terms modulo bisimulation equivalence. 

Proof By Verhoefs General Completeness Theorem (see [25], or Theorem 2.4.26 of 
[13]) this follows immediately from: 

(i). ACPdrt has the elimination property for BPAdTt (see Theorem 3.7.11), 

(ii). ACPd,., is a conservative extension of BPAdr' (see Theorem 3.7.16). 

-
Remark 3.7.18 (Completeness of ACPdr') 
Completeness of a somewhat different version of ACPdr' is also claimed (without proof) 
in Section 3.10 of [10]. 

Definition 3.7.19 (Axioms for the Communication Merge and Delayable Actions) 
We define the Axioms USDCFl-USDCF2 and USDCM2-USDCM4 for the ultimate start de­
lay with respect to the communication merge as shown in Table 39 on the following page. 
Note that they precisely correspond to the equalities of Proposition 3.7.8. 

Corollary 3.7.20 (Soundness of ACPdr, + USDI-7 + USDCFI-2 + USDCM2-4) 
The set of closed ACPdrt terms modulo bisimulation equivalence is a model of ACPdrt + 
USDl-USD7 + USDCF1-USDCF2 + USDCM2-USDCM4. 
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a I b = c 

a I b = 0 

a lb· x = (a I b) . x 

a . x I b = (a I b) . x 

a . x lb· y = (a I b) . (x II y) 

ify(a,b)=c*o 

ify(a,b) =0 

USDCFl 

USDCF2 

USDCM2 

USDCM3 

USDCM4 

Table 39: Axioms for the communication merge and delayable actions. 

Proof This follows directly from the soundness of ACP;h, (see Theorem 3.7.14 on 
page 121) and the fact that Axiom USDl-USD7, USDCFl-USDCF2, and USDCM2-USDCM4 
are derivable in Acp;h, (see Proposition 3.7.7 on page 110 and Proposition 3.7.S on 
page 111). _ 

Corollary 3.7.21 (Completeness of ACPdrt + USD1-7 + USDCFl-2 + USDCM2-4) 
Ifwe add Axioms USD1-USD4 of Table 18 on page 45, Axiom USD5 of Table 23 on page 68, 
Axioms USD6-USD7 of Table 36 on page 109, and Axioms USDCF1-USDCF2 and USDCM2-
USDCM4 of Table 39 to ACPdrt, we again have a complete axiomatization of the set of 
closed ACPdrt terms modulo bisimulation equivalence. 

Proof Careful inspection of the dependencies between the proofs in this section re­
veals that the proof of Theorem 3.7.17 only relies upon RSP(USD) to ensure Proposition 
3.7.7(i)-(vii) and Proposition 3.7.S. So, we obviously do not need RSP(USD) anymore if we 
add the corresponcling Axioms USD1-USD7, USDCFl-USDCF2, and USDCM2-USDCM4. 
Note that in this way we get a purely equational axiomatization (Le. without conclitional 
axioms or principles). Note also that Axioms CFl-CF2 and USDCFl-USDCF2 are not con­
ditional axioms, but axiom schemes, as are all axioms that contain an atomic action. _ 

Definition 3.7.22 (Axiom for the Ultimate Stan Delay and Communication Merge) 
We define the Axiom USDS for the ultimate start delay of a communication merge as 
shown in Table 40. 

Table 40: Axiom for lx I y J w. 

Theorem 3.7.23 (Soundness ofUSD8) 
The set of closed ACPdrt terms modulo bisimulation eqUivalence is a model of USD8. 

Proof Take the relation: 

First we look at the transitions of the left-hand side: 
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(il. Suppose ls I tJ w !!. p. By inspection of the deduction rules we distinguish the fol­
lowing cases: 

(a) s.!>. Pl, t':" P2, y(b,c) = a, and P = Pl II P2. Then lsJ w.!>. Pl and ltJw,:" P2, so 
ls J W I l t J W !!. Pl II P2, and (Pl II P2, Pl II P2) E R. 

(h) s.!>..j, t':"P2, y(b,c) = a, and P - P2. Then lsJw.!>..j and ltJ w':"P2, so 
lsJwlltJw,,"- P2, and (P2,P2) E R. 

(c) s.!>.P], t':".j, y(b,c) = a, and P _ Pl. Then lSJw.!>.Pl and ltJw,:".j, so 
lsJw IltJw!!, P]' and (Pl,Pl) E R. 

(ii). Suppose ls I tJw ""-.j. By inspection of the deduction rules we can conclude that 
s!!..j, t':".j, and y(b,c) = a. Then lsJ w.!>. .j and ltJw,:".j, so lsJw IltJ w!!. .j. 

(iii). Suppose ls I tJw ~ p. By inspection of the deduction rules we can conclude that 
P = lsi t J W. We also have l s J wilt J W ~ l s J W I l t J w, and (l sit J w, l s J W I l t J W) E R. 

Secondly, we look at the transition of the right-hand side: 

(i). Suppose lsJw I ltJ w!!. p. By inspection of the deduction rules we distinguish the 
following cases: 

(a) s.!>. P]' t':" P2, y(b, c) = a, and P = Pl II P2. Then ls I tJ w
,:" Pl II P2, and 

(Pl II P2, Pl II P2) E R. 

(h) s.!>. .j, t':" P2, y(b, c) = a, and P = P2. Then ls I t J w!!. P2, and (P2, P2) E R. 

(c) s.!>. P]' t':".j, y(b,c) = a, and P = Pl. Then ls I tJ w ,,"- P]' and (PloPl) E R. 

(ii). Suppose lsJwlltJw ""-.j. By inspection of the deduction rules we can conclude that 
s!!..j, t':".j, and y(b,c) = a. Then ls I tJw!!..j, and we are done. 

(iii). Suppose ls J W Il t J W ~ p. By inspection of the deduction rules we can conclude that 
P = lsJ W Il t Jill. We also have ls I t jill ~ ls I tjill, and (ls I tj ill, lsjill I It j W) E R. 

Finally, we look at the immediate deadlock predicate. Neither side has immediate dead­
lock: ,ID( ls I tJ W) and ,ID( lsJ W Il t JW) (note that ultimate start delay removes immedi­
ate deadlock, see Remark 2.8.5 on page 54). • 

Proposition 3.7.24 (Properties of ACPdrh Part IV) 
For ACPdrt terms x and y and any a, b, c E A8, we have the following equalities: 

(i). ACPdrt + USD8 I- a I b = c 

(ii). ACPdrt + USDB Co a I b = 0 

ify(a,b) =c*o 

ify(a, b) = 0 

(iii). ACPdrt + USD2 + USDB Co a lb· x = (a I b) . x 

(iv). ACPdrt + USD2 + USDBI- a . x I b = (a I b) . x 

(v). ACPdrt + USD2 + USDBI- a . x lb· y = (a I b) . (x II y) 

Proof 
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(ii). ACPdrt + USD8 f- a I b = LgJ eu I LgJ eu 
= Lg I gJ eu 

= LgJ eu 
= 0 

(iii). ACPdrt + USD2 + USD8 f- a lb· x = Lf!.J eu I L.!!r· x = Lf!.J eu I L.I!.· xJeu = Lf!. I.I!.· xJeu = 

L (g I g) . xJ eu = L (g I g) J eu. X = (LgJ wI LgJ"') . x = (a Ib) . x - - -

(iv). ACPdrt + USD2 + USD8 f- a . x I b = Lf!.J eu . x I L.I!.J eu 
= Lf!.· xJeu I L.I!.J eu 

= Lf!.· x I.I!.J eu 
= 

L (fl.I!!) . xJeu = L (fl.I.I!.) Jeu. X = (Lfl.Jwl L.I!.J eu) ·x = (a Ib) . x - - --- -- -,-

(v). ACP drt + USD2 + USD8 f- a . x lb· y = Lf!.J W • x I L.I!.J W • y = Lf!.· xJ W I L.I!. . y J W = 
Lf!.· x I.I!.· yJeu = L (f!. I.I!.) . (x II y) JW = L (f!. I.I!.) JW. (xII y) = (Lf!.Jwl L.I!.J W) ·(x II y) = 
(Ci I b) :-(x II y) - - - - - -

• 
Remark 3.7.25 (Properties of ACPdrh Part IV) 
Note that the equalities of Proposition 3.7.24 on the preceding page correspond pre­
cisely to the equalities of Proposition 3.7.8 on page III and Axioms USDCFl-USDCF2 
and USDCM2-USDCM4 from Definition 3.7.19 on page 122. 

Corollary 3.7.26 (Soundness of ACPdrt + USDI-USD8) 
The set of closed ACPdn terms modulo bisimulation equivalence is a model of ACPdrt + 
USD1-USD8. 

Proof This follows directly from the soundness of ACPdrt (see Theorem 3.7.14 on 
page 121) and the facts that Axioms USDI-USD7 are derivable in ACPdrt (see Proposi­
tion 3.7.7 on page 110) and that Axiom USD8 is sound (see Theorem 3.7.23 on page 123) . 

• 
Corollary 3.7.27 (Completeness of ACPdrt + USDI-USD8) 
Ifwe add Axioms USDl-USD4 of Table 18 on page 45, Axiom USD5 of Table 23 on page 68, 
Axioms USD6-USD7 of Table 36 on page 109 and Axiom USD8 of Table 40 on page 123 to 
ACPdrt, we again have a complete axiomatization of the set of closed ACPdn terms modulo 
bisimulation equivalence. 

Proof As show in Proposition 3.7.24, if we have the add Axioms USD2 and USD8 to the 
axioms of ACP dr" we can (for closed terms) derive Axiom USDCFl-USDCF2 and USDCM2-
USDCM4. Using Corollary 3.7.21 on page 123, we can now trivially derive the desired 
result. • 
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4 Conclusions 

To begin with, we are reasonably confident that the axiomatizations listed in this pa­
per are sound and complete. An overview of the main theorems is listed in Table 44 on 
page 136. 

Before we started this paper, we were also confident of the soundness and complete­
ness of these axiomatizations, but at that time wrongly so. We discovered that the ax­
iomatizations we started out with, most of which have been published and claimed sound 
and complete before, were neither sound nor complete. We highlight two characteristic 
cases: 

• Weakening DRT4 to DRT4A brings the need to introduce DRT5, something we did 
not realize at first. This left all interesting theories incomplete. Only when DRT5 
was needed in the proof of Lemma 2.6. 16(iv), we found out about this mistake . 

• lntroducing Ii in a context that supports communication brings the need to weaken 
DRTCM6 to DRTCM6ID, which we did not realize due to the "intuitive" and "obvi­
ous" nature of DRTCM6. This left some theories unsound. We found out this prob­
lem after we could not complete the last few "trivial details" of the proof of Theorem 
3.7.14. 

Both these problems were discovered when we were writing out all details of "trivial" 
proofs, proofs which we had originally not planned to do at all. So, we eventually decided 
to give as much and as detailed proofs as reasonably manageable. And, as to be expected, 
we found some more mistakes like the ones listed above. As a side-result, we gained 
insight into the various aspects ofaxiomatizations. 

Firstly, when we weigh the merits of the "Vrel/ Urel axiomatization style" of [11] (with 
theories like PAch-t-ID and ACPch-t-ID) against those of the "classic axiomatization style" 
of [10] (with theories like PAdrt-ID'and ACPch-t-ID'), we conclude that the Vrel/urel style 
is better suited towards practical applications, as it makes calculations easier. However, 
from a theoretical viewpoint it's troublesome: it does not lend itself well to term rewriting 
system analysis, and worse, it does not seem to be compatible with the addition of the 
empty step, as is shown in [12]. On the other hand, the classic style is not ideal either. It 
appears less intuitive, and it needs more axioms. Compare for example Axioms DRTM5-
DRTM6 of Table 25 on page 70 with Axioms DRTM7-DRTM11 of Table 27 on page 76. 
Here the classic style needs five axioms to do what the Vrel/Urel style can do much clearer 
in two axioms. Consequently, calculations in the classic style are much longer too. 

Second, we have shown how to eliminate the recursion principle RSP(USD) from the 
theories that contain it. As shown in Corollaries 2.6.22,2.8.26,3.6.18,3.7.21, and 3.7.27, 
one can straightforwardly derive unconditional axioms to replace the conditional prin­
ciple RSP(USD). The recipe is always the same: identify in the correctness proof of the 
conditional theory the places where RSP(USD) is used, put those applications in a sepa­
rate lemma, and introduce an axiom for every clause of that lemma. Using this recipe, we 
introduced Axioms USDI-USD8, USDCFl-USDCF2, and USDCM2-USDCM4. The advan­
tage is clear: having a fully unconditional theory enables us to reason fully algebraically, 
giving us a fuller apparatus of methods to work with. On the other hand, the principle 
RSP(USD) is clean, neat, and simple, and can be applied in any theory, while the "USD 
axiomatization style" requires new axioms for every new theory. That this can lead to 
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unwieldy theories can be observed from [10). We feel that the "RSP(USD) axiomatization 
style", which till now has only appeared in the rather obscure papers [9, 11), deserves a 
wider audience. 

Third, we find that the absence of the empty step (a constant £ such that £. x = x = x· §., 

see [12) for details) is a major nuisance. To begin with, the empty step woUld allow us to 
express our axioms much more compact. For example, Axiom DRTM2 would be just an 
instance of Axiom DRTM3 if the x in the latter could take the value £. Similarly, Axioms 
DRTCM2-DRTCM4 could also be collapsed to just one axiom with the help of £ (and see [7) 
for a theory in which it is hard to find any axiom that could not be formulated better with 
the help of the empty step!). The absence of ~ is even felt worse when doing calculations. 
If we look for example at the proof of Theorem 3.7.11, we see we have to distinguish 49 
cases(!) when doing simultaneous induction on two variables, as a basic term in ACP drt 
can take seven essentially different forms. With the help of §., we could reduce this to 
five forms, and only 25 cases would have to be considered when doing induction on two 
variables. Similar considerations hold for the proof of Theorem 3.4.12 on page 88, where 
the absence of £ for some case even forces us into a sixteen-fold (sic!) increase in proof 
obligations. We-conclude that there is a clear need for the empty step in discrete-time 
process algebra. 

Then, we hope that this paper can serve as a reference point: to our knowledge this 
is the first paper that extensively lists all important discrete-time process algebra theo­
ries, together with all relevant definitions and elementary theorems. Furthermore, as all 
proofs in this paper are constructive, it should now be easy to develop a tool that can 
automatically rewrite two bisimilar ACPdrt terms into one another. 

Finally, note that we have surveyed several distinct methods for proving soundness 
and completeness. To prove soundness we have used: 

• the direct method (see Remark 2.4.13 on page 17), 

• the indirect method (see Remark 2.6.20 on page 44), and, 

• the ground equivalence method (see Remark 3.3.14 on page 82). 

To prove completeness we have used: 

• the direct method (see Remark 2.2.18 on page 9), 

• the indirect method (see Remark 2.6.20 on page 44), 

• Verhoef's method (see Remark 3.2.14 on page 75), and, 

• the ground equivalence method (see Remark 3.3.14 on page 82). 

We believe that this spectrum of methods provides a convenient starting point to prove 
soundness and completeness of most (timed) process algebras that have been described 
in the literature, with the exception of theories that support abstraction. 

As far as future research is concerned: we would like to generalize our results to a 
setting that includes abstraction. This seems however not at all trivial, and may require 
a substantial effort. Furthermore, as noted above, further research on the empty step is 
justified. This work is currently in progress, and will be published as [12). 
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A Nomenclature and notational issues 

In this section we present a quick overview of the nomenclature used in ACP-style 
discrete-time process algebras. 

A.I Signatures 

In Table 41 we give the signature of some process algebras, among which all those treated 
in this paper. 

+ a 0 l J W arel Vrel a 0 ,5 II IL I 
BPA • • • 
BPA" • • • • 
PA • • • • • 
PA" • • • • • • 
ACP • • • • • • • 
BPAdr,-o • • • • 
BPAd;.,-ID • • • • • • 
BPAd;., • • • • • • • 
BPAdr,-ID • • • • • • • • • 
BPAdr' • • • • • • • • • • 
PAd;.,-ID • • • • • • • • 
PAdr, • • • • • • • • • 
PAdr,-ID • • • • • • • • • • • 
PAdr' • • • • • • • • • • • • 
ACPd;.,-ID • • • • • • • • • 
ACP dr, • • • • • • • • • • 
ACPdr,-ID • • • • • • • • • • • • 
ACPdr' • • • • • • • • • • • • • 

Table 41: Signatures of some process algebras. 

In naming discrete-time process algebras we have, among others, the following conven­
tions: 

• The subscript "dr'" signifies "discrete relative time", so we have the relative-time 
time-unit delay ("Urel"), and furthermore either non-delayable actions (double un­
derlined: "g"), or delayable actions (no special notation: "a"), or both. If we have 
the undelayable deadlock constant ("Q"), we also have the "now" operator ("Vrel"), 
and vice versa. -

• The superscript "-,, signifies that we do not have delayable actions ("a"), so only the 
non-delayable actions remain ("!t'). 
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• The postfix "-0" signifies the absence of all deadlock constants: non-delayable 
("g"), delayable ("0"), or immediate ("8"). 

• The postfix "-ID" signifies the absence of the immediate deadlock constant ("8"). 

A.2 Comparison with other notations 

In the (older) literature about ACP-style discrete-time process algebras we sometimes find 
slightly different notations. Below we list the most important differences: 

• We find the notation "BPAdt" for "BPAdrt-o", "BPAodt" for "BPAdrt-ID", and "PAodt" 
for "PAdrt-ID" [13]. 

• We find the notation "ACPdt" for "ACPdrt-ID" [6, 13, 23], 

• We find the notations "Ud" and "Urel(l)" for "Ure!" [6, 13, 23]. 

• We find the notation "cts(a)" ("current time slice") for the undelayable action "g", 
and "ats(a)" ("any time slice") for the delayable action "a" [8, 10]. -

• We find the notation "g[ll" for the undelayable action "g", and "g" for the delayable 
action "a" [5, 6]. -

• It has been suggested to refer to the delayable deadlock constant "0" as live lock, 
and to the immediate deadlock constant "8" as the immediate time stop, full time 
stop, or catastrophic deadlock [4, 10]. 

• The unbounded start delay operator "l J"'" was first described by Nicollin and 
Sifakis, and is therefore also known as one of the Nicollin-Sifakis operators [20]. 

• The naming scheme for axioms (AI, A2, etc.) has become quite problematic. Nam­
ing is generally not applied consistently within ACP articles published, let alone 
across them. We have no illusions this article is any different, although, and be­
cause, we sort of tried to adhere to the latest fashions. 

• Often the convention is used that the variables x, y, and z refer to open process 
terms, and the variables s, t, and u to closed process terms. Although some parts 
of this article conform to this convention, we shamefully admit that in large parts 
it is blatantly violated. 
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B Overview 

B.l Axioms 

The list below shows all axioms mentioned in this paper, in alphabetical order. Behind 
the name of the axioms the number is listed of the page where the axiom is introduced. 

x+y=y+x Al (page 7) 

(x + y) + z = x + (y + z) A2 (page 7) 

X+X=X A3 (page 7) 

(x + y) . z = x . z + y . z A4 (page 7) 

(x· y) . z = x . (y . z) AS (page 7) 

x+D=x A6 (page 12) 

a+D=a A6A (page 12) 

x+D=x A6IO (page 46) 

D· x = D A7 (page 12) 

8· x = 8 A7IO (page 46) 

a = lfl.J
w ATS (page 32) 

Vre! (fl.) = fl. DCSI (page 23) 
- -

Vrel (x + y) = Vrel (x) + Vrel (y) DCS2 (page 23) 

Vrel(X' y) = Vrel(X) . Y DCS3 (page 23) 

Vrel (Urel (x» = g DCS4 (page 23) 

v rel(8) = 8 DCSIO (page 46) 

Urel (x) + Urel (y) = urel (x + y) DRTl (page 14) 

Urel (x) . Y = Urel (x . y) DRT2 (page 14) 

g.x=g DRT3 (page 23) 

g+g=g DRT4 (page 23) 

x+g=x DRT4A (page 23) 

Urel(X) + g = Urel(X) DRT5 (page 23) 

glg=f if y(a, b) = c *' D DRTCFl (page 84) 

fl.1l!.=Q if y(a,b)D DRTCF2 (page 84) 
- - -
x II y = x U. y + y U. x + x I Y DRTCMl (page 84) 

gig' x = (g I g) . x DRTCM2 (page 84) 

g . x I g = (g I g) . x DRTCM3 (page 84) 

g' x I g . y = (g I g) . (x II y) DRTCM4 (page 84) 

Urel (x) lUre! (y) = Urel (x I y) DRTCM5 (page 84) 

Ure! (x) I Vrel (y) = g DRTCM6 (page 85) 

Urel (x) I (Vrel (y) + g) = g DRTCM6IO (page 110) 

Vrel (x) lUre! (y) = g DRTCM7 (page 85) 

(vre! (x) + g) I Urel (y) = g DRTCM7IO (page 110) 

g I Urel (x) = g DRTCM8 (page 94) 
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O"rel(X) I g = g: DRTCM9 (page 94) 

g. x I O"rel (y) = g: DRTCM10 (page 94) 

O"rel (x) I g . y = g: DRTCM1l (page 94) 

(x + y) I z = x I z + y I z DRTCM12 (page 84) 

x I (y + z) = x I y + x I z DRTCM13 (page 84) 

x II y = x IL y + y IL x DRTMl (page 69) 

glLx=g·x DRTM2 (page 69) 

g IL (x + g:) = g. (x + g:) DRTM2ID (page 100) 

g . x IL y = g . (x II y) DRTM3 (page 69) 

g·x IL (y+g:) =g. (xII (y+g:» DRTM3ID (page 100) 

(x + y) IL z = x IL z + y IL z DRTM4 (page 69) 

O"rel (x) IL Vrel (y) = g: DRTM5 (page 70) 

O"rel(X) IL (Vrel(y) + g:) =g: DRTM5ID (page 100) 

O"rel(x) IL (Vrel(y) + O"rel(Z» = O"rel(x IL z) DRTM6 (page 70) 

O"rel (x) IL g = g: DRTM7 (page 76) 

O"rel(X) IL g. y = g: DRTM8 (page 76) 

O"rel (x) IL (g + y) = O"rel (x) IL y DRTM9 (page 76) 

O"rel (x) IL (g. y + z) = O"rel (x) IL z DRTM10 (page 76) 

O"rel (x) IL O"rel (y) = O"rel (x IL y) DRTM11 (page 76) 

x1L8=8 DRTMID1 (page 100) 

811.x=8 DRTMID2 (page 100) 

x 18 = 8 DRTMID3 (page 110) 

81 x = 8 DRTMID4 (page 110) 

O"rel (8) = g DRTSID (page 46) 

lxjW = Vrel(X) + O"rel(lxjW) USD (page 32) 

lajW = a USD1 (page 45) 

lx. yjw= lxjw. Y USD2 (page 45) 

lx + yjW = lxjW + lyjW USD3 (page 45) 

lO"rel(X) jW = 8 USD4 (page 45) 

l8jW = 8 USD5 (page 68) 

a II. lxjW = a . lxjW USD6 (page 109) 

a· x ILLyjw= a· (x II LyjW) USD7 (page 109) 

Lx I yjW = LxjW I LyjW USD8 (page 123) 

a I b = c if y(a,b) = c *" r5 USDCFl (page 123) 

a I b = 8 if y(a, b) = r5 USDCF2 (page 123) 

a lb· x = (a I b) . x USDCM2 (page 123) 

a . x I b = (a I b) . x USDCM3 (page 123) 

a . x lb· y = (a I b) . (x II y) USDCM4 (page 123) 
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8.2 Theories 

The list below gives for every theory we defined, the axioms it contains. 

• BPA=AI-AS. 

• BPAo =Al-A7. 

• BPAdr,-o = AI-AS + DRTl-DRT2. 

• BPAdr,-ID = AI-AS + DRTl-DRTS + DCSI-DCS4. 

• BPAcIr,-ID = AI-AS + DRTl-DRTS + DCSI-DCS4 + ATS + USD. 

• BPAdr, = AI-AS + A6ID + A7ID + DRTl-DRTS + DRTSID + DCSI-DCS4 + DCSID. 

• BPAdr' = AI-AS + A6ID + A7ID + DRTl-DRTS + DRTSID + DCSI-DCS4 + DCSID + 
ATS + USD. 

• PAdr,-ID = AI-AS + DRTl-DRTS + DCSI-DCS4 + DRTMI-DR1M6. 

• PAdr,-ID' = AI-AS + DRTl-DRTS + DCSI-DCS4 + DR1MI-DRTM4 + 
DRTM7 -DR1Mll. 

• ACPdr,-ID = AI-AS + DRTl-DRTS + DCSI-DCS4 + DRTM2-DR1M6 + 
DRTCMI-DRTCM7 + DRTCM12-DRTCM13 + DRTCFl-DRTCF2. 

• ACPdr,-ID' = AI-AS + DRTl-DRTS + DCSI-DCS4 + DR1M2-DR1M4, 
DRTM7-DR1Mll + DRTCMI-DRTCMS + DRTCM8-DRTCM13 + DRTCFl-DRTCF2. 

• PAdr' = AI-AS + A6ID + A7ID + DRTl-DRTS + DRTSID + DCSI-DCS4 + DCSID + 
ATS + USD + DRTMI + DRTM2ID-DR1M3ID + DRTM4 + DRTM5ID + DR1M6 + 
DRTMIDI-DR1MID2. 

• ACPdr' = AI-AS + A6ID + A7ID + DRTl-DRTS + DRTSID + DCSI-DCS4 + DCSID + 
ATS + USD + DRTM2ID-DR1M3ID + DRTM4 + DRTMSID + DR1M6 + 
DRTCMI-DRTCM5 + DRTCM6ID-DRTCM7ID + DRTCM12-DRTCM13 + 
DRTCFl-DRTCF2 + DRTMIDI-DR1MID4. 

In Table 42 on the next page we give an overview of the axioms of the (basic) process 
algebras treated in Section 2, for the purpose of comparing the respective theories with 
each other. We have the following legend: 

• A U." indicates that the axiom is present in the theory, 

• A u+" indicates that the axiom is not present but can be derived (for closed terms) 
from the other axioms in the theory, 

• A U_" indicates that the axiom does not hold in the theory, 

• A u x " indicates that the axiom is meaningless in the theory, as there is a signature 
conflict. 

In Table 43 on page 135 we give an overview of the axioms pertaining to merge operators 
of the (concurrent) process algebras treated in Section 3. The legend is the same as for 
the previous table. 
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BPA I BPA8 BPAdrt-D BPAdrt-ID BPAdrt ID I BPAdrt BPAdrt 
Main Axioms 

Al-S • • • • • • • 
DRTl-2 x x • • • • • 
DRT3-S x x x • • • • 
DCSl-4 x x x • • • • 
ATS, USD x x x x • x • 

IDAxioms 
A6ID-7ID x x x x x • • 
DCSID, DRTSID x x x x x • • 

Auxiliary Axioms 
A6 x • x x + x -

A7 x • x x + x + 
A6A x + x x + x + 
DRT4A x x x + + - -

USD-Style Axioms 
USDl-4 x x x x + x + 
USDS x x x x x x + 

Table 42: Overview of axioms of basic process algebras. 
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I PAdr, ID PAdr, ID' I ACP dr,-ID ACP dr,-ID' I PAdr' I ACPdr' 
Main Axioms for II 

DRTMI • • - - • -

DRTM2-M3 • • • • - -
DRTM4 • • • • • • 
DRTM5 • + • + - -
DRTM6 • + • + • • 
DRTM7-Mll + • + • + + 

Main Axioms for I 
DRTCFl-CF2 x x • • x • 
DRTCMI-CM5 x x • • x • 
DRTCM6-CM7 x x • + x -

DRTCM8-CMll x x + • x + 
DRTCM12-CM13 x x • • x • 

IDAxioms 
DRTM2ID-M3ID + + + + • • 
DRTM5ID + + + + • • 
DRTCM6ID-CM7ID x x + + x • 
DRTMIDI-MID2 x x x x • • 
DRTMID3-MID4 x x x x x • 

USD-Style Axioms 
USD6-7 x x x x + + 
USD8 x x x x x + 
USDCFl-CF2 x x x x x + 
USDCM2-CM4 x x x x x + 

Table 43: Overview of axioms of concurrent process algebras. 
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B.3 Theorems 

In Table 44 we give an overview of the definitions of the axioms and semantics of the 
process algebras listed in this paper, with corresponding theorems regarding elimina­
tion, soundness, and completeness. 

Axioms Semantics Elimination Soundness Completeness 

Basic Process Algebras 

BPA Def. 2.2.6 Def. 2.2.8 Prop. 2.2.16 Thm.2.2.17 Thm.2.2.22 

BPA8 Def.2.3.2 Def.2.3.4 Prop. 2.3.9 Thm.2.3.10 Thm.2.3.11 

BPAdr,-o Def.2.4.2 Def. 2.4.4 Thm.2.4.11 Thm.2.4.14 Thm.2.4.17 

BPAdr,-ID Def.2.5.2 Def. 2.5.4 Thm.2.5.12 Thm.2.5.14 Thm.2.5.17 

BPAdr,-ID Def. 2.6.2 Def. 2.6.5 Thm.2.6.12 Thm.2.6.14 Thm.2.6.17 

BPAdr, Def. 2.7.2 Def. 2.7.6 Thm.2.7.11 Thm.2.7.13 Thm.2.7.16 

BPAdr, Def. 2.8.2 Def. 2.8.4 Thm.2.8.16 Thm.2.8.18 Thm.2.8.22 

Concurrent Process Algebras 

PAdr,-ID Def. 3.2.2 Def. 3.2.3 Cor. 3.2.9 Thm.3.2.11 Thm.3.2.16 

PAdr,-ID' Def.3.3.2 Def. 3.3.3 Cor. 3.3.8 Cor. 3.3.17 Cor. 3.3.19 

ACPdr,-ID Def. 3.4.3 Def. 3.4.5 Cor. 3.4.10 Thm.3.4.12 Thm.3.4.15 

ACPdr,-ID' Def. 3.5.2 Def. 3.5.3 Cor. 3.5.8 Cor. 3.5.12 Cor. 3.5.14 

PAdr, Def.3.6.2 Def.3.6.3 Cor. 3.6.9 Thm.3.6.11 Thm.3.6.14 

ACPdr, Def. 3.7.2 Def. 3.7.3 Cor. 3.7.12 Thm.3.7.14 Thm.3.7.17 

Table 44: Overview of definitions and theorems. 

Please take note of the following: 

• PAdr,-ID and PAdr,-ID' are two slightly different axiomatizations of the same the­
ory with the same semantics, taken from [11) and [10] respectively. We prove both 
axiomatizations sound and complete . 

• The same for ACPdr,-ID and ACPdr,-ID'. 
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