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Preface

The name of R.A. Bradley ( together with that of M.E. Terry ) iz associ-
ated with a model that is widely employed in paired comparisons. Therefore, it
seems appropriate to begin this thesis with a quotation from Bradley (1976},

Congulting statisticians are familisr with the consuliee who, after describ-
ing his proposed experiment in several sentences has only ome guestion:
"How many observations do [ need 7",

In particular the consultee might be tempted to ask this question when paired
comparisons are involved, In paired comparison experiments observations are
made by presenting paits of objects to one or more judpes. This method is used
extensively in experimental situations where objects can be judged only subjec-
tively, that is 1o say, when it is impossible or impracticable to make relevant
measurements in order to decide which of two objects is preferable. When all
pairs are presented to each of n judges (round robin), then the number of paired

comparisons is n (;), where ¢ is the number of objects. This number i5s often 100

large for practical purposes. Bradley and Terry postulate the existence of param-
eters, 7, for I,, where 7, iz the {-th object or treatment, In many cases these
parameters are functions of gquantities determining the objects and a linear
model can be formulated. The information from this model can be used to con-
struct designs, that are more efficient than the round robin design, i.e., less com-
parisons are meeded 1o measure the parameters of the linear model with the same
accuracy as the round robin design, The aim of this thesis is lo construct such
designs,

The method of paired comparisons provides a simple experimental tech-
nique. However, many models have been formulated for paired comparison
experiments. Some of these models and procedures are discussed in section 1.
These procedures yield covariance matrices of the estimators for the unknown
parameters. These covariance matrices are in particular important with regard to
the construction of optimal desipns, because many criteria depend on the covari-
ance matrix of the estimators. However, these matrices depend in general on the
unknown parameters. Therefore, the assumption of no differences in treatment ig
made in order to construct optimal designs, In section 1 it is shown that in this
case an ordinary linear model ¢an be applied for constructing optimal designs,
In section 2 a general spproach for the construction of D-optimal designs for
paired comperisons is given, This approach assumes an underlying structure, It
uses the equivalence of the D-criterion and the G=criterion, when adapted to the
situation of paired comparisons. This approach is more general than the above
approach, where the objects are fixed, Now they mey be chosen in a given experi-
mental region. The concept of exact and discrete designs is introduced. The
latter designs are useful in constructing optima) designs. A discrete design con-
sists of, say, N pairs with weights p,, such that p; + 4+ py, = 1. Exact
designs can be used in practical applications. They can de defined as discrete
designs with rational p, .
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Applications are given in sections 3, 4 and 5.

Section 3 deals with a factorial model with main effects and first-order intexac-
tions., Exact D-optimal designs are given both for the case of a hypersphere as
experimental region and for the case of a hypercube as experimental region.
Some of these results are known in the literature. Sections 4 and 5 deal with a
quadratic model, in section 4 with a hypersphere as experimental region, in sec-
tion 5 with a hypercube as experimental region. In both sections diserete D-
optimal designs are presented. Some of these designs have a large number of
pairs, in particular in the case of a hypercube of high dimension. Therefore
discrete D-optimal designs are given for which the number of pairs is reduced
congiderably, Usinp these discrete designs we construct exact designs with a high
efficiency and with a relatively small number of pairs. The robusiness of the
discrete designs is investigated, i.e. we discuss the efficiency of the designs when
the assumption of no differences in treatment does not hold,



1. Formmlation of models for paired comparisons

1.1. Introduction

In paired comparison experiments observations are made by presenting
objects in pairs to one or more judpes. The word “ohject” may stand for item,
treatment, stimulus, and the like. The judge has to declare which object of the
pair presented he prefers. In the simplest situation the observations are O or 1,
indicating the preference for one of the two objects. More generally the prefer-
ence may be recorded on some finer scale, for example a 7-points scale
{(—=3—2—1,0,1, 2 3), implicitly allowing ties to be declared. The method of
paired comparisons may be used in cases where objects can be judged only sub-
jectively. So, applications have been to taste testing, consumer tesis, psychophy-
sical analysis, and more generally to sifuations where guantification tkrough
meagurement is difficult,

Many models have been formulated with regard to paired comparison experi-
ments. Some of these will be discussed in the following sections.

1.2. The Bradley-Terry model

A model, which is widely employed, is the model provided by Bradley
and Terry (1952), The paired compatison experiment has ¢ objects, T'y, ... . T: ,
with n;, judgements or comparisons of 7y and T, nyy # 0, ny = O, ny = nyj,
i,j=1,...,t. Let ny ; be the pumber of times T, has been preferred to T;
when ¥) and T, were compared, n; 4 T my 4.7y + 0y = ny ((#j) Soin
the model it is not allowed to declare ties.
Bradley and Terry postulate the existence of parameters, w, for I, m; > 0,
such that the probability m, ,;, of selecting T, when compared with T, is

Ty

). 2
P (E=}) (12,1}

Ty =

Since (1.2.1) is not dependent on parameter scale, convenient scale-determining
constraints are formulated like

Ym=1, (1.2.2)
i=1

or
1
}: logm, = 0. (1.2.3)
i=1

Likelihood methods can be used to estimate these parameters. On the assump-
tion of independent selections, the likelihood function is

1

i

]I ¢, + ;)

1)

Lin)= {1.2.4)




where
@ = E LT
}

and
7= (my, ..., T
Maximizing (1.2.4), subject to {1,2,2), gives the likelihood equations

L _y M _p =

R 2 (1.2.5)
P p= Pt Py

Le=1, (1.2.6)

where p, is the likelihood estimate of ;.

Ford (1957) describes an iterative solution of the likelihood equations. Brad-
ley (1955) pives large sample results and the asymptotic distribution of the
maximum likelihood estimators. These results will be discussed later.

1.3. Generalizations of the Brad)ey-Terry model

There are many generalizations of the Bradley-Terry model. Rao and
Kupper (1967) generalize the model by introducing a threshold parameter
fip # 0. This parameter is interpreted as the threshold of sensory perception for
the judge. They model the probabilities of preference and no preference as

my
T = —
it i + BTTJ ’
'ﬂ'i'ﬂ'!(ez_l)
To.i} = 1.3.1
0.1 (1T¢+9‘?T_,‘)(7TJ+97T1) ( 3 )
T = T
A L] + BTF,‘ i
where
p=c"0, (1.3.2)
For ® = 1 the Rao-Kupper model coincides with the Bradiey-Terry model. Rao
a;&‘hd Kupper show that the maximum kikelihood estimates p, (i=1,...,¢) and
Bof m, (i=1,...,t)and 0 are the solutions of the equations
(1.3.3)
b + + 6
e z o4 An.'.u _ (Rn.u T:_r.u) =0 ,i=1,....t,
P bt g+ Bp; i p; ¥ 0

where



b = Z(ﬂo.u + T?-:.u) f

and

Beaver and Gokhale (1975) generalize the model in order to incorporate within-
pair  order effects. They assume the existence of  paramectlers
S, 0,0=1,...,t,8, = 8,;,, associated with the pair (i,j) such that the
preference probabilities for the ordered pair (i,j)are

- — i +8£J
LT 4w
o= M (1.3.4)
-4 m + Ty

where
|8u| “‘::.. min {ﬂ—l 1'”}}'

In this model the liketihood equations are rathetr complicated. We refer to
Beaver and Gokhale (1975) who also deseribe an iterative technique to find solu-
tions,

1.4, Weighted least squares approach

Beaver (1977) presents a general approach to the models defined above. His
results concerning the covariance matrix of the estimators are used later on.
Therefore, some results are given here. Beaver uses a method described by Griz-
zle, Starmer and Koch (1969), who present a unified approach to the analysis of
data resulting from an experiment involving s multinomial populations, each
having r categories.

Let my ,mi, . ..., my be the observed cell counts for the i/-th multinomial
population resulting from m, = ii m;, observations, I=1 ... %,
3=
et
p = (p:l,---.P)r )y, (1,4.1)

be the sample estimate of the cell probabilities
aﬂz(‘ﬂ'il,...,‘ﬂ"‘r )' N (1-4.2)

and let V(‘z?,) be the usual sample estimate of the covariance matrix of
B G=1,...,5)



Define (1.4.3)
ﬁ = ( 'ﬁrl' ----- *F ! )J )
ﬁ =(}Tl'.---|§s')',
\7(5) = block diagonal matrix of dimension rs x rs having

V(p,;) as the { -th diagonal block,
Fu(#) = any function of the elements of 7 having continuous
partial derivatives up to second order with respect to

the elementsof 7, m = 1,...,u, withu £ (r—1)s ,
F(m) =), ... . Fu(@)) .
H = a matrix of dimenston v X rs with
Hy = M , where { and j are such that
ATy
L= j(medr), 0% j <r, i=0U—j)r+1,
5 = H V(p)H"' of dimensionu x u

When the « parametric and possibly nonlinear functions f, are functionally
independent of one another and of the sums E LY (i=1,...,%), then
J=1
both X and § are of rank u,
Let
F(m)= X8, (1,4.4)

where X is a known matrix of dimension u x v and of rank v, and 8 i5 a vector
of unknown parameters. As Beaver (1977) points out, weighted regression pro-
duces the best asymptotic normal estimate of 8 given by

B=(X'S'X)IX'§TLF(F) . (1.4.5)
The elements of § are stochastie, If they are not stochastic, then the covariance
matrix of B is equal to

var = (X §1 X)L (1.4.6)
Therefore, one can expect that equation {1.4.6) is asymptotically correct if the
clements of § are stochastic. An important special case of F(7) involves a
loglinear function of 7. For a positive matrix A of dimension &k x ! we definc
logA by (lopA)y, = log(d;), for all (=1,...,k,j=1...,1. When
F(F)= K lop{A 7) with K of dimension ¢ x « and of rank ¢t < u, then

H=KED'A ,
and

S=KD'AVE) [k DAY,



where D, is 2 diagonal matrix with the clements of A 5 en the diagonal. The
use of log 7, instead of 7; will be discussed later.
The model of Beaver specializes to the Bradley-Terry model as follows.

Let
r =12,
o= (2 T2 T Tsas .- ST-li-12Tea-11) s
P ={pianpranpPras Pa1a, - -- Pi-t.a-1ts Proa-1ed
where
Py =gyl anestimateof 7y,
fu('F) = log (774.1)/#).4)) .

FFE) =(anfu - FurFoee Fron)
Now, V(7) is a block diagonal matrix of dimension 2(;) x 2(5) having as blocks
the matrices

1 ProyPiy TRLuRLL
ny | TPLiPry PiuiPlu

and 5 is a diagonal matrix with diagonal elements (ry proy P y1o
Let, according to the Bradley-Terry model,

log (i iy/my )= logm, — log @,
and so
F(F)=K logm ,

with

o 00 O0...1-1
If we write o; = log m; — log 7, (i=1,..,,t=1) ,
ihen



1-1 0...0 0
0 -1 . )

&y

. oy
POy = 1 0 0. 0 —1
V=11 0 0...0 o0
1 ~1...0 0

K -1
0 0 0...0 1

Now, the o; can be estimated by use of (1.4.5), and the estimates of the 7, are
easily obtained from the estimates of the o; with the constraint (1,2.6).

L5. Response surface fitting

Springall (1973) assumes that the m, {i=1,...,7) arc functions of con-
tinuous independent variables xy, ... ,x;. As in the classical regression situa-
tion, the most useful functions are those that are linear in the unknown parame-
ters, 1,e,

5

].Dg w; = E Xy ﬁk . (1.5.1)

k=1

Using & method similar to that of Rao and Kupper (1967), Springall obtains
results concerning the covariance matrix (¥, )~! of his estimators 6 of ? and £,
of £,, where

L= eﬂ' G=1,....,5),
and
9 as defined in (1.3.1).

His results are listed as

8%+ 1 _
oo = ZHo——zy_ﬂu ¢1')9 L
1<)

(92— 1)?
Vo, = 1 LY my 8 (xp — %) r=1....5 ,
£r9 1<)
v = gl EE nuy G —xp) Gy —30) rg =1L 5,152)
érfg <}
where
b1 = a, m,0lmf+ o)+ 2m,m,]
"y

(‘IT‘ + 911'_;)2 (’IT) + B'IT‘)I



These results contain some mistakes, even when the random variable ng is
replaced by its expectation. They should read

driw}

v = LY n 6%+ 3 b4+
Y YT A +om 2 a, + 8w, P

- & 9202 — 1)

_ 1 mwomy 82w — TP (xy — xp)
Vo = 2 n
- £ ;qu Y {r; + 0, )2 (7, + 08m,

' (1.5.3)

vy, as above.

In deriving the covariance matrix (A, }~' of the estimators of 8 Springall uses
Mw = vorJer
Mg = v/ €€y

This is not correct, it should be

;\rq= gr Eq Vrg »

When the Bradley-Terry model is used without the threshold parameter mp the
results concerning the covariance matrix (A )71 of the estimators B, of B are

Mg = ZE ruy b1y Gty — xp )Gy == x4 (1,5.4)
T
wheze
TR JVIC AR SYAE R TRV SNTE (1.5.5)

1.6. The covariance matrices of the estimators

For convenience we formulate (1.5.4) in a different fashion. Let X be a
matrix of dimension ¢ X s, the elements of which are the x, from (1.5.1). This
matrix plays the role of design matrix in the standard experimental situation
with log m, as observations.

Define
1-1 0...0 0
1 0-1...0 ©
6=1|1 0o o...0-1;, (1.6.1)
0 1-1...0 ©
0O 0 0...1~-1




a matrix of dimension (é) Xt having one +1, one -1, and ¢ —2 zerces in each
row, such that
-1 Jifi=7j,
(G'G )U =
=1 if i =j

The matrix G corresponds to a design where every two items are compared just

once{ry, = 1;i,j=1,..., T, (#=7)

Define
D=GX , (1.6.2)
() = diaglrpdizrngde - Aubu nndas e oy Beopy 1(1.6.3)

a matrix of dimension (3) x (). It is easily verified that (1.5.4) may be rewrit-

ten as follows:

A = ";{; Kp Ty By x gy == };; Xy by X,
+LF xpny by, + EE Ko oy Xy
]

<)

)}:#E X (“”uﬁﬁr; )xn E € E Ru'{bu)xw

i

L xip G 'B(m)G )yyxy + E-’xw (G Y(mIG ) 1xy -

1)

Hence
)= (D' ®(r)D)Y? . (1.6.4)

The methods of Beaver and Bradley-Terry can also be used té estimate the
parameters of the model (1.5.1). Actually, El-Helbawy and Bradiey(1978)
analyse factorial models and give large-sample results. Asymptotically, the
covariance matrix of the estimators of the parameters coincides with the matrix
given in (1.6.4), ‘This is 1o be expected since the methods are based on maximum
likelihood estimation of the parameters. It may also be verified as follows,

n
Let n be the number of factors, the { -th factor has & levels, so that ¢t = H by .

fa1
The peneral problem in the model of El-Helbawy and Bradley is to estimate the
paremeters g, (=1,...,¢ under the conditions
lg' p=0,
5, (1.6.5)
where

H =(#):*-—-.""l)')



K logm; ,

1, =(1,...,1y ,

1;'p is the constraint {1.2.3),

B,u = 0 means that m specified orthonormal contrasts  are
zero.

This problem is solved by estimating the other : —m — 1 orthonormal contrasts;
these can be written as linear combinations of the p,; :

01= Bn it . (1.6.6)
where By, isa (t —m —1) x t matrix, and

1,/v% | [ L/ Bn' BY)=1
By
By

it follows that
B = B;;lr 91 +
The result is

Asymptatically (§; — 81) has the asymptotic (t~m—1) variate (1.6.7)
normal distribution with zero expectations and covariance matrix
(B ALTT) Ba ') Y, where

—nyhy GG
Y gty iF i= .

A=t

Alm) =

We can reformulate these results as follows.,
If

X=wt By,

then X can be regarded as the design matrix in the standard experimental situa-
tion with an appropriate model of type (1.5.1). Hence (1.6.6) is equivalent 1o

pu=Xg,

and the estimator of § is [3 = 61/-\/2_ .
Now

var (8y/¥5)= (BA Mm) BY )V = (X' G ®{m)G X ),
So, (1.6.7) may be rewritten as
var ,§ = (D' d(w)D)?, (1.6.8)

which coincides with (1.6.4).
The estimation proceduze of Beaver is asymptotically equivelent to maximum



10

likelihood, so we may expect both procedures to lead to the same asymptotic
covariance matrix when applied to the parameters of model (1.5.1). It can be
shown that the results given in (1.4.3) and (1.4.6) can be rewritten as follows,

F(F)=Glgr=G X B=DB. (1.6.9)
In section 1.4 we have seen that
§ 1 &(F) ,

where ®(7) is the matrix ®(#) in which the 7, ;, have been replaced by the
estimates p, ,,. Substituting this in (1.4.6) we find

varB = (D' #(#F)D)'. {1.6.10)

1.7. Generalized linear models

Generalized linear models provide a unified appreach and computational
framework for analysing data, McCullagh and Nelder (1983) give an extensive
account of the applications peneralized linear models have. Computer packages
have been designed for analysing date by means of generalized linear models,
One of them, GLIM, iz widely used now,

MeCullagh and Nelder formulate the genemlized linear model in the following
tripartite form,

i) The randem component: a vector of observations y of lenght N is
assumed to be a realization of a random vector ¥ with stochasti-
cally independent components. The components of ¥ have a dis-
tribution of an exponential family. These distxibutions are of the
same form (e.g, all normal, or all binomial, etc.). The vector of
expectations ism = (my, ..., my) .

it} The systematic comporent: the independent variables (or covari-
ates) xy, xy, ..., x; produce a lineat predictar 1 given by (1.7.1)

n=X8,
where X is the design matrix with elements x,,),

1ii) The lirnk function between the random component and the sys-

tematic component

m = glmy).
This link function g may be any monctonic differentiable func-
tion.

The Bradley-Terry model may be formuleted as a generalized linear model. Let
N be the number of pairs for which 7, > 0. Let N be the i{-th row of the
matrix X be denoted by x, ' and the & -th column of X by x¢,. An object can
be characterized by its row in the design matrix. Let v be thc observation
related to the pair characterized by LTH) and x,; o Now, the observation v, is a

realization of a random variable ¥, baving a binomial distribution with param-

eters n; ;, and Tiy ity We choose the logit function g (x ) = log (x /(1—x)) as
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the link function. This function maps the unit interval (0,1) onto the real line
(—co, o0). So, we have

( =1 /(1 Ty | gog -1
, = " = —_— _——— e —_—,
K RO o8 7y + Ty, m Ty 8 Ty,
or
n = logm,, — log 7y, . (1.7.2)
The independent variables produce the n; given by
5
m = }: z Br
el
where
LT X T X e
Substituting this in (1.7.2), we obtain
£
logm, — logm,= L (xill — x‘z‘) B . (1.7.3)
f=1

in which we can recognize the modet (1.5.1).

Now, the advantage of using log m, instead of 7, is becoming cleax. The use of
log 7, will be discussed also when dealing with Thurstone’s model in section
1.9,

Fienberg and Larn1z (1976) give a log linear representation for paired comparis-
ons (and for multiple comparisons). They reformulate the model and show that
it coincides with a log linear model of quasisymmetry for ar xt comtingency
tabel. The likelihood equations for this model can be solved using a version of
the general iterative scaling technique described by Darrock and Rateliff (1972).

1.8 Ordinary linear model

It is possible to formulate an ordinary lincar model by choosing an
appropriate distribution and link function in (1.7.1).
If the assumption is made that

i) The ¥; in {1.7.1) are independent and normally distributed with
constant variance o ? and expectation m,, (1.8.1)
ii) The link function is the identity function,

then the peneralized linear model coincides with an ordinary model.
We have

Y = D* B +e , (1'82)

where
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Y =(¥,Y,,... ,YNl)‘ .

¥, = arandom variable indicating difference or preference,

EZ oo
1y

=
I

the design matrix of dimension NV x &,

D
IB =(ﬁlr"'rﬁs)')

¢ = the disturbance vector with Fe = O ,vgr ¢ = ¢ * J.

In general the assumption var ¢ = o2 J does not held when paired comparisons
are made. The matrix D' may be written as follows

D'=6"X , (1.8.3)

where X is the usual design maltrix in a classical experiment, G' is a matrix
analogous 10 G. It has in each row one +1, one -1 and t-2 zeroes; a row is
repeated n,, times, when the objects T; and T, are compared ngy times,

The lcast squares estimator for B is

B= (" D'y'Dp"Y ,
and

var B= (D' D'y tol, (1.9.4)
This may be rewritten as:

D'"'D'=X'GY G X = AX' G ¢(1,)6 X)= 4D #(1,) D .
Hence

var B = %cz(D"@(l,)D)“. (1.8.5)

The matrix (1.8.5) is proportional to the matrix in (1.6.4), if
= {1 ...,1). (1.8.6)

Quenouille and John (1971) use the ordinary linear model when constructing
designs for 2" -factorials. However, if one uses the generalized linear model when
constructing optimal designg, then the covariance matri¥ depends on the unk-
nown parameters. In general there are no estimates of the parameters, since the
parameters should be estimeted from the experiment which is being desipned.
Therefore, assumption (1.8.6) is made very often. But in that case the general-
ized linear model coincides with the ordinary linear model. Actually the designs
given by Springall (1973) and El-Helbawy and Bradley (1978) for 2" -factorials
may be found by using the method developed by Quenouille and John. Hence,
the ordinary linear model is very useful in comstructing optimal designs for
paired comparison experiments.
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1.9. Thurstone’s model

The method of puited comparisons has applications in the fields of psycho-

physics and its use has been stimulated especially by the work of L.L. Thurstone.
The method of paired comparisons is very useful in these felds, since the objects
or the effect of stimuli can be judged only subjectively. A problem which has
.attracted much attention in phychophysics is: how is the subjective sensation in
the consciousness of the subject related to the intensity of & continuously vary-
ing stimulus. Thusstone(1927) called the processes by which the subject
discriminates or reacts to stimuli "discrimina] processes”, and he formulated the
following model,
Each stimulus gives rise to a subjective value in & so-¢alled sensory continuum.
This subjective value iz interpreted as the realization of a random variable which
is real-valued and mormally distributed. Following Bock and Jones(1968) in
formulating this, one may represent the discriminal process associated with a
stimulus 7, as a random variable v, :

vi =ty (1.9.1)

where g, is the fixed component and € is the random component. For I', we
havev; = u, + g, , 50

Vg_V}=(Fq—F))+(E“‘¢J). (1.9.2)

The joint distribution of ¢, and e, is assumed to be bivariate normal with expec-
tations 0, variances o ? and ¢ } , and correlation coefficient py; .
The probability that 7, will be preferred 1o I'; is given by

P(T, »T)= _\/i'ﬂl'—~0_g: exp —%( %)E dy ., (1.9.3)
where

of=al+al-2p,y0,0; ,
and

Hi; = By — Hy -
So

P, > T,)= & “::_j . (1.9.4)

where @, is the standardnormal distribution function. Usually, the following
assumphion is made

gy =1,1,j=1,....t (Thurstone’s case 5), (1.9.5)

Then the model roincides with the generalized linear model of (1.7.1) with the
observations coming from a binomial distribution and the probit funetion as the
link function. Note that there is only one difference with the Bradley-Terry
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model: the link function, The relation between the Bradley-Terry model and
Thurstone’s model can also be formulated as follows. If we substitute the "logis-
tic" density function for the normal density function, then we have

PT, >T) = %f sech? 2 dz . (1.9.6)

Hij

This yields

1 1
T4 T iy
Pr>ry= L1tz (o7 (1.9.7)
2 I A Y 144

If we define u, = log #;, then e’ = /my and (1.9.7) gives

'ﬂ'p/'ﬂ'_' _ Ty

1+ 'ﬂ',/‘ﬂ'_' - oty (1.9'8)

P(T, > T,)=

which we recogninize as the Bradley-Terry model. So values log 7, correspond
to values 1, on a subjective continnum, This yields another argument in favour
of model (1.5.1).

Bock and Jones (1968) discuss procedures for estimating the parameters in the
Thurstoniun model. The results concerning the covarisnce matrix of the estima-
1lors are analogous to the results of section 1.6, When, analogous to (1.8.6), the
assumption is made that the u, have the same value, then the covariance mairix
coincides with the matrix given in (1.8.5). Hence the designs constructed under
this assumption are also useful in the Thurstonian concept,

Remark

The models discnssed in this chapter assume a unidimensional continuum,
Davidson and Bradiey (1969) derive a model for multivariate paired comparis-
ons, In this model ¢ objects are to be compared on p atiributes, However, it is
not always possible to ¢xamine a priori whether a certain attribute is vnidimen-
sional or not. Gokhale, Beaver and Sirotnik (1983) provide s model-robust
approach to the analysis of paired comparison experiments. Their approach
makes it possible to examine the assumption of unidimensionality.
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2. A method 1o construct optimal designs and an adapted critericm

2.1. Introduction

In chapter 1 we have seen that the design of a paired comparison experi-
ment may be indicated by its ¢ objects and the n,y, where ny; is the number of
comparisons of the i-th and j-th object. When ny; is constant for all i and },
the experiment is called a balanced paired comparison experiment. It is also
called a round robin design. This nume refers to a round robin tournament as
used in many sports where each of the z teams plays every other team a fixed
number of times. The experiment may also be scen as an experiment designed for
the standard experimental situation, since the problem of design is the same
whether we have for two objects an expression of preference or 1wo separate
values, In the standard experimental situation the experiment is known as a bal-
anced incomplete block design (BIB), the block size being twe. A balanced
incomplete block design is & design with the properties:

i) all objects occur equally frequently,
i) all pairs of objects occur in each block equally frequently.

The number of observations of a round robin design depends on the number of
objects. When the number of the objects is 50 and all objects are compared once,

the number of observations amounts to (520 ), or 1225. This gives a practical

difficulty in paired comparison experiments. Therefore many incomplete paired
comparison designs have been constructed, These are designs in which not ali
possible pairs occur. There is a relation between these designs and designs in the
standard experimental sitwation. The partially balanced incomplete block
designs (PBIB) of the standard ¢xperimental situation can be used to design
experiments in the situation of paired comparisons. David (1963) gives a survey
of the results obtained in this area and gives references.

2.2. The use of underlying information on the objects when constructing
optima) designs; some results in the literature

In the design of experiments discussed above one does not use any informa-
tion on the underlying structure of the objects, Sometimes there is no informa-
tion available. However, if a model of type (1.5.1) can be formulated, then it
gives information on the objects, This information can be used in the design of
experiments, Using this information it is possible to design experiments which
are more efficient, according to some criterion, in estimating the parameters of
the model than the round robin design. In this area only a few results are avaii-
able. The results obtained are by Quenouille and John (1971), Springall (1973)
and El-Helbawy and Bradley (1978). These results will be discussed in the next
sections.
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2.2.1. The results of Quenouille and John for 2" -factorials

Quencuille and John (1971) present 2" -factorial paired comparison designs,
which can be constructed in order 1o reduce the number of pairs required by
ignoring information on higher-order interactions, Following Quenouille and
John we illustrate the method by considering designs for 2%-experiments. In a

. 2%-¢xperiment there are four objects (1), a , b and ab in the usual notation. Ina
round robin design we have 6 comparisons or blocks in terms of the standard
experimenta) situation, These 6 blocks can be broRen up into three sets of blocks

(a): ((1)ab), (8, b)
(b} : ({1), a), ( bab);
(c): ((1),b),{ aab).

If one is not interested in the interaction AB, then it is better to use the set (a)
only, Set (a) measures the main effects A and B, but gives no information on the
interaction AB. Sets (b) and {c) both measure the interaction AB and a main
effect, S0, in 2 round robin a main effect is measured in 4 out of 6 blocks. In the
design consisting of set (a) a main effect is measured in 2 out of 2 blocks, There-
fore, the sct {a) gives 50 percent morc information on A and B than the round
tobin design, Now, in a 27 -experiment the %2" (27 =1) paired comparisons can
be broken up into 27 —1 sets of 27! blocks. Each set may be gencrated from an
initial block consisting of object (1) and another object. Now, depending on the
¢ffects on which information may be ignoxed, a design can be composed of one or
more of these sets, When considering the efficiency, Quenouille and John compare
the new design with & round robin design for each cffect to be estimated. For a
specified effect the efficiency is defined 1o be the ratio of the accuracy with which
the zame effect is measured in a round robin design. Some of the designs con-
structed by Quencuille and John will be given in chapter 3 where these designs
will be discussed in a more general context. In computing the accuracy with
which an effect is measured Quencuille and John assume that the observations in
the paired compuarison experiment have the same varignce. Their analysis of
paired comparison experiments can be described by the ordinary linear model
(1.8.2). A drawback of the criterion Quenouille and John use is that the design
constructed is compared with the round robin design. Therefore, it is only pos-
sible to give relative efficiencies, When a more efficient design is found, it only
may be claimed that the new desipn is beiter than the round robin design.
However, there might be a design which is better than the new design. Another
disadvantage of the criterion is that the efficiency of the design must be given for
each effect separately. In the 22-factorial mentioned above the efficiency of a
main effect for the design consisting of the pairs ((1),ab)} and (a, b) is 1.5,
whereas the efficiency of the interaction is zero,
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2.2.2. Analogue designs

Springall (1973) obtained some results in the design of paired comparison
experiments, As we have seen in section 1.5 Springall uses model (1.5.1). When
comstructing designs Springall considers properties based on the elements of the
covariance matrix. He introduces the concept of analogue designs. Analogue

- designs are designs for which the covariance patrix of the estimators is propor-
tiona) 1o the covariance matrix in the standard experimental sitvation with the
same designpoints. Without mentioning it explicitly, Springall uses in this con-
text a slightly adapted model for the standard experimental situation:

logm = Bot+ X xubBu . (2.2.1)
k=1

Compared to the model (1.5.1) the parametex By has been added. 1If one does not
assume the model (2.2.1) for the standard experiment, then the results of
Springall are not correct. However, there seems 1o be no clear argument for com-
paring the paired comparison experiment in the case of model (1.5.1) with the
standard experiment in the case of model (2.2.1).

The main result is

Theorem 2.2.1
An ~approximate analogue design may be found by choosing

ny = [N (84 E{ZI; (o)1) +05], (2.2.2)
x

where [x ] denotes the integral part of x and N = }. 3, ny; (N should be chosen
1<}

in advance ), and ¢:j as defined in (1.5.2).

Of course, the n; depend on the ¢} , which are unknown. The ny; give an exact
analogue design, if atl n;, are integers before the integerization stage. The covari-
ance matrix of the estimators is, when the n;; {rom (2.2.2) are choscn, propor-
tional to the matrix in (1.8.5). It can easily be seen that this matrix is propor-
tional to the covariance matrix in the standard experimental situation in the case
of model (2.2.1). It follows that, when (1,8.6) holds, the xound robin design is
an analogue desipn. The analoguc design obtained by use of (2.2.2) is -as
Springall points out- one out of many and does not necessarily yield the covari-
ance matrix with the smallest elements. Therefore, linear programming methods
are used to obtain analogue designs with the smallest elements. However, the
objective functions in this linear ptogramming problem depend on the ¢/, and
when giving an example Springall makes the assumption (1.8.6).

The concept of analogue designs has the advantage that it enables certain desir-
able properties -for example rotatibility- to be readily reproduced, However,
other properties ar¢ not reproduced, for example D-optimality, a criterion which
will be defined in the next section. Actuslly, these designs are in general not
efficient with regard 1o D-optimality. Starting from a more general concept n



1%

the design of paired comparison experiments D-optimal designs can bc con-
structed. This concept will be given in section 2.3,

2.2.3. Results of El-Helbawy and Bradley

El-Helbawy and Bradley (1978) consider some optimality criteria for

designs and some applications to factorials. First, they consider the situation
where some specified null hypothesis is tested. They construct designs for which
the asymptotic power of the test is maximized. The asymptotic power depends
on 7, and assumption (1,8.6) it made, This assumption is -as they point out-
consistent with the null hypothesis that some specified effects are zero and the
concept that any other effects present are of the same order of magnitude rela-
tive to N as the factorial effects or interactions under test. They give three
examples of a pull hypothesis for a 23-factorial and construct the appropriate
designs. The designs found can also be constructed by the method of Quenouille
and John,
They further discuss a method to construet D- , A- and E-optimal designs for
factorials. D—optimal designs minimize the generalized variance or the deter-
minant of the covariance matrix, A-optimal designs minimize the aversge vari-
ance, E-optimal designs minimize the largest eigenvalue of the covariance matrix.
They give results for one example: a 2%-factorial, where one is inierested only in
the three interactions involving a specified factor. The criteria mentioned above
depend on the covariance matrix, which is a function of the unknown parame-
ters. Again, assumption (1 86) iz made, and El-Helbawy and Bradley find a
design which is A-, D- and E-optimal. The design coincides with the design they
obtained before when maximizing the asymptotic power in testing the nul]
hypothesis that the three interactions are zero. This idea can be used in a more
general context, as will be seen in section 2.3,

2.3. A general concept for the design of paired comparison experiments

For convenience we reformulate model (1.5.1):

logr = F{xd)Br+ -+ Felx)By (2.3.1)

where
x € X,
X R,
fi:X — R , continuous on the experimental region X .

In Fedorov's (1972) notation for designs in the standard experimental situation,
the design of a paired comparison experiment may be written as a collection of
variables

(Lll;\fl) R (UQ,V:) s (um !Vm.),
Ty, Rz . M N, {2.3.2)

where
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m

En,=N,and w v € X

=1
The design should be interpreted as follows. In a pair (4; v} rn; comparisons
are made, Now a design may be constructed by choosing both the (v, ,v;) and the
;. This is a more general viewpoint. Mostly the objects have been specified and
50 the pairs (u,,v;) arc fixed. In that case only the n, can be chosen. This was the
situation in the previcus section, where results in the literature were discussed.
In the construction of a desigh as defined in (2.3.2) both the pairs -and therefore
the obijects- and the n; have to be chosen. In the notation of Fedorov (1972) the

design (2.3.2) is denoted by €(N) or just €. In the standard experimental
situation several criteria have been formulated for constructing optimal designs
and many results have been obtained. A main result is a theorem about the
equivalence of some criteria. Since the same criteria are applicable in paired com-
parison experiments, we like to formulate apalogous theorems in this case.
Therefore we give some well-known results for the standard experimental situa-
tion. Three criteria are mentioned in section 2.2.% : A-, D- and E-optimality.
Ancther important criterion is G-optimality. A G-optimal design minimizes the
maximum varianee (over X ) of the estimated response function. All four ¢ri-
teria depend on the covariance matrix, or on its inverse, called the information
matrix. In the standard experimental situation the collection of variables

ty, Uy ..., Mm
Ay, na e e N, (2.3.3)
where

m

ILn=N,

i=1

is called the design of an experiment €(N). If we assume model (2.3.1) and an

ordinary least squares meihod, then the information matzix MI(E) may be
written as

MEY= ¥ ny f X/ ), (2.3.4)
i=1
wherte
Flw) = (Falw), Falesd o Fa G ) . (2.3.5)

Fedorov (1972) discusses the concept of a loss function Alx),x € X . This
function can, for example, take into account the losses in time, money or
material 1hat come about and it will be used later on. Assuming this loss func-
tion A{x ), we may generalize the information matrix ag follows

ME = T e M) 7 () (F @)Y (2.3.6)

tm]
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The information matrix in {2.3.6) coincides with that in (2.3.4) when AM{x ) = 1
forall x € X . A normalized design €(N ) is a collection of variables

Uy, uz, ..., Um,

PuPa-e s Pms (2.3.7)
where

P = ’H/N f
and

Lp=1. (2.3.8)

i—1

The design (2.3.7) is called an exact normalized design as distinct from a discrete
normalized design, in which the p; can take on any nonnegative value, satisfying
(2.3.B). In a more general case a continuous normalized desipn will be character-
ized by a probability measure £ on the region X . Continuous designs have no
practical interest, but they are very useful in proving theorems coneerning the
optimalily of designs. The information mattiX of a continuous normalized
design can be expressed by

M(e) = ‘[A(x)f () (F(x D) dElx) (2.3.9)
or in the case of an absolutely continuous measure

M) = :[)\(x)p(x ) Fx) (F ()Y ax (2.3.10)
where

[p(x)dx =1. (2.3.11)
Remark

In Fedorov{1972) cxact designs are called discrete and both discrete and con-
tinuous designs are called continuous. In Kiefer (1961) both exact and discrete
designs are calied discrete (or exact). fl

Now, it is possible to formulate some theorems about D- and G-optimality. A
design € is called D-optimal when

det (M (¢)) = max det (M (g)) . (2.3.12)
€
A design é is called G-pptimal when
max d (x &)= min max d (x €) (2.3.13)
TEX € xex

where

dix €)= (f (=) M~Ye) F(x) , (2.3.14)
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the variance of the estimated response at a point x € X.
The main theorem is

Theorem 2.3.1

a) The following assertions are equivalent:
(1) the design & maximizes det (M {€)),
(2) the design ¢ minimizes max A(x ) d(x ,€),
rEX

(3) max Alx)d(x €)=k, {2.3.15)
XX

where k is the number af parameters.
b) The information matrices of cll designs satisfying (13} coincide.
o) A llnear combination of designs that satisfy (1M 3) satispies (1M 3).

This theorem plays an important role in constructing D-optimal designs. In par-
ticular it follows that if A(x } = 1 for all x, the continuous G-optimal designs
are equivalent to continuous D-optimal designs. In the situation of paired com-
parisons theorem 2.3.1 does not apply. In general 2 D-optimal design is not G-
optimal, Example 4.2.12 in chapter 4 will show this Put also statement
(2.3.15) of theorem 2.3.1 does not apply. This can easily be seen as follows.
Consider the situation where the model is defined by

y = Bixy L1 E X, %1,

The design € that is concentrated at the pair ( (1),(—1)) is D-optimal. Now
M()=4ifAlx)= 1for—~1 % x £ 1.
But

mex A(x) d(x.€) = max Ix?= 1 <1

X x

Moreover, one can question the usefulness of the G-criterion, because in paired
comparison experiments one is interested in differences between objects, There-
fore we define

dlxy@) =) — FOY MU (FEI—FlyD, (2.3.16)

the variance of an estimated response difference between the points x and y.
Now, a design ¢is called Croptimal if

max d(x ,y,(ti): min max d(x,y.€). (2,317
x yex € z.y€x

If the concept of a loss function is alse introduced in the casc of paired ¢om-
parisons, then the information matzix can be generalized as follows

Mie) = z, Ay vy ) my (f w)— F (Vl Ny (Ug)— I €Y7 ) . (2.3.18)

1=1
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where A(u, v ) is the loss function. Note that if we take

_ Ty Ty
Auv)= —'—'-'--—--——(q_’_u P vl (2.3.19)
where
logmy = FoludBr+ -+ Folu)Be (2.3.20)

then the information matrix of (2.3.18) coincides with the inverse of the covari-
ance matrix in {(1.6.4). This can easily be seen by using the expression of (1.5.4),
A diserete notmalized paired comparison design can be introduced by defining
the p; analogous to (2.3.8). A continucus normalized desipn will be character-
ized by a measure, or in the case of an absolutely continuous measure by a den-
sity function. It the latter ¢ase the information matrix takes the form

(2.3.21)
M(e)={[pcx,y)Acx,y)cfcx>uf(y»(f(x)—fcy))fdxdy .

![ plx,y)dxdy = 1.

Now many thesrems, analogous to theorems in the standard experimental situa-
tion, apply, We mention a few of them.

where

Theorem 2.3.2
For any design € the matrix M{€) can be represented in the form

M@ = T p M) G ) — £ ) (Flu) — £, (2.3.22)
i=1
where
m & %k(k + 1}+1 ,

O-*?-:p,!.il, ):,p,=1.

t=1
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Theorem 2.3.3
The weighted sum of the variance of the estimated response differences, taken over
all pairs of the design € is equal to the number of unknown parameters ko

Y p A, v ddluy v €)=k, (2.3.23)
i=1
or in the case of a continuous normalized design with an cbsolutely contimious
meustire

I[p(x )M ,y) d(x,y.€) dudy = k .

Theorem 2.3.4
The minimal value of max A(x,y) d(x y.€)isatleast k.
X ,y

max A(x ,y) d{x,ye) &k . (2.3.24)
£y

Theorem 2.3.5

a) The following assertions are equivalent:
(1) the design & maximizes det (M (g)),

(2) the design € minimizes max Alx,y) d{x.y.€),
x yEX

(3} max Alx y)d(x,y,E)= k, {2.3.25)
I, yex

where k s the number of parameters.
b) The informatlon. matrices of all designs satisfying {1(3) coincide.
¢) A linsar combination of designs that satisfy (1)43) satispes (1)-(3),

Theorem 2.3.6
If X is compact and the functions A(x,y) and f (x) are contimuous, then a
discrete D-optimal design exists with ¢ number of pairs m & 1k (k +1).

Theorem 2.3.7
At the palrs of a discrete D-optimal design & the function A(x ) d(x y.8) at-
tains Ity maximal value k.

The proofs of these theorems are analogous to the proofs of Fedorov (1972), We
only give the proof of theorem 2.3.4 for a continuous normalized design with an
absolutely continuous measure,
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Proof of theorem 2.3.4

max Alu v) du,v.e) = max k(u,V)d(u,v,E)[_[p(x ) dxdy

u.w [TRY

= [\[J\(x 2 plx,y)d(x y.€)dedy

It

f[xtx,y)p(x,y>(f(x)— F GO MNE) (F (x)— £ (v ) dxdy

If

il

M"(e)j{[k(x o ey XF (x)— FlN(f(x)— F(y)) dudy

I

tr M"(e)M(e)lﬁzrlzk. i

The theorems 2.3.2 - 2.3.7 can be used to find procedures to construct D-optimal
designs. It is possible to show that the following iterative procedure converpes
and that its limit design is Dwoptimal. The steps of the procedure are as fol-
lows.

Herative procedure 2.3.8
(1) Let £, be nondegenerate and not D-optimal. We compute its information

matrix

M) = T py A ) (f Ga) = £ () (F Gag) = £ (o) .

i=1

(2) A pair (ug,vo) Is fourd at which AMx,y) d(x,y,€) is maximal. The design
consisting of the pair (ug.ve) is called €({ug,v¢)).

(3) The design €1 = (1 — q) € + @p €(ug,v o)) is constructed for some value
wy, 0 < ag < 1. The value ()f g can be chosen such thgt

det (M (&,)) > det (M(gy)) .

The increase in the determinant of the information matrix is maximal if
o= Gof[Bg+ (m — Dlm |, where
8o = Mupve) dlugugee) — m .

(4) The information matrix M(€,) of the design €, is constructed.

Now operations (2(4) are repeated with &, replaced by €, and € replaced by €,
ate.
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Theorem 2.3.7 is very useful in checking the D-optimality of a design. An
advantage of the criteria and the method discussed above is that it is possible to
define the D-efficiency and Cefficiency of any design €

11k
D —cfficiency = | det (M (€))/det (M{(&)) , (2.3.26)
where €is a D-optimal design;

O efficiency = & /{ max Alx,y)d(x.y.€) ). (2.3.27)
x ,y

These efficiencies do not have the disadvantages of a refative efficiency, as ts the
case with the efficiency defined in section 2.2,1. These efficiencies are absolute. If
the efficiency equals one, then the design is D-optimal. The method discussed
above will be used in the next chapters to construct D-optimal designs. Some-
times the computation of max det (M (&) is cumbersome. Then i1 is not easy to

[
compute the D-eficiency. However, the Ceefficiency can be used to obtain a
lower bound for the D-efficiency.

Theorem 2.3.9
For ary design €

_ 1
! G—efi(e)

This theorem can be proved in the same way as the analogous theorem in the
standard experimental situation.

D —eff(e) 2 exp (2.3.28)
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3. D-optimal designs in the case of a factorial model with main effects and
first-order interactions

3.1. The model

In this chapter D-optimal desipns will be constructed for factorial models
with n factors. Some of the designs constructed in this chapter have been found
by Quenouille and John(1971) and by El-Helbawy and Bradley (1978) (see
also section 2.2 ). We will compare their results witk the results of this chapter
at the end of section 3.2. The model considered is model (2.3.1) where

Flxd)= (xy, .o Xn X 3Xp -« - X pXn.X2Xa, ..., Xp1Xn) (3.1.1)

where
x € X ,the cxperimental region . X C R"

S0

logm = Buxi+ - -+ Buxy + Brgmixs+ "+ Braopmxn_pxn . (31.2)
When consiructing optimal designs, we make the assumption (1L.86), or
-equivalently- when dealing with a loss function

Ax ,y)=1 forallx,y € X . (3.1.3)
In section 3.2 the experimental repion X is chosen to be a hypercube, in section
3.3 X is a hypersphere.
The number of parameters & equals n + (g) L0k = %n (n + 1) and according
to theorem 2.3.6 the following halds,

A discrete, D-optimal design exists with m pairs, where

m&inn+DE+n+2). (3.1.4)

For reasons of symmetry and in analogy to the standard experimental situation
- N L4

‘ome may expect that the information matrix of a D-optimal desipn € has the fol-

lowing structure

pl |
MO = | —— (3.1.5)
I =f
where pl is related to the main effects and has dimensionn xn,

and  zJ is rclated 1o ihe first-order interactions and has dimension (g) X (g)

The covariance matrix M~ (&) is denoted by

¥y
MU = _...._..mlr.,...__ . (3.1.6)

I &7

The function df{x,y,) given in (2.3.16) plays an important rele in the
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constynction of D-optimal designs and will be used many times. The function
d (x v.€) is an expression for the variance of an estimated response difference
between the points x and y. It will be called variance funetion, The variance
function depends on the covariance matrix. The definition of the variance func-
tion implies the following statement,

If a design € has a covariance matrix of type (3.1.6),then

d(x.y,0) =y ‘}7_",] o= 9P 48 LE Goey — 3" (3.1.7)
and consequently,
PR (CT TR R N ¢ U ORI, (A ¥ - | (3.1.8)
= d(xqg, o= X B T, YR ME)
and (3.1.9)
R CCTTRUUIE TT VT TR0 & C THNPINE (UUNPINE IS sy ¥}
:d((x,,.“,x,,....x,....,x,,),(yl,....y,,...,y,,...,yn),é),

wherel £ i Sn,1% ) &n.

In order to construct D-optimal designs we must find pairs (¥) € X?, such
¥
that d (x,y,€) iz maximal.

3.2. A hypercube as experimental region
The experimental region ic defined by
x € X fandonlyif —1 %€ x, % 1foralll £ & n , (3.2.1)
where

x =%y, ... %),

The following lemma is useful in finding pairs where the variance function
attaing its maximum .

Lemma 3.2.1

Let € be o design with covariance mairix of type (3.1.6), and let X be as in
(3.2.1). For a pair (u.v) € X2 where the variance function d (. , . €) attains its
maximum. | orwe has

gyt = vl lforall 1 &1 % n. (3.2.2)
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Proof
Suppose that for some { we have luy; 1 < 1or lv, ) < 1.
Without loss of generality we may assume luyl < 1 (see {3.1.9) ),
Define dy = d(( Tuy, - w0 lvy, . o vn )e)
dy= dll—1us ... uy Wy, .., vy €.
Since d (x ,y,e) is maximal at the pair (1 ), we have
di— dlu,ve) 50,
dy—d(u,v,e) & 0.
S0,

d, — d(u,v,e):

y[(=v ) — (uy— vy )+ 6 Ez [, — vavy P = (ugmy — vyv, )]
=

=y (1 — U)z — 2\'1(1-‘u1)) + & i [uf(l—uﬁ)— 2vlvju_,(l—~ul)]
J=2

O—u)d |y (I+uy—2vy) + § f, {(Fu = 2v5u,v,]] % 0. (i)
1=2

and similarly
d? - d(u 7Vle-) =

= Q4ud |y Qw4 2v ) + 8§ T [(A—ugduf + 2vu,v,]] € 0. (ii)
i=2

From (i) and (ii) it follows that

n
Y (1+u,—~2v,) + 6 E [(1+u1)uf— 2Vlu,'|r'_f} "5:-. 4] N
J=2

¥ Q= +2v)) + 8 3 [(—uyu + 2vu,v,] £ 0 .
/=

Hence

r
2y +8 3 up €0, (i)
J=2
Note that ¥ 2 O and 8§ 2 O since M~ (e) is a covariance matrix of 4 nondegen-
erate design. So (iii) vields a contradiction and the proof is completed. 1}

From lemma 3.2.1 it follows that the elements of all pairs of a D-optimal design
are vertices of the hypercube X'. So the objerts of the pairs of a D-optimal
design arc objects in a 2" -factorial.

It is useful to define the following sets
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Definition 3.2.2
Sk 1k 1) is the set of all pairs with ky factors at the same level, Ky + k= n .

It can easily be seen that each object is compared with (icnl) other objects. A set
Sk k) can be broken up into (Icnl) blocks of 277! pairs, in which all 27 objects

occur. So the set §(k k) contains (,:1)2" ~! pairs.
The set §(0,3), for example, contains the paits

(1,1, 1)-1,-1-1)),

((-1, 1, 12,0 1,-1,-1}),

(( 17-1’ 1);('1- 1,‘1))1

€ 1, 1,-1)(-1,-1, 1)),
The set §(k 1,k ) can be seen as a desipn with, in the notation of (2.3.2), ; = 1,
1%5i%Sm,andm =N = (kn;)zﬂ_l'

The information matrix of this design is denoted by M (k% 2).

Lemma 3.2.3
|
Mk ka) = —:—-—-n— , (3.2.3)
I zr
where
p= bt (3.2.9)
n=—12

_ n+X
= (kl_ Y2 .

Outline of the proof

This lemma can be proved by using the expression (4.2.20). Some of the argu-
ments are given herc. The set § (k 1,k ;) can be broken up into (kn1) blocks of 271
pairs. One set of 2"~ ! pairs measures k; main effects and £.%, first-order
interactions. The information matrix of one set of 2°~' pairs is a diagonal

matrix with diagonal elements 4 27~ or zero. A diagonal element is 4 277" if the
particular main effect or first-order interaction, to which it relates , is measured

by that particalar block of 27~ pairs. There are (7)) of these blocks. For rea-

sons of symmetry we have

_1.n =1 —1 n+1
p = :(kl)‘”:gz = %y )2 s
_ 1 n a—1 n—2 n+2
zFT(th,k,z =G P ]

2
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The normalized design SV (k3.k2) is a design with the same pairs but with
weights 1/N | where N = (kn,) 2"~ | The information matrix of this normalized

design is denoted by MN(k,,k,). In view of (3.2.3) the information matrix of
this normalized design can be cxpressed by

pl :
MNkjegy = | ———— |, (3.2.5)
74
where
k
P = 4 _2 , (3.2,6)
n
- kakz
- alrn=-1)

The value of the variance function is the same for all pairs of the set § (& k).
This can be seen by using (3.1.8) and (3.1.9). Therefore, we may describe this
value as follows;

d (k y,kz€) is the value of d (x,y.€) where € is a design with  (3.2.7)
information matrix of type (3.1.6) and (x,y) is a pair of the
set S(kykq).

From (3.1.7) it follows that
Ak k€)= dkyy + Ak k; 5. (3.2.8)

A D-optimal design is composed of pairs where the function d (x ¥ .€) 1% maxi-
mal, According to lemma 3.2.1 and the fact that the variance function has the
same value for all pairs of a set §(k k) a D-optimal design exists which is the
union of some ${(k;,k3). To give such D-optimal designs we have to distinguish
between two cases: n is even and n is odd. The D-optimal designs are given in
the following theorem,

Theorem 3.2.4

@) The following design € Is D~optimal
i) lLet n be odd.

Choose

- the pairs of S(.;(n. - 1),;_(;'7. +1)),

- the same. weights for ail pairs: 1/N,

where N is the number of pairs;
- n n—1
N = (%(n— 1)) 2 N

So
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I |
|
MM =13 1) = | ———— |, (32.9)
I =z7
wherep = =z = 2n+1 .
n
— — i
and in the notatlon of (3.1.6)y = 8= & — 1"

ii) Let n be even.
Choose
- the pairs of S (jn— 1,.;.11 +1) and the pairs of 8§ (1n ,.i.n ),
- the same welght for all pairs: 1N,
where N is the number of pairs;
_ ntl -
N = (’"‘llf e,

Soa,
= 1 - | —
M(e)= v MN(ln 1n) + (1 ¥) MN(jn=1,3n +1), (3.2.10)
where ¥ = _n"ifz_ .
2(n +1)
5o,
rl :
Mlg)= | ——— |,
| zI
withp = z = 2232
n+l
and In the notatior of (3.1.6)y = § = .;_:-_t; '

b} The set of pairs of any D-optimal design is contained
in the set of pairs of the design € .

Proof

a) The expression for M(€) can be found by using (3.2.3) and (3.2.5). Accord-
ing to theorem 2.3.5 the proof of the D-optimality of € is complete if it is
shown that d(x,y,€) € ;_n (n+1) for all x,y€X. So we have to find the
maximal value of & (x ,y,6). From lemma 3.2.1 and (3.2.7) it follows that
the maximal value is obtained by maximizing d (kk,€) over k,,
0% ky % n—1;kz= n—ky So, according 1o (3.2.8), we have to maximize
[4(n—k,) + 4k (n—k D] y. If k1 can take all values in } O,1,...,n—1},
then this function is maximal for k = -;-(n ~1),

i} n is odd.
Now .;.(n—l) is an integer, so the maximal value of d(x,y.€) equals

d (%(n -1} +1)e) = .}n (n+1).
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ii) n is even,

Now 1(n—1) is not an intcger, so the maximal value of d (x ¥ .€) is one

of the values d{;n,3n.€) and d (Jn—1,1n +1,€). Using (3.2.8) and the

expression for M () we find
d(in tn.e)= d(.;n—l,,}n Hie)= Ln(n+1).
and the proof of the D-optimality of the design € is compiete.

b) The information matrix of any D-optimal design coincides with the matrix
of 1he design mentioned in a). Therefore, the set of pairs where the variance

function iz maximal coincides with the set of pairs of the design € .

]

The D-efficiency and Geficiency a5 defined in (2.3.26) and (2.3.27), of the

round robin design are given in 1he following theorem.

Theorem 3.2.5

The D-efficiency and the d—e}ﬁciem:y of the round robin design have the same

value:
L
-:-}%— 271 Afn even |
D—egff= G'-ejj’:
n 2" .
odd.
n+l 27=1 A n

The information matrix M of & round robin design can be expressed by

»l :
M= | s
I =7
2n+1
where p — z = 1

Proof

The number of pairs N of the round robin design is N = _;_2" (27" —1).

S0, according 10 lemma 3.2.3 we find

n-t .
1 =1 Lo ant
- —rr—r— It = =
P ,lz_., D7zn 1) Ky ) 2" — 1
and
1 2
1 n—2 4 an+
= — )itz .
k=1 p27(27=1) k-1 2n—1

(3.2.11)

(3.2.12)

Now the expression for the D-efficiency can be computed (see definition
(2.3.26)). In oxder to compute the G-efficiency, we need the maximal value of the
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varianee function. From the expression (3.2.12) it follows that the variance
function of the round robin design €; has the value d(%(n "-1),%(1’1 +1)&) if n

15 odd and the value d (.}E_n ,.é.n €1) if n is even. Using (3.2.8) we find

40313 +0e0) = 412 Z22
and
*_
d(_;_n ,,‘In £1)= nln +2)2_'L,"—+l1 .
Substitution into (2.3.27) completes the proof. ]

In table 3.2.6 some results of theorems 3.2.4 and 3.2.5 are givenfor 2 £ » £ 7.
In this table a value m is listed defined by m = _;n (n+1Xn2+n +2). This

value is important because according to (3.1.4) a discrete D-optimal design can
be found with a number of pairs N, , where N £ m . Insection 5.4 a method
will be given to reduce the number of pairs of designs. Some of the results will
be used in this section. These results are given between brackets in table 3.2.6.
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Table 3.2.6
Values of quantities related 1o D-optimal designs
n 2 3 4 5 6 7
Number of pairs of
—S(_lfn—l.;.n+1) 2 iz 480
(240)
-5 (%n ,-;_n ) 4 48 640
(24) (320)
-S(.;.(n—l),’(n +1) 12 160 2240
(80) (560)
—the D-optimal design 6 12 80 160 | 1120 | 2240
given in theorem 3.2.4. (56) | (8O) | (560) | (560)
m = Inln+1Xn*+n+2) 6 21 55 120 | 231 | 406
v, 8 3/8 3/8 | 5/12 1 5/12 | 7/16 | 7/16
Round robin:
—number of pairs 6 28 120 | 496 | 2016 | 8128
—D—cfliciency 1 0.86 | 0.89 | 0.86 | 089 | 0.88

It is alse possible 1o construct designs having a considerably smaller number of
pairs than the D-optimal designs given in theorem 3.2.4 and with a relative high
D-efficiency. Such designs may be attractive for practical applications. In table
3.2.8 the D-efficiency and Crefficiency are given of some designs SN (&, k). The

values given in the table can b¢ computed by use of the following lemma |

Lemma 3.2.7

Ler € be the design constructed by choosing

sthe pairs of 5(k 1,k 4)
~equal weights for all palrs .
Then the following holds:

ko

2%
D—eff = 4°2 :
i

n—1

where

1

L3

(3.2.13)
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L i o

Tn+l if noodd
‘y—

%%%— JAf noeven .

The d--eﬁcien.cy of € can be found by minimizing

eI gkt

dUine) (3.2.14)

k
1111(21—! + (n—10
1

over 13,1 & 15 % n, Iy is integer-valued.

If the restriction that ly is an integer is dropped, then the variance function

. . i ki
d (1y05,€) is maximal for I;= 3n+ —1
Proof
From the definition of the D-efficiency and (3.2.5) we have
ak 8k ik, inle-1) Liwoy 770040
D—eff = [ (—1y (22T T/ 2T ) .
n n(n—1)
where p and 2 have the value given in theorem 3.2.4.
S0,
n-1
D ~—eff = 14 | 20 ‘"_ﬁ.
p n n—1

‘The statement concerning the Crefficiency is proven by lemma 3.2.1 and the fact
that

?l(ﬁ-_l) . ﬂ

A1 00.6) = 4, ~D— 4 4141
(Lyls 2 %k ST

In table 3.2.8 the numbers between brackets can be found by using results of
chapter 5 concerning the reduction of the numbers of pairs of a design.
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Table 1.2.8
Exact designs and values of quantities related to these designs
Number
n  Design of pairs ¥ 3 D-eff Coeft
2 SN(1,1) 4 172 1/4 0.94 0.75
4 SN(2,2) 48 1/2 /8 0.99 0.95
(24)
SN (1,3) 32 173 1/2 0.98 0.94
5 SN(1,4) B0 5/16 5/8 0.84 0.80
{40)
6 SN (3,3} 640 1/2 5/12 0,997 0.98
(320)
SN (2,4} 480 3/8 15/32 0.993 0.98
(220)
SN(1,5) 192 3/10 3/4 0.76 0.69
(96)
T SN(2,5) 1344 7/20 21/40 0.92 0.91
(336)
SN (1,6) 448 /24 /8 0.66 0.60
(124)

Some of ihe designs mentioned in tables 3.2.6 and 3.2.8 are known in the litera-
ture. As we have seen in section 2.2.1 Quenouille and John (1971) present 27 -
factorial paired comparison designs. They give a table of designs and their
efficiencies for 2 % n € 8. Among these designs are the D-optimal designs of
theorem 3.2.3 for 2 € r % 5. The designs of table 3.2.7 can be found in the
table of Quenouille and John but the efficiency they give is the efficiency of the
design compared with the round robin design for cach effect to be estimated.

3.3. A hypersphere as experimental region
The experimental region X is defined by

X=|xeR 1 T x*%1}. (3.3.1)

{1

The following lemma is useful for finding pairs at which the variance function
attains its maximum .
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Lemma 3.3.1
Let € be o design with covariance matrix of type ¢3.1.6). For q pair (uyv) € X?
where the variance function d (. , . ,€) Is maximal the following holds :

i i
Ful= L vi=1. (3.3.2)
= jml

Proof
The proof is analogous t the proof of lemma 3.2.1. Suppose that statement

(3.3.2) is not true and assume without loss of generality that J, w? < 1.
=1

Consider d, = d (v ,€), where i = (s us, .. . iy ), With
vy = 1 —w? +--- o), sou; > ouy
and dy= d{Tv ), where T = (—us ity e e tin).
Since d (x ,y ,€) is maximal at (u,v) we have

—duzrv,e) %0,

dy—dluyv,e) £0.
These expressions yield a contradiction similar 1o the one found in the proof of
lemama 3.2.1, and this completes the proof. ]

Lemma 3.3.2
Le: € be a design with covariance matrix of type (3.1.6). For a pair (x,y) with

E x?= z w?= 1 the variance function takes the form
i<

d{x,v,e) =2y (1~ ): xw)+ 80— (): x3: %) (3.3.3)
du] i=1

- ’BZ(x, v,

iml
An upperbound for d (x .y €) is given by d (u v .€) where (uv) is a pair, such
that

n

n n
Toul= ¥ vi= 1,and2u,vl=—%’—_ (3.3.4)

el =1

Proof
The expression (3.3.3) can be found by using (3.1.7)

dlx,ye)=y }El (x, —mP+8 E{E (mixy = wy, P
= 147

2y - 2y }: xy + 8 E}"_ (P + w2yt = 2x%,3y))

i=1

2y (1= ¥ xy)+ %8[(): X2+ (F 927
i=1 =1 i=1



38

— BT %'+ Ty - 8(F x4 8 L niy?
= i—1

i=1 [0}

= 2)’ (1 - E x,—y,) + 6[1 ““(E IJM)z]_.;A‘S E (x,-:’— y,-z)z.
i=1

i=1 1=1

The statement concerning the maximal value of the variance funclion can be
proved by using the fact that

L n
dlxy€) 22y (1— ¥ 29)+8Q—(F ),
t=1 =1
and the fact that the ripht-hand side of this inequality attains is maximum for

"
Loum=—F

Many D-eptimal designs can be found by use of (3.3.4), We just give one of the
D-optimal designs fox which the number of pairs is small,
Consider the pairs

Qupvi) = (( sing, cosp,0,...,0),( sing,—cosd,0 ...,0)),
{ugvy) = ((—sing, cosg,0,...,0)(—singd.—cos,0,....0)),
(uavs) = (( cond, sind.0,....0)(—cosp, sing,0,....00,
(qvy) = ({ cos,—sing 0, ... ,0),{—cosd,—sing,0,...,00) .

1 1
where sing = ;JE[E]T . cosdh = ,}«/i“[—”—tlm]’f and (u,v;) € X7,
" n
Let § be the set defined by

§ = [(F, )5 1L £ 1 £ 4, pis s permutation of order n} . (3.3.5)

The set § contains 4(’2‘) pairs,

Theorem 3.3.3

The design € constructed by choosing

-the pairs of the set § which is defined in (3.3.5)

~equal weights for all pairs: 1/N, where N Is the number of pairs
is D-optimal.

2l :
M@= | ——— (3.3.6)
I z7
where p = 2%,3 = 2n‘|;1

n n
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Proof
The expression (3.3.6) can be found a= follows.

The set § can be broken up into (g) blocks of 4 pairs. Consider the block €,
consisting of the pairs {u;,v;), 1 £ | % n . Then

M(e,) = diag (2cos¢,2cos?¢,0, . . . ,0,4sindeos?$ 0, . .., 0).

The information matrices of the other blocks are diagonal matrices, where the
diaponal elements have been permuted. For reasons of symmetry we find

2n—1) cos’¢ _ ,ntl

2 L]
A "
and
2 2
. = Asin’deos’d _ 2,'ﬂtl )
@ 2

The D-optimality can be proved by computing the maximal value of d(x,y,€).
The pairs (z,v) of the design ¢ satisfy the conditions mentioned in (3.3.4) in
theorem 3.3.2, So, an upperbound for the variance function is the wvalue
d (1 4,v1,€) and this is the maximal value of d{x ,y.€) .

The fact that & (u,,v1,€) = %n {n +1) completes the proof. 1]

In table 3.3.4 some results are shown.

Table 3.3.4
Values of quantities related to D-optimal designs
n 2 3 4 5 6 7
Number of pairs of 4 12 24 40 60 B4
the D-optimal design (6) (20) (42)
of theorem 3.3.3
iGN +n +2) 6 21 53 120 [ 231 | 406
Y 2/3 9/8 B/5 |25/12] 18/7 149/16
8 4/3 27/8 | 32/5 |125/12| 128/7 |343/16

Between brackets a reduction of the number of pairs is given. This is a result of
section 4.3, '
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4. D-optimal designs in the case of a guadratic model with a hypersphere
as experimental region
4.1. The model

In this chapter the design for quadrastic models will be discussed. The
model (2.3.1) will be considered, where

A I T G T SV PO S v L (4.1.1)

where X is defined by

¥X=|xeRrR t L x*€1}]. (4.1.2)
=1
So
logm = ﬁl"l"'“""ﬁn"n "'.Bui"l2 +"'+13nnxrz2 (4.1.3)
+ Buxaxat o+ BuoiaXa 1%, .
When construcling optimal designs we make the assumption 7= (1,...,1)

(1.8.6). In section 4.2 we will give the necessary conditions for a design to be
D-optimal and we compute the information matrix of such a design. In section
4.3 discrete D-optimal designs wre given having a relatively small number of
pairs. In section 4.4 exact designs are constructed. In section 4.5 the efficiency of
the designs is discussed when the assumption (1.8.6) does not hold, The number
of parameters equals 2n + (g), e k= ;_n (n +3) and according to theorem

2.3.6 the following holds:
A diserete D-optimal design exists with m pairs, where

m % %.n(rt +1 M 4+2¥n+3). (4.1.4)

For reasons of symmetry and in analogy to the standard experimental situation
one may expect that the information matrix of a D-optimal design € has the fol-
lowing structure:

24

| |
I |
I f
Mle) = : sl +tJ : , (4.1.5)
I |
| I

=T

where pl is related to the main effects,
=l + tJ i related to the quadratic effects,
zJ is related 1o the interactions;
J 1% 4 matrix with J,, = 1 forall{,; .

The covariance matrix M~'(€) is denoted by
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-y] | |
| |
I [
M Ue)= l ol +&7T 1| , (4.1.6)
{ |
| | &I
The parameters in (4.1.5) and (4.1.6) are related by
1 1 1 1
= e ,f S 5t S eem—— = 4.1.7)
r y § o s a+nf z & (

Again the variance function plays an important role in the construction of D-
optimal designs. Tt can be expressed as follows.
If € is a design with covariance matrix of type (4.1.6), then

dlxyed=vy ¥ (x,—nP+al x'=3) (4.1.8)
=1 =1

+ £ A=W+ B LY G, — ww P
=1 -

(A

4.2. Conditions to be satisfed by D-optimal designs

We shall investigate the variance function. If the variance function can be
expressed by (4.1.8), then (3.1.8) and (3.1.9) hold. Due 1o the fact that the
experimental region is a hypersphexe and in analogy 1o the standard experimen-
ta] situation one might expect that a D-optimal design is rotatable in the sense
that the variance function & (x ,y ,€) only depends on

n n

ri =Y xi ,r# = ¥, v’ and on the angle berween the position vectors of x
i1 i=1

and v.

We formulate this property as follows.,

Definition 4.2.1
A design € is called strengly rotatable if the variance function d (x,y.€) only
depends on ry, ry and 0, where

n i
2 — 2 p— 2
fl—zx:,fz—EM
iml 1=1

and (4.2.1)

n

0 is such that ryryeosd = % 9 .
=1

This property is called strong rotatibility as distinct from rotatability which is
defined as follows.



42

A design € is called rotarable if the function d (x €) only depends on (4.2.2)
r1 o, with d{x ,€) as defined in (2.3.14) .

Strong rotatability implies rolatability, In the following lemma a relation is
given between sirony rotatibility and the structure of the information matrix.

Lemma 4.2.2
Let € be @ design with covariance matrix of type (4.1.6). Then the fellowing holds.
The design € is strongly rotatable if and only [f

2= § (4.2.3)

Proof
According 10 (4.1.8) we have

T n n
dlxye)d)= yrityri—2y L xvi+a )l x4 ot
=1

i=1 =1

—2a E 292 EGrf—r )+ (5 — 204)22 (xix, = y,3, 0

+2a EE xi x.rz + 2o EZ e 3’/ - 20‘22 RTR I

[y

= y(if+r})— 2y Z x; Vi +a(E v;7)2+a(): 3

=1 dur]

—2a (F a0 P+ & GF—rFP+ (8- 200 EF (ryx, = 3,3,

(S i}

Now it is obvious that if 2 = § then the function d (x ,y,6) only depends on

n
ryprpand ¥ oxy
(=1

Let the desipn € be strongly rotatable, Then d (w,,w3,€) = d {wg,w4,€), where
w1 = (1,00, ....0),
Wy = ('J_ ! 0 L0,

o
Wy (l'\/_,T,O 0)
Wy = (%,.;J_,o Q).

A simple computation yields 2o = §, 0

It will be proved in theorem 4.2.11 that a D-optimal design is strongly rotat-
able, Therefore, assumption (4.2.3) will be made very often in this chapter, If &
is a design with covariance matrix of type (4.1.6) for which the assumption
(4.2.3) holds, then the variance function can be expressed by

dlxy, €)= yrityri~2yrrjeod+ord +ars (4.2.4)

+2ard rdcos®® + £ —ri ),
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where
n n
— X — 2
rlz_ Z-‘izl T'z2— z\h
=1 i=1
and O is such that
n
rirscos® = ¥ Xy,
i1

This is easily seen by using the expression given in the proof of lemma 4.2.2.
The following lemma is useful in finding the maximal value of the variance
function.

Lemma 4.2.3
Let € be a design for which the variance function can be expressed by (4.2.4). If
the variance function is maximal at (u v), then

o n
= Lwl=1,0r rz= L vi=1
/=1 im1
Proof

Suppose that ry < 1 andrp < 1.

Consider &, = d (T v €}, where 7 = L. Je0 3o = 1
™ i—1

d;= EIORIR where & = -1 U,
i
ds= d(u,7,€), where ¥ = 1 v,
ra
[ ) i
anddy= d{u€), wherev = —— v .
L]
Since the variance function is maximal at (u,v) we haved, — d{u v .€) £ 0.
So

dy—duyv.g)=

= y(1—r@)— 2y rycos@{l—r,) + a (1—r)

—20rd cos?® (I=r@) + E(1—rM) = 26 (1—r)rd

= (—r ) [y (L4ry) — 2y rpcos0 + (a+EN1+ry+ri+rf)

—3a (14ry) r# cos’® — 2f r§ (1+r)]1 € 0, (i)
and similarly

dy—d(u,v,e)=

= (i+r ) [y (—rp) + 2y rocost + (a+£Xi—r4ri—rf)

~2arf cos?d (1—ry) — 2£ (I-r)rf 15 0. (1)
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From (i) and (ii) it follows that

2y + 2Ua+EX1+rE)— Ao rf cos®™@ — 4£ r§ £ 0. (iii)
Using d3— du,6) % Oand ds— d(u,v.€) € 0it can be scen that

2y + Ma+EX1+rf)— Ao rif cos™ — af rg £ 0. (iv)
So with (iii) and {iv) we have

Ay + U+ EN2+ri+rf) — A i 4rf)cos® — af (PP 4r2) S 0.
However,

4y + Ha+EN24ri+r)— Ao (r+rf)cos?® ~ & (rE+r2)

Z Ay + 2a+EN24ri+rd)— da (ri+rd) =af (rf+rd)

=dy + Wa+EN2—ri—r) >0,
This is o contradiction and completes the proof. il
Corollary 4.2.4

If the variance furction of o design € can be expressed by (4.2.4), then the maxi-
matl value of the variance function is equal to the maximum of

d=y+yr’—2yrcasb+atar'— 2oricos?® + £ (4.2.6)
where

Lemma 4.2.5
Let € be o design for which the variance function can be expressed by (4.2.4). Let
(u,v) be o pair where the varianee function is maximal and such that

n n
P— .2 2 _ _2
zuj-wﬁ,z\’i—"z.
i1 r=1
and

H
8 is such that rirycosh = E [T
=1

Then the following holds

1
9= % and ry,rghave the values land 1 — 1 {1——2L]3— . (4.2.7)
7T 7 at§

or

® = arccos (—ﬁ“) end ry=ra=1,. {4.2.8)
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Proof
Assume without loss of generality ry = 1. According to corollary 4,24 we have
1o maximize

Fr@Y=vy+yri—2yrcosd +a+r®— 20 r?cos® + & (—r?,
where 0 € 6 & 27,05 r € 1. We have

Qf;g_-f” = 2y rsin® + 4o r? cosd sind

4o r? sinf (cos® + ?Z;_r ). (i)

Consider the region defined by 0 € r < 5}!— and 0 % 8 % 27 . Using (i) we
o
find thet the function f (r.8) is maximal when 6 = 7. Substituting this in

1
— 1 1] 2Y T
f(r.('))\ﬂ\fli'ﬁlndr—i 7[1 cx+.§] .
Consider the regiondeﬁnedby*z-}g;-“;.r % 1,and 0% 0 € 27 .

For fixed r the function f (r ,6) is maximal when

8 = arecos ——1— .
2ar

Substituting this we find
2
Flre)=y+a+ —g;+yr2+ar‘+§(l—r3)z-
This function is maximal when »=1 . This compleies the proof, i

Corollary 4.2.6
The maximal value of a vartance function of type (4.2.4) equals one of the values

2

2y + 20 + —%’a— , (4.2.9)

2

1
. - 2 Ul
aerEy Tt o) yl1-—=X17.  (a.2.10)

5 1 —
Sy + Ma +£) py
if one assumes that a D-optimal design has a covariance matrix that satishes
(4.1.6), and (4.2.3), which means that it is strongly rotatable, then a D-optimal
design consists of pairs of the type mentioned in lemma 4.2.5. Therefore, it is
useful to consider pairs (x ,y} and (w, —rw ) for which

n

n n
Yxf=Y = Lwi=1. {4,2,11)
=1 P

i=1 i=

We define the following sets of pairs.
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Definition 4.2.7
$((u v )) Is the set containing all 2" pairs that can be found by multiplying pairs
of coordinates (u; vy ) of (v v )by —1or +1.

SP{{u,v)) is the unlon over all permutations p of the sets S((pludp(v))),
where p is a permutgtion of order n . In general the set SP({u.v)) contains
2" n ! pairs. The information matrix of S ((u v )) is denoted by MP (e v )

The design matrix in the case of a 2" -factorial can be used 1o compute the infor-
mation matrices M ((u v )) and MP({u v )). This design mattix contains only
+1 'sand -] "5,

Define
Xyin)=(Xnuln) 1 K | Xiakn) ), {4.2,12)
where
Xuyln—1) —u -1
Xnln)= y Xull)= I 1 ’ (4.2.13)
Xpln=—1) u

u=1(1...,1) ,
K is a matrix with X,, = 1 foralli and § ,

Xyln—1) —Xp(n—1)
Xisln) = , Xa(1) = 8, (4.2.14)
Xpln—1) Xpln—1)

X 11(n ) is the notation for the main effects of a 2" -factorial,
K is related 10 the quadratic effects,
X 1a{n ) is related to the first-order interactions.

It is easy to prove that

I j |
| |
[ I
(X n X n)= 27 : J : . (4.2.15)
i {
( I
Now the design matrix D of §((u,v )) can be expressed by
D= Xn)(U-V), (4.2.16)
where
U=diag Gey, - up 1 ouf oo ou2 | ougian o Up—gin)
— 2 2 (4.2.17)
V = diag (vi.... ve Lovd, oo v |l ovgva o eV ) .
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S0, the information matrix M ((u v ) is

I | |
| |
| |
MUuw))= 27 (U—-V) : 7 l U —v).(4.2.18)
I |
| [ 4
If M ({1 v )) is denoted by
Mu |
1 |
M ) = | M | ,
| I
: : My
(4.2.19)
Mp = 2" diag ((uy—v1)% ..o G =va )Y,
(Mn)u - 27 (u,’-wz) (uf-—v_,z) ’
M33 = 2" dl-ﬂg ((UIHZ""VIVZ)zy 2y, (und-lun_vn‘-l\"n );) .
The information matrices MP((u v+ )) can be written as
pol | I
| |
MP((u ) = [ sol #tof | : (4.2.20)
| |
| | 2ol
where
L1
Pﬂ - 2" (ﬂ""l)!E(U“"V‘)z 3
i=1
Fid
Sa + tp = 2= (n—l)! x (I.Hz_ V|2)2;
1=1
o = 22N (2N T F (v — v uf—vD,
1<)
Zp =22 (2N T ¥ Guu, — vyv, )2

1<y

As will be seen in theorem 4.2.11 a D-optimal design € can be constructed by
choosing the pairs of SP((x,y}) and SP({{w,—rw)) ,0 € r < 1, with suitable
weights ¥, and ¥, and suitable x , y and w that satisfy (4.2.11).

The weights must satisfy

P oal(vy +w)= 1. (4.2.21)
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The information matrix M (e) of such a design € can be computed by using
(4,2.20),

Mg)= M, + M, (4.2.22)
with
| |
mf ] |
| |
M, = | oslend (i=1,2),
| |
: l 2z 1
where
ri =¥, 2 (n—1N 20—} xw) ,
1=1

n
sythty ey 27 (10 ¥ (x2— 322,
i-1

t, = 27 (=20 T ¥ (- v Ux P v,
<7

z m i+t (=20 EZ (x,xj—ygy))2,

[¥)
(4.2.23)
Pz =p; 2" (n—1N{i+r)?,
gy + 1ty =py 27 (n—1N (1"‘1‘2)2 Z Wl‘ '
i=1
ip = V3 2n+l (n—Z)!(lw—r?)z EE WIIWJZ,
(R ]
z3a = 2" (=20 (1—r* P T ¥ wiwi?,
i<
With the notation of {4.1.6) we find
(4.2.24)
yo 1
p1trs’
_ 1
o=
2y F 53
1
tng= ,
* ﬂ§ (Sl+flt 1) + (S‘)"'HIQ)
=_1
Zy + Za !

From lemma 4.2.5 and theorem 2.3.7 it follows that, if 2a = § then x, y and r
mukt walisfy the conditions
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Y v = —-L =:cosby, (4.2.25)
i=1 2o
1
-1 _ _2y gz
r = .;. é [1 "&'ﬁ] =tirg- (4.2.26)

A condition equivalent to 2a: = § is given in the following lemma.

Lemma 4.2.8

Lot x ,y and w satisfy (4.2.11),

Let € be a normalized design consisting of the pairs of SP((x,y)) with weights v,
and of the pairs of SP{(w —rw)) with welghts vy . The condition 2a = § Iz
equivalent to

2,42 TT (ox, — wy, P+ 202 (e +2)0-rD2 T F wiw/
e 1=}

= 2n wysind + vy (n—1) (1~ (4.2.27)
where
cosd = J, a0y -
1=1

If (4.2.27) holds, then

1 . 1
2= — Mt ooy, (n—2) sin% + —) 2% vy (n=10 {1—r2)?,
p = 201 2% (n—1) (1—cosB) + wy (n—1) (1+r)?, (4.2.28)

s4nt =2 n—1N(1-7%)PR,

where

z=z21+zZz, p=p1tpr, s =51t maaendl = 1+ 1.
Proof
The condition 2a = & is equivalent 10 51 = 223 = —(s, — 2z3).

From (4.2.23) we have
s1—2z, =

= (=20 -1 Y Gt + 3! — 22w — ALE yx; — iy P
i=1 1<7

—2T7 % (2% + wlyf—~ Py = )
[ ]

=2y (n—2N[2n—1) = 2Hn—DL Y x*x7 - n-DEE »2vf
[} =}

1
=2 —1)E x?y? —4LY (ax; — viv; P
=1 i<
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n
=27 x*xP—2FF wiyi+2—2) xPt]
1=1

[ (5%}

= 2" p, (n—=20[2n — 2(n +2) zz (x5 — MYJ)Z" 20 ( 2 xow)t],
i<y i=1

Sz 212=

=2"v; (=22 (1—rP[(n=-D}Y w'—6¥ T witw ]
i=1 <)

=20 (=20 (1—r?P[(n=1)— 20 -1 TF wiw?— LY wiw}]
1] 147

=22 (2N (1=r?P [(r—1)— 2n +2) T T wiwj ],

]
Substituting these expressions in 59— 2z, = —(5; — 2z,) completes the first
part of the proof. The correctness of expressions (4,2.28) can be verified by sub-
stituting (4.2.27) in (4.2.23). ]

The weights v; and v; may be found by usc of the following lemma,

Lemma 4.2.9
Let € be o design of the type defined in lemma 4.2.8 and let (4.2.27) be sarisfied.
The determinant of the information matrix det (M (€)) satisfies

Tytn-1)

det (M(e))= C valava+ ) (cuy+d) , (4.2.29)

where

C is a constant not depending on vy and v, ,

a = {1+r)*~ 2(1—cosd),
1
b = 2{1—cosf) TR
¢ = (r=1){1—r®*— 2nsin? ,

4 - 2n 5in’0
27 n!
The value of vy at which det (M (€)) is maximal is a solution of the equation:

viln(n+3)ac + vy (n+1)ad + grbe)+bd =0 (4.2.30)

Proof
From (4.2.28) we have

n
1

2'nt

det (M(€)) = Cwv; [va(14+r P + 2(1—cos0 ) —uy)

1

Ertn-1)
2n ) ’

2n sin®e (

—va) + {n—1wx(1—r?)?
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This gives the expression (4.2.29). Differentiation of this expression with respect
to vy gives the second part of the theorem. 1]

It is possible to construct a D-optimal design € of the type defined in lemma
4.2.8. Then x, y,w and r must satisfy the conditions (4,2,25), (4.2.26) and
(4.2.27). Since the covariance matrices of D-optimal designs ¢oincide, cos@y and
rg are fixed, By a procedure similar to procedure 2.3.8 the values of cosBg and rq

can be computed as follows, Choose 0o and rgp , for example €40 = ;ﬂ‘ and

Tap = 0. Let €g be a design of the type defined in lemma 4.2.8 with € = 0,4,
r = rgp, satisfying (4.2.27) and let v, be as given in lemma 4.2.9. The infor-
mation matrix M<{€y) can be computed and the variance function can be
expressed by (4.2.4). Use of lemma 4.2.5 yields pairs where the variance fune-
tion attains its maximum. This gives new values 8,; and ro; . Now this pro-
cedure is repeated with €; , cosfy; and roy |, etc.

This process converges and the values of cosg and rg can be computed. A priori
it is not obvicus that this procedure converpges. The condition 2a = § is used,
which will be proved to hold for D-optimal designs in theorem 4.2.11. This
knowledge enables us to prove the convergence. Note that it is not necessary 1o
give the designs €, explicitly, When computing the information mattix M(g;),
one only needs the values of cosfqy, and ro, . Some results are given in table
4.2.10; the condition 2o = § is satisfied there, Az can be seent from this table, ryg
and 0, are decreasing functions of n, and a, 8, vy, £ and det (M~*(e)) are all
increasing with ». The design consistz for 68% of pairs of SP((x,y)) when
n = 2, and for 95% whenn = 7.
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Table 4.2.10
Values of constants determining the information matrix
of a D-optimal design

n 2 3 4 5 6 7
o 1.4475 2.9972 5.0307 7.5558 | 10,576 14.092
& 2.8950 5.0944 10.0613 | 15.1115 | 21.151 28.183
¥ 0.9094 1.3507 1.8071 2.2733 2.7462 3.224
£ 2,5241 4.5181 7.0152 | 10.0133 | 13.5119 17.5108
ro 0.1319 0.0998 0.08168 | 0.06953 | 0.06069 | 0.05392
8y 108.3° 103.0° 100.3° 98.7° 97.5° 96.6°
27 aly 0.6811 0.8151 0.B773 0.9124 0.,9340 0.9485
det (M™(€)) 22.5 7.8910* | 4.66 10'° | 7.08 10" | 3.95 10* |0.914 10"
Now the following theorem can be formulated.
Theorem 4.2.11
a) Let x, v, w and r be such that they satisfy the conditions
¥ ox yi= Y wi=1, (4.2.11)
jm=1 :ml i=1
n
}: ¥ = cosby (4.2.25)
- i — 1 1— 2y (4.2.26)
r 2 L at+E ]
2u,(n +2)}:E (x x; — y,y,)z + 2ualn +2X1—r 3)’22 wiw ?
1<}
= 2n ¥y5in?0 + vy(n—1)(1—r3)%, (4.2.27)

b)

where ro arnd 89 have the value given in table 4.2.70. The design €
consisting of the pairs of SP{(x,y Y) with Wﬁghﬂ‘ vy, ard of the
palrs of SP((w, —rw)) with welghts v,, that satisfy (4.2.21) and
{4.2.30) is D-optimal. The design is strongly rotatable.
t

Let {u,v) be a pair of a D-optimal design, and lee 3, 2= 1.

=1
Now v satisfes
v = —rgu ,

ar




53

n
vi= 1and E wv; = cosfly .
1 ful

1

H

Proof

From lemma 4.2.5 it follows that the variance function attzins is maximum at
the pairs of the design. According to corollary 4.2.6 this maximum is one of the
values given in (4.2.9) and (4.2.10). Computation of these values completes the
Lrst part of the proof. Part b) of the theorem is proved by applying lemma 4.2.5
and theorem 2.3.7, 1]

When discussing theorem 2.3.1 in chapter 2, we tnentioned that in the case of
paired comparisons D-optimality and G-optimality are not equivalent. Now we
cafi give an example that shows this,

Example 4.2.12

Let n = 2 and consider the information matrix of a D-optimal design €. To
consider the G-efficiency of such a design, one has to compute the maximum of
the variance function d (x ,£). We have

dlx,e)=yf +x7)+ (a+f) (xf +x5) + QE+8) xixF
=y ri4 (atf)rt.

max d(x.,€) =y +a+ & = 4.88
TEX

It is easy 1o show that a D-optimal design is not G-optimal by comstructing a
design €; for which

may d {x ,6;) < 4.88 .
X

Let €, be the normalized design consisting of the pairs of SP((w, —rw }) with
w = (coseh ,sinh) , = 22,5 and ry = LN
Then

394

|

|

|
MP((w,—rw)) = : sy T+,

i

|

|

with

= {,(1+r1)2 '
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5= __li.(l—r'z)n,
Ly = 71 = —;(I_F‘]_z)2

This yields

2 3
d | = 2 + 4
(x 1) Qerp? " Qo "
50,
2 3
mex d (x ,€,) = + = 4.64 ,
z ! (14ry)?  (1—rf)?
which shows that a D-optimal design is not G-optimal in this case, N

4.3. Some discrete D-optimal designs

In general a design of the type given in theorem 4.2.11 consists of 2 2" n!
pairs. If we chooge suitable x , y and w, a discrete D-optimal design can be con-
structed for which the number of pairs is considerably smaller than 2"*1n1 In
this section cos8y rg vy and v, are fixed and have the value given in table
4.2.10,

Chooze
w=(1,0,...,0r, (4.3.1)
x = (cosgy.sing,0,...,0) , (4.3.2)
v = (cosd,singd,0,...,0) ,

Now SP((x,y)) contains 4n{(n—1) pairs and SP{(w, —rew)) contains 2n
pairs. The points x,v and w must satisfy the conditions (4.2.11), (4.2.25),
(4.2.27). Using these conditions we find

cosd jcosdy + sind sing, = cosBy

cos(dy — ) = cosfy ,

d1— ¢2= 6o, (4.3.3)
and

2uy(n +2) cosp sind;, — cosdpsingy)? = 2nvisin®y + valn—1N1—-r§ )2,

2vy(n +2)5in*(dy — ¢3) cos®(dy +d2) = 2nvisin®dy + valn —1X1—rF ).
Using {4.3.3) we obtain

o N fi_"_‘:.l_,_(_lﬂ 4.3.4
cos 4 + vy 2n+2) sin%gy, (4.3.4)

where

{=d1+ o,
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According to (4.2.23) p,. 5, & and z, (i =1,2) have the following values, where

Piy Si t; and z; are such as in (4,2,22),
p1= v 2% (=10 (I=~cosf,) ,
sy + 2= 2wy 27 {n—1) sin®fgsin? ,
ty= —2r 2" (n—2) sin®@ysin®f ,

23 = 203 2" (n=2) sin®Pgsin?f ,

pa= v 2" (n—10 (14r,)2,
5= Vg 2" (n—1¥ (1—rd ¥,
2= O)

z3= 0.

(4.3.5)

(4.3.6)

When n is odd, the number of pairs of SP((x,y)) can be even more reduced.
SP{(x,y)) is the union of n{n —1) sets of 4 pairs. In every set one interaction is

measured, 5o, (;) sets of 4 pairs are needed to measure all interactions with the

same accuracy, In every set two main effects (and two guadratic effects) are

measured, but not with the same accuracy. So, in general 2(’22) sets are needed.

When » is odd (g) sets can be chosen such that the main effects (and quadratic

effects) are measured with the same accuracy.
Example in the casen = 3,

Choose S ((cos¢ysingy, O )lcosdpsind, , 0 ),
S((Sin¢ 1 0 ,CDS¢1 ),(Siﬂ¢12, o ,COH¢2)) '
and S(( O ,cosp,, sing;){ O ,cosd, ,sind,y)).

When n is even, this reduction is not possible.
Now the number, say N, of pairs of the design is given by

2n{2n—1) ,if n even,

2n? A noodd,

The following theorem is a special case of theorem 4.2.11.
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Theorem 4.3.1

Let %,y and w be such as defined In (4.3.1) and (4.3.2), satisfying the conditions
(4.3.3) and (4.3.4). The following design is D-optimal.
Choose

- the pairs of SP({w, —row )) with weights U, where vy = 2771 (n— 1)1 V.

~ the pairs of SP((x ,y)) as described above; so all 4n (n~—1) pairs if n is even,
and 2n (rn—1) pairs if n s odd; the pairs have weight ¥y, where

22—V ifnoeven,

=,
-
Il

PV (n—2Ww, Ifnodd .

Some results are given in table 4.3.2.

Table 4.3.2

Values of constants determining the design given in theorem 4.3.1
n p 3 4 5 6 7
N 12 ig 56 50 132 9%
"t 15 45 105 210 378 630

by 74.85° 69.74° 66.71° 64.59° 62.98° G1.71"
¢2 | —33.46" | —33.28° | —33.64° | —34.07° | —34.48° | —34.86"

In this table m = In{n+1)(n +2)(n +3) (see (4.1.4)).
We give » few more D-optimal designs for the case n= 2.
Choose

x = {cos¢,,singd,) , (4.3.7)

¥ = (cosdy,sing,) ,

w = (cosw ,sinw) . (4.3.8)
The conditions (4.2.25) and (4,2,27) yield

By — $2= by, (4.3.9)
and

8vy (cosd \sing; — cosdasingd;)? + 8v; (1—rd Peos?o sine

= vy sinfhy + v, (1-r¢)?,

This last equation can be rewritten as
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8v; sin®@esin® + 20y (1—rd ¥sinl2w = 4v, sin®y + v, (1—rF )7,

or

SN2 = 2 ————— cos2{ .
E vy (1—rd)? ¢

From this we find

-0,1254 £ cos 2{ £ 01254 .

Sone choices of @ and { are listed in table 4,3.3,

Table 4.33
Choices of « and ¢4 in the D-optimal design
defined by (4.3.7) and (4.3.8)

W cos2{ #y
0°,90° 0.125 74.86°
57,857 0,117 74.96°
10°,80° 0.096 75.28%
15%,75% 0.063 75.76°
20°,70° 0.022 76.34°

22.5°67.5° 0 76.66°
25°,65° —0.022 76.97*
30°,60° —0.063 77.55°
35°,55° —0.096 78.03°
407,507 -0, 117 78.35°
45" {3,125 78.46°

(4.3.10)

(4.3.11)

As an illustration two choices aze given in the pictures below. The arrows in the

pictures indicate the pairs.
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Picture 4.3.4

The pairs of some exact designs in the casc n =2
aky = 22.,5°

by = 0°

w =:90" (¢, = 74.9")

© = 67.5° (¢, = 76.7%)

0 = 45° (¢, = 78.5%)

3
w = 225" ($y = 76.7°
. . w =0 (¢, = 74.9"
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4,4, Exact designs

It is possible to construct exact designs with efficiency 1 — 7 for any smali

positive value of 7 (see theorem 3.1.1 of Fedorov (1972}). For such a design,
sinece the product of the weights and the number of pairs must be an integer, in
general a large number of observations has to be chosen. Such designs are not
very useful for practical applications. In this section exact designs are con-
structed for which the efficiency is high and the number of pairs is relatively
small,
In section 4.4.1 designs are given that consist of pairs of SP((w,—~rw)) for
some r and w. In section 4.4.2 designs are given that consist of peirs of
SP((x,y)) and of pairs of SP((w,—rw)) for some x,y,w and r, satisfying
(4.2.11). Note that the covariance matrix of a design consisting only of peirs of
SP{(x.y)) is singular.

4.4.1. Exact designs consisting of pairs of SP((w, -rw))

We choose an exact normalized desipn consisting of the pairs of
SP({w,—rw)) with weights ¥ = 27" /n!, where

w = (wy, ..., W),

From the second half of (4.2.23) it follows that

Y i
Py I
f r
MP{(w,=rw)) = : sh+e) : , (4.4.1)
f f
| (-4 4
where
pE E2+r2, (4.4.2)
n
- = 1 I wi
2= = s (10092 ;:)1,),
= 1 ey - 4
o A El wili—1) .

Now r and w have 1o be chosen. The D-criterion can be used in choosing r and
w . This gives conditions for » and w which are given in the following lemima.
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Lemma 4.4.1
The determinant of MP{(w , —rw)) has a unigque maximum at
1
= , 4.3,

d n+2 ( 3)

ard
L P 3

);1 Wyt = P (4.4.4)

Proof

For det (MP((w, —rw))) we have
n o1 o
PP st (s +ar )z

1n(n—l)
=C A+r ) (1—r 7 (nwg= 1)1 (1—p2)"0-D (14 )7 R

where C is a constant and
n
— 4
wo= 5w
i=1

50, det (MP((w, —rw ))) equals

1

n{n-1)
C (1+r)n(n+3)(l_r)n(n+l)(an_1)n—l(I_W“)T .

This function has a unique maximum at

(ruowed) =1/ (n+2), 3/ (rn+2)).

Corollary 4.4.2
Let € be a design consisting of the pairs of SP((w,—rw)) with weights

v = 2,"'1,1l cand let r and w satisfy the conditions (4.4.3) and (4.4.4). Then
- (n + 3)*
r aln +2)* °
taz - A 1Pn + 30
nln + 2)8 '
= = 2z

2 2z
[T €0 0 9. ) '

nin + 2)4
(4.4.5)

Y =P

20 = 5
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£ - —nln + 2)*
2An + 1)%n + 32

From (4.4.5) the D-efficiency of a design SP((w, —rw)) can be computed. We
wish to compute the Crefficiency as well, The function d (x ,v &) attains its max-
imum at the pair (u,v ) satisfying

and (4.4.6)
z
Upvy = — ek
& Y] 5
The maximal value of d (x .y .€) it given by
2
maxdlx yE)= 2y + 5+ L. 4.4.7)
.y 8

Now the d—elﬁciency can be computed:

- i+ (42 (n+1)° 4
G-effte) = Mr+2)¥ (n +12 + 2(n +2)¢ + 2(n +1¥ (4.4.8)

Some results are given in table 4.4.4, The D-efficiency is 68% when n=2, and
even less when n > 2. Therefore the results are not satisfactory, although the
number of pairs is rather small,

Another criterion to choose r and w is the Creriterion. In order to use this cri-
terion, the function d (u ,v €} has to be evaluated.

According to (4.1.8) we have

d{uv )=y (ri+ri)— 2y Y wyv, +ECrE—ri)i (4.4.9)
i=1

n
to (rf+rd)>-2a (¥ ww, P+ (8—20) T ¥ (yu;, — v,v,)?,
i=1 <7
or

dlupg)=v (rf+rd)— 2y i wvi + E(rf—rd)? (4.4.10)
i=1

F18 G 3 r8) = 8 (E wv )= } (5=2a) T Ga?— w7

i=1 =1

The expressions (4.4.9) and (4.4.10) can be wsed in proving the following
lemma,
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Lemma 4.4.3

Let € be the design consisting of the pairs of SF{(w,—rw )} with weights
v=1/(2"aN.

If rand w are such that max d (v .v €} {s minimized, then r ard w satisfy

u,v
n ‘_ 3
- , 444
p;l wi R+2 ( )
r'=_1fn.+2—.;”\/n2+8n+12‘ (4.4.11)

Proof

We shall prave that 2o = §, which i$ equivalent 1o (4.4.4), by showing that
2a % & implies 2a = § and that 2« # & also implies 2 = 8. The valucs of
p,Z,t and 5 are given by (4.4.2),

R
Suppose 2 & 8,50 T, w2 —%2-— . From {4.4.10) it ean be seen that
e n

duve) & dyluve),

where

L
diluyve)=y r+rd)— 2y T uv, + EGrf—ri)?
i1

n
+ _;8 Giard) =8 (E ww);
=1
dy(u,v,€) attains its maximal value if u and v satisfy (4.4.6), and the maximal

value of d (1 v ,€) is given in (4.4.7). So,

2
d(u,v,e)~*£2y+8+3’6—.

According to (4.4.2) we have § > y .
Therefore, it is possible to choose

1 1
— Dty 3 By 3 .
ug = (( 2% 1A %5 140,000,
and

1 1
= (= 8ty 7 By .
vg= (=( %5 120 TE ¥40,....,0) .

and it is easily seen that

d(lln,Vﬂ,E) = 2'}! + 8 -+ -%z- .

50, we have 10 minimize the expression
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2n nin—1) 1 n (1—r2)?
(Q+r¥  Q=r®? 1=wy  (r—1D{1+r )

(nwy—1)

I
with respeet to r and wo , where wp= 2 w',
(=1
This is an increasing function of we for all values of r . Therefore wy has to be

and 20 = & .

: 3
11 bl =
chozen as small as possible, s0 wy —

n
Now suppose 2a 2 § .50 7, wi' € 2.
Py n+l

From (4.4.9} it follows that
d(uv.e) & dolu,v,e),

where

R
doluv, )=y (ri4rdd—2y 3 oy, +ErE-—ri)
=1

n
+ @ (ri'+r2")— 2ex (z Ur";)a-
i=1

In a similar way it can be seen that d (u,v,£} is maximal at the pair (uyv,)
where

2.2 2 1 2,2 L1
ur = (3+3CAE T [0 (FE=I) T 0 oy
405‘—2%% 40:2__2%;,
= (=[lo1 Y _[i41 y .
wy= (~lm AR T (AT oo
and that

2
d{uyvye) = 2y + 2o + g;

This last function is decreasing in wy, and therefore we find

wy = niz,and2a= 5.
Hence
_ i3
Y= Qtry '
s
and
2y + 8+ ¥? 2n nin+2) n?(1-—r??

R ST P Y C T Y S e B

This last function has a unique maximum at
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Vvrl+8n +12

This completes the proof. 1}

n +2—;

The D- and G-efficiencies of the exact designs given in lemma 4.4.3 are listed in
table 4.4.4. Again, the results are not satisfactory, since the é—efﬁciency has a
value between 40% and 50%. As could be expected, the (}efﬁciency is hipher
than the value found when using the D-eriterion to determine » and w . The
value of the D-efficiency, of course, is lower,

In general the number of pairs of the designs given in corollary 4.4.2 and lemma
4.4.3 equals 2"n!. This number ¢an be reduced by choosing w in 4 suitable
way,

Choose

Now w must satisfy the conditions wi + w# = 1 and (4.4.4), the latter condi-
tion being equivalent to

3

WI‘ +w;?: et

The only relevant selution of these equations is

4—n CRE
= [1 1 _ 7
Wl—[?+7(n+2) 1%,
1 1

d—n .7 137

= [1 _ (2l )2 ]2
W [-f T(n+z) 1

This choice is possible if 7 % 4. The results are given in table 4.4.4, where ¢ is
such that

w = {cosd _sing ,0,..., Q).

Now we consider the case n 2 5,

We choose
W:(Wl,WQ....,Wn).,
where
Wa= wg= "' = Wy .

Now w and w3 must satisfy the conditions

f

wi +(r—1)wi=1,

3
n+2

w; + (n—l)w; -
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The only relevant solution of these equations is
1
2 _ 1 -1 43 5
wy = — 4 ( )
! n n nt+2

¥

and

1
wi= 4wl T

n n n+2

In general the number of pairs of these designs ¢quals n 2" apain. We give
some further results in the case n=25 , The number of pairs of the design given
above is 160, With a method to be discussed in section 5.4.2 the number of pairs
can be reduced to 80, In the following we construct a design that does not satis-
fy conditon (4.4.4). Therefore the D-efficiency and Crefficiency is less than the
efficiencies of the designs given above, However, the number of pairs equals 40.
Choagse

w o= (%Jz_,%ﬁ,o,...,or.

This choice of z gives

= _ 5
LETEES
_ 4D
6= (1=r2)2 '
a= A0
A1—r2yP '
5
488 = 2.
* ¢ (1—r?2)?

The maximal value of the variance function equals

Y2 BOGi—r)?+ 320 + 5(1-r )
Bty B r 77 '

Minimizing this function with respeet to r yields the condition

Pt —12r3 4+ 30r2—92r + 9= 0,
or
r=5—2J6= 01010,

Maximizing the determinant of the information matrix leads to the same value
of r as given in the condition (4.4.3), s0r = ,‘r .

The results of section 4.4.1 are given in table 4.4.4. In this table is

w the choice made above to reduce the number of pairs of the design,
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# iz such that w = (vos¢g,sind;,0, ...

LOY , and

N 15 the number of pairs of the design,

Table 4.4.4

Values of constants determining the exact designs SP ({w, —rw )) given in

section 4.4.1 , and found by using the D- and

Ccriteria,

n 2 3 4
Criterion I} ¢ D (:’v D &
r 0.25 0.1716| 0.20 0.1459| 0.1667| 0.1270
wyt 0.75 0.75 0.60 0.60 0.50 0.50
b1
o 45511 4.2463| 8.1380( 7.8298| 12,6955 12.3968
b 9.1022 | §.4926 | 16.2760 | 15.6596 | 25.3910 | 24.7935
¥ 1.2800| 1.4571| 2.0833| 2.2847| 29388 3.1492
£ —1.137% |—1,0616 |—1.6276 |—1.5660 | —2.1159 |—2.0661
det (M~ 'e)) | 154.44 | 162.56 [8.41 10%|8.79 10° |1,73 10M{1,79 10
D -eff 68.04% | 67.35% | 59.53% | 59.23% | 55.59% | 55.44%
G-eff 42.22% | 42.89% | 43.46% | 43.77% | 44.29% | 44.46%
w (W1.W2) (w 1,W210) (Wl»WB»O;O)
wi 1t Pt &V2 3
wi }- 3V TR :
& 22.5° 31,727 45°
N 8 24 24
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n =1
Criterion D ¢ only with respect to r
D
r 0.1429 0.1125 0.1429 0.1010
n
row! 0,4286 0,4286 0.50 0.50
i=1
o 18.2368 17,9517 13.3947 13,5097
5 36.4735 35.9033 | 41.6840 40.8291
¥ 3.8281 4.0398 3.8281 4.1246
£ ~2.6053 | —2.5645 | —1.7368 | —1.7012
det (M~ Ye)) | 1.974 10 | 2.04 10* | 2.53 10 | 2.69 107
D-eff 53.42% 53.34% 52.77% 52.61%
Geff 44.91% 45.01% 40.25% 40.41%
w {w . wa,wa,wa,ws) (w1,w3,0,00)
w a5 3
1 1 1
wi T EVT 7
N 80 40

4.4.2. Exact designs comsisting of pairs of SB(w, -rw)) and pairs of
SK(x,y))
Let x,y und w be points for which condition (4.2.11) hoids and let 8 be
such that
L
cosd = ¥ xy . (4.4.12)
=1
Consider the sets $2{(x,y)) and SP{{w,—rw)), where 0 £ r < 1. In this
section we construct exact designs consisting of pairs of SP((x,y)) and of pairs
of SP({w,—rw)).In general we choose my pairs of SP((x ,y)} and m, pairs of
SP({w,—rw)). The values of m, and m; must be chosen such that the infor-
mation matrix of the design has the structure of (4.1.5). Then, in view of
(4.2.20) and (4.2.23) the information matrix of the normalized design can be
expressed by {4.2,22), where
mny

L = —Pi 1 a(1—com) ,
mitmz n
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srtaty = 0,

2?71]
t = — % — v Hx P —
! mytmy n(n—l) E'E (= 3 x/ y“l)
2m1 2
1 B mayts n(n—]) ,Z»? Cx, =),
{4.4.13)
Pz - T2 l (1+7)? ,
mytm,; n
satntygm —2 1 (g,
mytms a
ma 1 232 o4
= (1= B (1 :
Z2 mytmy n(n—1) (1=r%C 1§1 we')
iy =Zg.
From this it follows that
5= 2t sin — nz, . (4.4.14)

mytmy n—

Now r and w have to be chosen according to some criterion. First we eonsider
the D-criterion. In Jemma 4.4.5 conditions for r and w are given.

Lemma 4.4.5
Let € be the design defined ubove and let © and r be fixed; det (M(€)) is maxim-
lzed if 2o = §, or equivalently

- 4_ my  n sin’d 3
=i + (4.4.15
l§l " 2:‘71.2 rn+2 (1—7'2)2 n+2 )
ma _ 3
+2m1 “_’_2)2 ZE (xpx) — miv; 2.
If the condition (4.4.15) is satisfied, then
(4.4.18)
1 2my o, "y 2z
= 8 + % (1—r2)7,
z (m1+m2)(n +2) {n.—l sin n (=]
s =2z,
st = ——md 1o k) LI
mytma n
p= SV S [2m 1 {1—cos8) + m(1+5)?],

n (m.1+m2)
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Proof

As can be seen by investigating the expressions given in (4.4.13) the quantities
1, pay, &1+ nty and 53 + nzy only depend on @ and r. Se det (M (£)) is maxi-
mal when the expression

_;_n(n—l)
(sy + 520" V(21 + 22)

i
is maximal. This expression only depends on }, w;* and r . This leads to
i=1

dsatsa) | 9lz1+za) _
(z, + zz)T + Tn(s; + 53) _HT =0,
where
n
wp = £ Wg‘
=1
Solving for wy we obtain
m 3 (1—r2)?
—sy + 22y 4 3t T
ot “ mitmy nir—1)
v my_ (1—r2P
(n +2)——fem L
mytma nln—1)
Using (4.4.14) we find condition (4.4.15) and the ¢xpressions (4.4.16). i

Lemma 4.4.5 shows that under condition (4.4.15) the determinant of the infor-
mation matrix depends onty on @ and 7 . We maximize the determinant of the
information matrix with respect to @ and r. Now it is not clear that 8 and r
should satisfy the conditions

cosh = — L | (4.4.17)
2o
and
2wy
= 1_1[_ . 441
TEIT 7 (1 C!+£] ( 8)

For discrete D-optima)l designs this has been proved by us¢ of the fact that a D-
optimal design 1% ('j-optimal as well. A computerprogram has been written that
determines the values of cosf and r for which the determinant of the informa-
tion matrix iz maximal . This program uses the procedure MINIFUN, described
in THE-RC38859a (1980), MINIFUN has been designed for non-linear optimali-
zation with non-linear constraints,

Results are given in table 4.4.6. Note that 8 and r do satisfy the equations
(4.4.17) and (4.4.18),



70

Let us now consider the Chcriterion . We have to choose r and w such that the
maximal value of the variance function is minimized. Again the condition
2o = & plays an important role as can be seen intuitively as follows, We have

max d (u,v.,€) = max | 2ydz} .
T

whete

|
M
<
]
il
—

n
dy = max d (uyvy,e) with ¥ uf, =
i=1

Uy =1
and
n
dy = max d (ujv,e€) with T, uﬁ, =1,
g, Vy =1
andvy= —rgu; , 0K rp < 1.
Ifdy = d,
then

2
2y +5+ - if 2a £ 5,
Y 8

max d (u,v ) =
u,v

2
Ty +2a+ X if 2o > 8.
2o

Now the same argument as given in the proof of lemma 4.4.3 suggests 2o = § .
An argument analogous to this can be piven in the case 4, ™ d; .

Assuming 2a = 8, and using lemma 4.2.5 we find,

2
max d (u,v,€) = max | 2y + 2o 4 -21—— by (L) 4 (e + £)00—r P},
PR o

where

1
2
ra= %— %[1—;}%]7‘

A computerprogram has been written that determines the values of r and cosf
for which the maximal value of the variance function is minimized, given m,
and m, .

Results are given in table 4.4.6. Note that 8 and r do not satisfy the equations
(4.4.17) and (4.4,18). The two equations above are given for fixed m,; and m,.
To construct exact designs we have 1o specify x,y,w, m, and ms . The values
of m, and m, have to be chosen such that the matrix can be ¢xpressed by
(4.2.22), For practical reasons it iz useful to choose my and mz as small as
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possible. Moreover, my and m3 have to be chosen so that the efficiency of the
designs is high, The design constructed is D-optimal if it satisfies the conditions
(4.4.1%), (4.4.17), (4.4.18) and my/m,= v /v, This can be seen as follows. If
one wants to compute the efficiency of such a design, one has to consider the nor-
malized design. Expressions for its information matrix are given in (4.4.13).

m 1

Using mi/my = vi/vy , one finds =——— = ¥; 2" n!and
mytmy
m .
Tz = w5 2" n! Substitution of this in (4.4.13) and verification of the con-
mit+ms

ditions (4.4.15), (4.4.17), (4.4.18) shows that such a design is D-optimal. As
can be seen from table 4.2.10 the values of the ratio of ¥, and v, are:

n 2 3 4 5

vy/vy | 2316 4,408  7.163 10.413

If we choose x , y and w as below, m; is small relative to m; .

Choose w = (1,0,...,0) ,
50 Mg =gy 2n withgs, € N;
x = (cosd,sind,,0,...,0),
y = (cosdsinds0 ....0),
50 m; = gy N withgy € Nand

4n(n—1) ,if n even,

2n{n—1) ,ifn odd.

Condition (4.4.15) gives

cos*(dy+dy) = nr-:—'.’. + 281:_12) :—f (15;:;;)2 . (4,4.19)
It is useful to consider another choice of w. If w is chosen as
w = -% (1,1,....1), then the ratio of m; and m, differs from the ratio of
my and my of the design mentioned above. Therefore the designs with
w = %-.— (1,1,...,1) might have a higher efficiency than the designs men-

tioned abave. However, the number of pairs is larger. Choose
x, ¥y as above,

and

w = —-jﬂ-_—(l.l,...,l)’ .
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50
m3= ga 2" with g2 € N.
Condition (4.4.15) now gives

2 _ n__ (n—1) _"_'i(_l_...r_:ﬁ
cos® (by+dy) = n+2  nln+2) m,; sin’

(4.4.20)

Results are given in table 4.4.6.
In rhis table ¢ d, and d 7 are defined by

1
=112y 73
ro= 3= -

n
dy= maxd(u,v &) with ) = F vi=1,
[FIRY =1 =1

n
dy= maxd(w,—rw.&) with 0€r <1, and Lowi=1,
rw i=1
The results are satisfactory. The efficiency of the designs is good and the number
of pairs is relatively small, although the number of pairs is larger than the
number of pairs of the designs given in table 4.4.4.



Table 4.4.6

Values of constants, determining the designs given in
section 4.4.2, and found by using the - and Creriteria

n 2 4
Criterion D ¢ D ¢
w (L) wP | (1,0 wP {(1,0,00)((1,0,0,0)
my 8 8 8 8 A% 48
ms 4 4 4 4 8 8
My by 12 12 12 12 56 56
r 0.1381 0.2026 0.0918 | 0.2018
cos(d —dy) —0.312% —0.3046 —0.1790 |—0.1700
cos{dy+dy) | 0.5666 0.4334| 0.5666 0.4334| 0.7090 | 0.7090
&y 74.69° 178.52°| 74.45° 7B.28°| 66.48° | 66.22°
b, —33.52° —29 69°|—33.28° —29.45°| —33.83° | —~33.57"
a 14668 1.4675 5.0999 | 5.1300
5 2.9336 2.9350 10.1999 | 10.2600
¥ 0.9167 0.9003 1.8253 | 1.7824
£ 2,3844 2.5285 5.8446 | 7.0812
v/2x 0.3125 0.3067 01790 | 0.1737
*o 0.1381 0.1294 0.0918 | 0.0793
d, 5.0535 5.0116 14.1772 | 14,1344
ds 4,893 5.0116 12,9367 | 14.1344
det (M~UWe)) 22.548 22.776 4.72 10'%|5,32 104
D-eff 99.98% 99.78% 99.91% | 99.06%
et 98.94% 99.77% 98.75% | 99.05%

Dw= (%ﬁ,‘ﬁ).

73
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n 3
Criterion D D D ¢ [ &
w (1,00 | (1,0,0) wil (1,00 | (1,00 wi?
mi 12 24 36 12 24 36
ma 6 6 B 6 6 B
maytha 18 30 44 18 30 44
r 0.1596| 0.1068 | 0.0984| o0.4098| 0.2269| 0.0580

cos(¢y—¢;) [—0.2151|—0.2245 |—0.2255(—0.1613|—0.2289 |—0.2626
cos (di+4a) | 0.6996| 0.6515 | 0.5694| 0.6999| 06517| 0.5688

b 67.8% | 69.58° | 72.02° | 66.25" | 69.70° | 73.14°
& —34.59° | —33.40° |—31.01°| —33.03° | --33.54° | —32.09°
o 3.3722| 3.0309 | 2.9903| 3.4424| 3.0560| 3.0416
8 6.7444| 6.0619 | 59807| 6.8848| 6.1121] 6.0832
¥ 1.4505| 1.3610 | 1.3485| 1.3569| 1.3231] 1.3218
£ 2.0348| 4.1056 | 4.6112| 3.1861| a.5387| 45234
v/ 2 0.2151| 0.2245 | 02255 0.197117 0.2165| 0.2173
ro 0.1596| 0.1068 | 0.0984| 0.1158] 0.0964| 0.0967
dq 9.9573| 9.0895 | 5.9818| 9.8660| 9.0448| 9.0139
d, 7.0B55| 8.6420 | 9.0820| 8.1412| 6.0445| 9.0139

det (M~'e))|1.0110%( 7.9210* |7.89 10*|1.26 10° |8.24 10* | 7.99 104

D-eff 97.31% | 99.96% |99.008% | 04.97% | 99.53% | 99.86%
Geff 90.39% | 99.02% | 99.10% | 91.22% | 99.50% | 99.8%%

Dw = 1/3(1,1,1).




n 5
Criterion D
w (1,0,0,0,0) %«/5(1,0.0.0,0)
m, 40 80 120 160
ma 10 10 10 16
matmg 50 90 130 176
r 0.1165| 0.0821| 0.0632 0.0714
cos(¢p,— $;) |~0.1474|—0.1499|—0,1506| —0.1504
cos?(dy+éy) | 07853 0,7503| 0.73B4 0.7027
$1 63.04° | 64.30° | 64.71° 65.84°
& —35.22° | —34,32° | —33,95*| —32.81°
I §.1351| 7.6691| 7.5055 7.5714
5 16.2703| 15.3381 | 15,0100 15.1428
v 2.3979| 2.2995] 2.2612 2.2769
¢ 35116 7.5887| 11.6032 9.5987
y/2ex 0.1474| 0.1499 0.1506 0.1504
ra 0.1165| 0.0821] 00632 0.0714
d 21.4195] 20.281%| 19.8740 20.0391
dy 14.3219( 17.7454| 21.5124 19.6092
det (M~%e))(1.16 10'%|7.31 10"8|7.14 10| 7.09 10"
D-eff 97.56% | 99.84% | 99.96% 99,996%
Greff 93.37% | 98.61% | 92.97% 99.81%

75
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n 5
Critcrion (3}
w (1,0,0,0,0) §Y5(1,00,0,0)
my 40 &0 120 160
ma 10 10 10 16
mytma 50 90 130 176
r 0.2196| 0.2338| 0.0037 0.1539
cos{$1— ;) |—0,1370/—0.1433 |—0.1731| —0.1511
cost{r+¢h,) | 078531 0.7503| 0.7386 0.7027
&, 62.74° | 64.11° | 65.35° 65.87°
B2 ~3514°—34.13" | —34.61°| —32.82°
o $.1638| 7.6893| 7.5579 7.5840
5 16.3275| 15.3786 | 15.1159 15.1681
v 2.3621| 2.2710| 2.2289 2.2584
£ 3.8868 | 2.5330| 11.4388 10.0235
v/ 2a 0.1447] 0.1477| 0,1475 0.1489
ro 0.1101| 0.0757| 0.0624 0.0689
d, 21.3935| 20.2560| 19.9023 200211
ds 14.6710( 18.6647| 21.4144 20.0211
det (M~ Ne))|1.21 10" (7,8710"|7.27101%| 72310
D-eff 97.34% | 99.47% | 99.87% 99.90%
Coeff 93.49% | 98.74% | 93.40% 99.89%
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4.5. Robustness of the designs

In this section we discuss the robustness of the designs given in section 4.3
against violation of the condition B = 0. In general condition (1.8.6) is not
satisfied and the designs, that are D-optimal in the casc B = 0 are not D-optimal
when B8 = 0. However, 8 is the vector of parameters which should be
estimated from the experiment which is being designed. Results given in this
section concerning the robustness of these designs are satisTaciory. Therefore,
1he D-optimal designs in the case 8 = O are useful in practical applications. We
shall discuss the D-efficiency of some of these designs for several values of B .
Let € be a design and 8 = B, The information matrix is denoted by
Mgt B = By) . The D—efficiency of this design equals

det (M(eo | B = Buo)) %

max det (M{c | B = Bo))
£

(4.5.1)

In order to compute the value

max det (M{g | B = B,D)
€

D-optimal designs have to be constructed in the case B = By . This is a rather
cumbersome task and it seems that it can only be done by maximizing
det (M (e | 8 = B¢)) numericaily. But then one canmot be sure that the absolute
maximum has been found; the procedure may lead to a local maximum. It is
¢asy, however, 1o compute a lower bound for the D+efficiency by using the fol-
lowing lemma.

Lemma 4.5.1
A lower-bound for the D-sfficiency of the design €q in the case 3 = Bo is given by

det Meo | B = Bo)) | %

4.5.2
max det (M{c | B = 0N ¢ )
€
Proof
We prove that
max det (M(e | B = Bu)) & maxdet (M(e | B = 0)).
€ €
Let €, , consisting of the pairs (4, v, ) with weight pGgy,vi), i = 1,... N, bea

design where det (M(e | 8 = Bo)) is maximal, Let Adu,v) be as defined in
(2.3.19) and (2.3.20). Now it is easy to see that

Alu,v) 2 %. .

and
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Alev)= lforalluv if and only if 8 = 0.
Define
[‘;(ul ) ) = 41’ (u! »Vi ) A(Mj WV ) 4

and
¥ L
ﬁ(ul Ryl ) — P(uf R )/( 2 p(u, Wi n.

Now we have

det (Mg, | 8 = Bo))
N

det ( P(U) US| J\(UQ Rth )(f (U‘ ) - f (V,' )} (f (Ug )}~ ¥ (v, ))')
1

™

= aet (T plurwid 30 @) = £ G (F ) = £ o))
1=3

a8

N
det (X 7y v ) -:-(f W)= F LN (F () — Fle0))
it

det (M{é3 | 8= 0)) & maxdet (M{e | 8= 00 ,
€

where €5 is a design consisting of the pairs (u,,v,) with weight 7y ),
i=1,... N.

In table 4.5.2 Jower bounds for the D-efficiency of some designs are given for
several valves of B . The designs considered are designs which are D-optimal
when 8 = 0. For n = 2 three designs are piven for each value of 3 . The lower
bounds for the D-efficiency of these desipns are approximately the same, There-
fore only one design has been chosen in the cases n = 3,4, 5. It is the design
for which

1
= 1,...,1).
W= e (L )
In this table the smallest value of 77, ,; is listed. This is the smallest value of

Ty
'

Ty + T
where
logr, = (f (=) By

and (u v ) is a pair of the design.
It is also possible to compute lower bounds for the D-efficiency by using

theorem 2.3.9, Doing so, one has io compute max Alu,v}d (u,v,6). This is not
u,v

eaty, though it is not as difficult as computing max det (M (€)) . For n = 2
€
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lower bounds are computed by means of theorem 2.3.9 and the procedure MINI-
EtUN to determine the maximal value of A{u,v) d (u,v,6).

Results are given in table 4.5.2, The lower bounds found by this method are
approximately the same as the lower bounds found with lemma 4.5.1. In view
of this, lemma 4.5.1 is used to find lower bounds in the casesn = 3,4,5.

Table 4.5.2
Lower bounds for the D-efficiency of some designe
'| n=2 ”smallest lower bounds
B value using(4.5.2) (2.3.28)

Bi Bz Bu B Bu|ofwm yle=0" 225 45 | =0

0.05 0.05 0,05 0.05 0.05] 0.4650 |0.998 |0.998 [0.998| 0.997
—0.05 0,05 0.05 0.05 0.05| 0.4650 |0.998 (0.998|0.998( 0.997
0.05 0.05 —0.05 0.05 0.05| 0.4495 |0.998 (0.998|0.998 0.997
0.1 0.1 0.1 01 01 {04304 [0.99310.993]|0993] 0.993
—0.1 0.1 0.1 01 0.1 04304 |0.993|0.993]/0.993]| 0.993
01 01 —01 01 0.1 |0.3999 {0.990]0.990)|0.990( 0.991
03 03 0.3 03 0.3 |03014 |0.940(0.940|0.941] 0.935
—0.3 0.3 0.3 0.3 0.3 [03014 :0.940(0.940|0.940| 0.938
03 03 =03 03 0.3 [02284 |0921|0.921(0.921| 0.927
03 05 0.5 05 0.5 |01977 |0.8510.85310.854 0.824
—-0.5 0.5 05 05 0.5 (01977 |0.851 |Q.851|0.850| 0.844
05 0.5 —0.5 05 05 |01162 [0.81310.814:0.815| O.813

1 1 1 1 1 0.0572 |0.597 [0.608 |0.616| 0.410
-1 1 1 1 1 0.0572 1060210596 |0.587| 0.595
1 1 -1 1 1 0.0170 [0.546 (0.554|0.558 0.453
01l © 0 0 0 0.4622 10,997 |0.99710.997| 0.997
03 0 Q 0 0 0.3882 |0.976 {0.976 |0.976| 0.980
Q5 O 0 0 0 0.3190 |0.936 |0.936 |0.935| 0.945
1 0 O e 0 0.1800 |0,786 |0.784|0.782| 0.801
0 0 01 0 0 04755 |0.999 |0.999|0.999] 0.992
0 Q 03 0 0 0.4268 |0.991 [0.991(0.991] 0.990
g o 05 0O 0 0.3796 |0.974 [0.974{0.974| 0.972
0 0 1 0 0 0,2724 |0.903[0.903(0.902| 0.892
0 0 0 0 0.1 ;0.4822 |0.99%9(0.999(0,999| 0.99%
0 0 0 ¢ 0.3 04468 |0.992(0.992:0.992] 0.991
0 0 0 0 05 04119 |0.979(0.979:0.979| 0.975
Q 0 0 0 1 0.3291 |0.920(0,919[0.918( 0.903




&0

“_ n=3 ”smallest |
Ba value | lower
By B: By Bu Bum Bu B Biz Ba|of 7., |bound
.05 0.4817 [0.9995
0.1 0.4634 [0.9982
0.2 0,4272 |0.9927
0.3 0.3918 10.9837
0.5 0.3245 (0.9560
1 0.1875 |0.B467
0,05 0.4920 [0.9999
0.1 0.4840 (10,9994
0.2 0.4681 |0.9976
0.3 0.4522 10.9946
0.5 0.4207 10.9850
1 0.3453 |0.9424
0.05 0.4908 10,9999
0.1 0.4816 |0.9996
0.2 0.4633 |0.9983
0.3 0.4451 10,9963
0.5 0.4092 |0.9897
1 0.3241 10.9604
0.05 0,05 0.05 0.4748 |0.9986
0.1 01 0.1 0.4498 |0.9948
02 02 02 0,4006 |0.9782
0.3 0.3 0.3 0.3533 10.9522
0.5 05 0.5 0.2675 |0.8765
| 1 1 0.1176 10.6296
0.05 0.05 0.05] 0.05 005 0.05( 0.05 0.05 0.05| 0.4516 [0.9982
01 01 01 0.1 0.1 0.1 01 0.1 0.1 |0.4041 |0.9928
02 02 02 02 02 02 0.2 0.z 0.2 |0.3150 |0.9720
a3 03 03 03 03 03 03 0.3 0.3 |0.2377 |0.9394
03 05 05 035 05 05 Q5 05 0.5 |0.1254 10.8505
1 1 1 1 1 1 1 1 1 0.0201 |0.5980
—0.3 03 03 03 03 03| 03 03 03 |0.3047 |0.9388
~03 03 03| 03 03 03 0.3 03 03 | 03047 j0.9272
—03 03 03 103 03 03 (=03 03 0.3 |0.3169 {09241

The entries that are not given in this table are zero,




n=4 ||
Bo value of the | smallest
non zero non z<xe value lower
parameters parameters | of w ,, | bound
By 0.05 0.4818 0.99%
0.1 0.4636 0.9986
Q0.2 0.4275 0.9945
0.3 0.3923 09878
Q.5 0,3253 0.9673
1 0.1886 0.8878
Bn 0.05 0.4927 | 0.9999
0.1 0.4854 0.99906
0.2 0.4709 0.9934
0.3 0.4564 0.9965
0.5 0.4276 0.9903
1 0.3583 0.9624
Biz 0.05 0.4901 | 0.9999
0.1 0.4802 0.,9998
0.2 0.4605 0.9990
0.3 0.4408 0.9978
0.5 0.4022 0.9939
1 0.3166 0.9766
Blxix4 0.1 0.4461 | 0.9945
0.3 0.3432 0.9524
0.5 0.2532 0.8776
1 0.1031 0.6364
By lSi &4 0.1 0.4752 | 0.9997
0.3 0.4260 0.9973
0.5 0.3783 0.9926
1 0.2703 0.9726
By l&i<j%4 0.1 0.4628 | 0.9985
0.3 0.3901 0.9867
0.5 0.3219 0.9638
1 0.1839 0.8664
B: By, l1Ei%€; x4 0.05 0,4422 | 0.9982
0,1 0.3859 0.9927
0.2 0,283 0.9718
0.3 0.1988 0.9393
0.5 0.0892 0.8515
1 0.0095 0.6117
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=5
Bo value of the | smallest
non zero non Zero value lower
parameters | paraeters of 7, 4 bound
By 0.05 0.4818 | 0.9989
0.1 0,4637 0.9973
0.2 0.4278 0.9956
0.3 0.3926 0.9903
0.5 0.3258 0.9736
1 0.1893 0.9060
1.5 0.1014 0.8202
2 0.0517 0.7345
Bn 0.05 0.4933 0.9999
0.1 0.4865 0.9997
0.2 0.4731 0.9990
0.3 0.4597 0.9976
0.5 0.4331 0.9932
1 0.3685 0.9735
1.5 0.3083 0.9425
2 ¢.2540 | Q.9028
B 0.05 04896 | 0.99996
0.1 0.4793 0.9998
0.2 0.4586 0.9993
0.3 0.4381 0.9985
0.5 0.3978 0.9959
1 0.3039 0,9844
1.5 0.2238 0.9672
2 0.1600 0.9469




B, 151 %5

Bu.l%i €5

B, ls1<jx$

BBy 1 &1 %

E)
w

.05
0.1
0.2
0.3
Q.5

1.5

0.05
.1
0.2
0.3
0.5

1.5

0.05
Q.1
0.2
0.3
0.5

1.5

0.05
0.1
0.2
0.3
0.5

1.5

0.4701
0.4405
0.3827
0.3280
0.2322
Q.0838
0.0269
0.0083

0.4876
0.4751
0.4504
04259
0.3781
0.2699
0.1835
0.1202

.4751
0.4504
0.4018
0.3550
0.2699
0.1202
0,0481
0.0183

0.4332
0.3687
0.2544
0.1662
0.0637
0.0046
0.0003
0.0000

0.9986
0.9945
0.9784
0.9525
0.8767
0.6243
0.3988
0.2446

0.99995
0.9598
0.9991
0.9981
0.9947
0,9803
0,9600
0.9370

0.9996
0.9984
0.9934
0.9853
0.9599
0.8531
0.7093
0.5590

0.9982
0.9927
09715
0,9383
0.8482
0.5946
0.4052
0.2830
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5. Designs in the case of a quadratic model with a hypercube as experi-
mental region

&.1. Introduction

In this chapter the parameters of the model are the same as in chapter 4,
but the experimental region is now a hypercube, So, we have

Flxe)= (xy ..., xnxf, . x@xa%a on.  xp1xn ) (5.1.1)
x €X X CR' x=(x1,...,%,),
where
X=|x€X I-1€x §1foralil, (5.1.2)
For the construction of optimal designs the assumption 7, = (1,...,1) is

made. In section 5.2 D-optimal designs are given. The D-optimality is proved in
section 5.3. Diserete D-oplimal designs with a relatively small number of pairs
are given in section 5.4, Exact designs are considered in section 5.5 and in sec-
tion 5.6 we will discuss the robustness of the discrete designs constructed in sec-
tion 5.2 against violation of the assumption 7, = (1,...,1) .

Again (4.1.4) holds and the assumptions (4.1.5) and (4.1.6) concerning the
structure of the covariance matrix are made. The variance function can be
expressed by (4.1.8).

5.2, Discrete D-optimal designs

Again it is important to investigate the variance functipn., If the variance
function d(x,y,€) of a desigh € ¢an be expressed by (4.1.8), then d (x,y &)
satisfies (3.1.8) and (3.1.9). In chapter 4 D-optimal designs were proved to be
strongly rotatable, In the case of a hypercube as experimential region D-optimal
designs have the following property.

dl{xy, o X X 0 e Y e ¥ ME)D (5.2.1)
=d{xy, .. Ve cxp DYy, e xy, o, Vg ME)
forallx,yand1 % € n .

In the next lemma a condition equivalent to property (5.2.1} is given,

Lemma 5.2.1

Let € be @ design with covariance matrix of type (4.1.6). The design € has proper-
ty (5.2.1) if and only if

= —4f (5.2.2)
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Proof
Let d, and d; be defined by d3 = 4 {x ,v,€) and
daz= dxqy, oo ¥ 0y X . n 16) .
Then, using (4.1.8) we find

dy—da=

=& F (xxP+ »ivf = vix - iy A E (- v L (k=D

it et
=5+ 4£) (xd:!_ y.z) Z (I}z - yf) .
'EYl

The last expression vaniches for all x,y € X if and only if § = 4£ . ]

The lemmas 5.2.2 and 5.2.3 are useful in finding pairs where the variance func-
tion is maximal. The proofs of these lemmas are given in section 5.3, because
they can be regarded as part of the proof of the D-optimality of the designs con-
sidered in this section.

Lemma 5.2.2
Let € be a design with covariance matrix of type (4.1.6). If d (x .y €) is maximal
at (x )= (uyv), thenforalll 2 i | n

=1 o Iyl =1.

According to Jemma 3.2.1 we have |y, 1 = Iy = 1 forall 1 ¢ € n . This
does not hold in the case of a quadratic model as can be seen as follows. Suppose
that it holds, then a D-optimal design consists of pairs of this type. However,
such a design does not measure the quadratic effects, since y? = y2 = 1 for all
1&5:i&n.

Having obtained one pair where the variance function is maxirmal, one can find
more pairs having this property. This might be useful in the comstruction of
optimal designs, Let (u v ) be a pair where the variance function is maximal and
let k, be the number of pairs of coordinates (u,,v,) for which ; = v, , and &,
the number of pairs (x4, ) for which u, = =v, . Now, using {(3.1.8), (3.1.9)
and -if i1 holds- (5.2.1), other pairs can be found where the variance function is
maximal ; for example the pair (7,7 ) with

a={1,....1y ,
=1for1 %t &k,

H

7 ==—1 fork, <i % kj,

and
—1 <y <1 forky+thky<i ®ky.

This will be used in the next lemma and definition,
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Lemma 5.2.3

Let € be o dexign with covarianee matrix of type (4.1.6} and 8 = —4¢ . Let (1 v)
be a pair where the variance function ix maximal and assume (without loss of gen-
erality} that

w={(1,...,1y ,

v=1(,...,1~-1,... '—1"’*;”‘2“"" ),
where

kyls the number of 1's in v ,

kg is the rumber of —1's in v ,
and

—1l=<wvy <lfork,+k,<i%n.
Then

w=v, forall i,jwith k;+ky;<ij Sn.

In the light of these lemmas it is useful to define the following sets of pairs,
Definition 5.2.4
Let the pair {(u,) be as defined in lemma 523 , with v, =w for
kitky<i%n if ky+k;<n, and lee v = (1, ..., 1,=1,...,—1) if
kitks=n.letky=n — ki~ ka. Now define

Skykakswl= S(uv)),
SP (i gk gk gy w = SP({u v ),
ard
SP(0,0,n; w) is the set containing the pairs of SP(0,0,n; w) and all pairs that
can be obtained by replacing ! pairs of coordinates (u, v ) by (v, u; ) as Is done in
(5.2.1).

The information matrices of these seis are denoted by replacing the letter § by the
lerter M, so MP(k 1,k 2.k 5; w ) is the information matrix of SP{k ykajca: w) .

The number of pairs of the above sets is as follows
2" pairs  Lifka = O,
Sk 1K 2k 5w ) cantains
a7 pairs ,if kg3 = 0.
nl
Kyl otk 9!
SP(k 1k ok w ) contains

2" pairs ,if ky = O,

nl
kqlk 5!

2" paire Lifkg= 0.
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(D2" pairs  ift = In,

SP,(0,0,n; w ) contains

e n—-1 N . -1
(%n)2 pairs ifl = Er

The set P (k 4,k 2,0; w ) coincides with the set 5k 1 ,ka) given in definition 3.2.2.
Expressions for the information matrices of the seis given in definition 5.2.4 are
presented in lemma 5.2.5.

Lemma 5.2.5
Lt (5.2.3)
(n=—1)
SAnIN o, -
i e et g ka2
(n—1)
- __._,_,_,_k h n
LR e L
2n—2N ks
! T ho2"
S SrAP R
- 2n—2N ks
z, -kl—!kg!kg! (A ks + kaka R + kqks g + (z)gh 27 ,
with

g =(—w) k= (1+w).

Ther
| ]
Pl ] |
| |
MPk gy w) = | os g | AF k3 > Q,
| i
: : z3d
and (5.2.4)
[ |
p!I i J
l |
MPU ok w) = % : sil ey : Jif ky= 0.
| |
—
Let (5.2.5)

¥ -(?)32“,



a8

s;+zz-=(?)gh 2m,

—2
L ~ D= a7H 1gn 27,
2z =L -202H1gn 2
Then
| |
pad |
[ i
MP{00,n; w) = U sl +1y7 | NEE R
i| | ¥
|
e
and (5.2.6)
I I
P:I | 1
i I
MP, (Q0n;w)= 1 ! sl +tof '
=1 2 ] |
| I
: : Z)I
Proof

It is easy to prove these resulis by applying the peneral expression for
MP ((u ,v)) given in (4.2,20). Note that the results of (4.2.20) are related to the
case where ALP((u ,v)) contains n!2" pairs. b

Let € be a design for which the variance function can be expressed by (4.1.8),
For all pairs (x,y) belonging to SP(k 1k k4 w) the variance function d (x v )
has the same value, The value that is attained by the variance function at the
pairs of SF(k 1,k 3,k 3; w ) is denoted by o (& 1, &2,k 3; w ) and can be expressed by

d(kl,ka,lc:,;w): 4k2y+k3gy+4k[k26 (527)
k
thiksg B+ kokah 8+ (L)gh B+ kygh o+ k7 gh &,
where
g=(1=w) and A = (1+w)?.

Morcover, if € is a design of type (4.1.6), and if § = —4¢ holds, then -by
lemma 5.2.1~ the value of the variance function is the same for all pairs belong-
ing to P (0,0,n: w ). This value can be expressed by

d(0,0,n;w):ngy+(;)gh8+nghol+nzgh§. (5.2.8)
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If k3= O, then d (ky kaks w) is denoted by d (k1.4 5), and we have
Ak ka) = dkyy + dkrk, 8. (5.2.9)

Note that contrary 1o (3.2.7) in (5.2.7)-(5.2.9) reference to the design € has been
suppressed. Whenever the above notations are used, it will be clear to what
design € they are related. It will appear that a D-optimal discrete design can be
found by choosing & combination of sets as defined in definition 5.2.4 and suit-
able weights, Such a combination can be obtained by wsing & procedure similar to
procedure 2.3.8. Start with some combination of sets and compute weights by
maximizing the determinant of the information matrix. Leave out those sets for
which the weights are not positive, Compute the maximal value of the variance
function using lemme 5.2.3 and add the sets that contain pairs where d (x,y,€)
is maximal. Now a new combination has been found, and this step is repeated
with the new combination. This process converges and a D-optimal discrete
design can be found, Again it is not a priori obvious that this procedune con-
verges, because the condition 8 = —4£ is used. In section 5.3 it will be proved
that § = —4£ . Then, it is clear that the procedure converges in the same way as
procedure 2.3.8. In the following sections D-optimal designs will be presented. A
method to prove the D-optimality of these designs will be given in section 5.3.
In this section some remarks are made about computing the information
matrices of these D-optimal designs. We distinguish between three cases:

iy n 26 ,n even,
i) n 23 ,n odd,
ili) n = 2orn = 4,

The information matrix and covariance matrix of the designs given in section
5.2.1, 5.2.2 and 5.2.3 are given by (4.1.5) and (4.1.6).

5.2.1. Discrete D-optimal designs in the case n 2 6 ,n even.

We shall present a D-optimal design € that consists of 4 sets of the type
given in definition 5.2.4. The information matrices of these sets are denoted by
M,,i=1,2, 3,4, where

nl

) |
| |
| |
M, = U osl+td | , (5.2.10)
| |
T

Consider the design, consisting of

i} the pairs of .S'(‘n—l, n +1) with weights y;

the number of these pairs is (1 PP



a0

ii)

iil)

iv)

- n—1 n
P = 2(_;.),1_1)2 y
5=1,=0,

a7
2

din—11a+1)= 2n+4) y + (R —2)n+2) 5,

the pairs of §(1r in) with weights vy

the number of these pairs is (1nn)2"" .
k]
pP2= 2(“;;11)2:" *
59 =ty3= 0,
_ =2 \an
Zy= 4(1}’1_1)2 B
1 — 2
d(in,gn)= 2n y + %8,

the pairs of $P(0,0,n; w,) with weights u ;
the number of these pairs ig 2%

p3= g12",

s3= 0,

ty= gk 2,

Z3= gk 27,

with gy = (1—w )  ky = (14w,)?.

a00niwi)=ngiy+ Glghid+ngiia + nlghy £,

the pairs of 5P, o (0,0,n; wy) with weights X\ ;
T
the number of these pairs is (,"n)zﬂ“' .
T
= ¢ n -1
pa= (4 g, 28 .
_iﬂ.
- n—2 n
sa= 20T 2 g 20,
7

Sqtty= (Ir:.l)glh-l et
¥

4

[(%nn)" 2 (;n_—zl)]glhl zn—l :

the value of the variance function in the pairs of this set equals

(5.2.11)

(5.2.12)

(5.2.13)
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d(0,0,n; wy)if and only if § = —4f .

The total number of pairs of the design € equals

(%n”_l)lz" : (5.2.14)

If one assumes that the design € is D-optimal then the information matrix M(e)
can be derived without computing the weights of the pairs of the design. The
variapes function is maximal at the pairs of the design and the maximal value
equals 1n{n +3). Using (5.2.11), (5.2.12), (5.2.13) and lemma 5.2,1 , we iind

(2n+4)y + (n—2)n+2)8= Jn(n+3), (5.2.15)
4y +2n 8=n+3, (5.2.18)
gry+tln—Dgmd+gmatnghi = Ln+3), (5.2.17)
§=—af (5.2.18)

The function & (0,0,n; v ) considered as a function of v is maximal at v = wy;
this yields

1
Y | » N |
w1 1+1D a+n§+,}(n—1)8] . (5.2.19)

Solving the equations (5.2.15)-(5.2.19) we obtain

g .. n+t3
y=8&= rid (5.2.20)
(1=wy)* + 2(n +2)w, = 0; (5.2.21)

the value of & can be computed by means of (5.2.17).

Now, the weights v, 3, ¢ and A can be computed from the equation
Me)= vy My + vy Ma+ p Mz + A My, (5.2.22)
This yields

7 20n—1) 2r—1) g, (r=1)g: ¥y
5 4] 4] (o] T Slhl ¥a
e |50 0 0 gt g il (5.2.23)
= z(n—z) n glh‘l. -lf(fl"'z)g 1hl A

where



Q2
— gn+v1l ;-2
b= 2" n('lgnnl)'
and
*_r'_n-
I b o

Selving for #,, 3, A and g we find

1| a2 ., 1, _ fs+t)n 1 224
“1 b l 2(n—1)(n +3) + _fs + Tt ‘4(7‘&—1) hl » (5 . )
=1 | _—nt2 a4, (steXe—2) 1
27 % | 2D 3 7T An—-10 hy |’
— £
A nb gy
— _ 5 +tns
n gy 2t

Results for n = 6 are given in table 5.2.7.

In section 5.3 it will be shown that the set of pairs of any discrete D-optimal
design iz contained in the union of the sets S(%n —1,%11 +1), $(3n %n. } and all
SP(00,n;wy) with 0 € [ < n . The design € is not D-optimal in the case
n =2 orn=4. Solving the equations (5.2.24) in the case n = 2 yields a
negative value for ¥, . The results in the case n = 4 are

o = 2.5580
& = 0.5833
¥ = 05833
£ = -0.1458

It can be shown that the variance function is maximal at the pairs of the set
SP(1,2,1; 0) and that the maximal value is equal to 14.079. Therefore, the
design is not D-optimal.

5.2.2. Discrete D-optimal designhs in the case n 2 3,1 odd.

‘We will give a D-optimal design consisting of 3 sets of the type given in
definition 5.2.4. The information matrices of these sets are again given by
(5.2,10). Consider the design consisting of

i) the pairs of S(%(n wl).%(n +1}} with weights v;;
the number of these pairs is (1n";_ 2t
¥ 7 .
P — 2( lr;:l; )2" N
2 7

sl=tl:Os
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1= A 1’?1__23 nt,
Fa
d(%(n—l),‘(n +1) = (2a+2)y + (r=1Kn+1) &, (5.2.25)

ii) the pairs of $P(0,0,n ; w,) with weights p;
the information matrix of this design has been given in section 5.2 1.

jii) the pairs of SPl(n_n(O,ﬂ,n ;wy) with weights A ;
the number of these pairs is (1 1 )3zn
pPy= (1n 1)g1 27,

33—4(1n a)gthi 2,
F) F)

syt (1n_1)81h1 2,
Z3= [(1 )—1(1n a)]glh 2"
e T
The total number of pairs of the design equals

N=[143(" )12,
‘I_;_n 3

Recalling the fact that a D-optimal design is Coptimal, we find

2r+2)y + (n=1Mn+1)& = 1 n(n+3), (5.2.26)
4y +2nb=n+3, (5.2.27)
5=-4¢ (5.2.28)
wi=—1+ ;[1—;;;?:}7%;—1?]% : (5.2.29)

These are four eguations with five unknown variables, As a fifth equation we
use

ME)= v, My 4+ My+ A M,, (5.2.30)
ie.,
P P1 Pz P3
5 0 0 s3 1’:
t [T 10 1ty 1y ‘; ' (5.2.31)

z Zt Z3 Z3
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This yields

_13:z+2233 Xa 1
ZitgSs Zyty I3
v &
z
ul= S L 6] (5.2.32)
L)% (4
A z
L 0 o
53
Substituting thisinp = py#1+ pyp + pa A, we obtain
1 1
=z 4 (- Dt 4 - D, 2.
P =z (hl ) (hl T)s (5.2.33)
or
1 1 1
LIS TR S S S + -----——l 5.2.34
5 (h, » ale + nf) ¢ ) ¢ )

The five equations (5.2.26)-(5.2.29), and (5.2.34) can be solved numerically,
The weights can be computed by means of (5.2.30). The set of pairs of any
discrete D-optimal design is contained in the union of the sets 5( ln—l,_;_n. +1)
and all §7;{0,0,n ; wy) with 0 % I < n . Some results are given in table 5.2.7.
5.2.3. Discrete D-optimal designs in the case n = 2, 4

We give a D-optimal design consisting of 4 sets of the type piven in section
5.2.4. The information matrix of these sets are denoted by (5.2.10). Consider
the design congisting of

i) the pairs of $(1n 1n) with weights v,

it} the pairs of $P(0,0,n; w,) with weights g ,
iii) the pairs of SP,W (0,0,n; w;) with weights A ;
T

results concerning the information matrices of these sets are given in section
521and 522,

iv) the pairs of SP(In—1,1n,1; w,) with weights p ;
the number of these pairs, say Ny, equals
B jifn=2,

Ny=
4,

192 if n



3

(16+4g )]

Ma=

M= aBgahal | ifn =4,

where
2= (1—w2)? Lha= (J+w2)
d(,;.n—“l,_'fn,l;wz)= 2ny+gay tnn=-08 +(.;_n-“1)gg5

+.;.n ha8 +ogshgt £ goha. (5.2.35)

Using similar arguments as in section 5.2,1 and 5.2.2 we find the equations

2y+n = .;.(n +3), (5.2.36)

g17 + Hn=Dgii b+ ghiatn g = jrt3), (523D

6= 44, (5.2.38)

Iny+gay+nn—2)8+(jn—1)g,d

+in ha8 +agohat £ gaha= jnrt3), (5.2.39)

wi= g+ - mf—?'(n—_l;f]%, (5.2.40)
T

a+ £ wi +r-18+y—Ha+Ew+E—y=0. (5.2.41)

The equations (5.2.36)-(5.2,41) can be solved numerically. Results are given in
table 5.2.7, and for 1 = 2 in figure 5.2.6; the arrows indicate the peirs, In table
5.2.7 NP denotes the number of pairs of the corresponding subset of €. In the
row marked with % the total weights of the subsets are given as percentapes.
ND dcnotes the number of pairs of the design €, and ND  equals
.;_n (n+1)(n +2)(n +3Xnr +4), the number given in (4.1.4).



96

Figure 5.2.6

A D-optimal design in the case n = 2
501,13

vy = (.02480

SP(0,0,2; wy)
wy = —0,15029

©® = 0.04621

S5P1(0,0,2; w )

A = 002975

SP(0,1,1; wy)
wy= —0.12002

p = 0.07462

((~

K XL

Pairs

((1,10,(1,—1)
((1,1)(~1,1))
((1,1),(—1,1))
«1,10(,—1))

((LD;(W 1w 1))

((— L1, (=w,w;})

(= D= wy))

((1,1){—wy,=n1))

{(1 S W 1).(W 1.1))
((_ 1,W1),(_W1,1))
((1,—wi)lwy—10)

L=wyd{—wy—1))

(1,13 {—1,w3z))
((—1,—1),(1,— w3}
((—=1,1).(1,wzD)
((1—1),(—1,—w3)

((1,1),(w3—1))
((—1,—1)(—w3l))
(1, =1){w,,1))

((~1,1),(~wp—1))
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Table 5.2.7
Values of constants determining discrete D-optimal designs
and the information matrices of these designs

n 2 3 4 5 6 7
a | 1933 2.279 2,589 3.015 3.331 3,760
5| o738 0.618 0.599 0.578 0.563 0.559
vy | 0.494 0,507 0.553 0.510 0.563 0.510
¢ | —o0189 | —01s5 | —0as0 | —0.145 | —0.141 0,140
w, | —0.150 | —0.118 | —0107 | —0080 | —0.078 | —0.061
wa| 0.120 0.018

det’ 05541 0.2901 0.1484 [0.273710°'|0.5771 107%|0,3522 107*

¥y 0.42510°" | 0.402 1072 | 0.146 1073 | 0,321 107
NP 12 160 480 2240

% 51.0% 64.3% 7.0% 71.9%
vy .248 1071 07111077 0.952 1072
NP 4 48 640

% 9.9% 34.1% 60.9%

& p.4621071]0.189107[0.678 1072| 0.241 107% [ 0,106 1072 | 0.516 1078
NP 4 8 16 32 64 128
% | 1B.5% 15.1% 10.8% 7.7% 6.6% 0.007%

A D.298 10710.141 10-1{0.492 107%| 0.875 107 | 0.396 107 | 0.105 107

NP 4 24 48 320 640 4480
% | 11.9% 33.8% 23.6% 28,0% 25.3% 28.1%
o D.7a6 107! 0.164 1072

NP B 192
% | 59.7% 31.4%

ND 20 44 304 512 1824 6848

ND| 15 45 105 210 378 630

1) det = det (M e))
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5.3. A method to prove the D-optimality of the designs given in section 5.2

"

There are two reasons for calling this section "A method to prove the - - -
and not "Proof of the +-+ "

1. The D-optimality of a design is proved by computing the maximum of the
variance function, In this section it is proved that this maximum can be found
by determining the maximum element of a st of 3(n +2Xr +1) numbers. It

seems nol possible to give a general expression for these values. Therefore for

given n it is necessary to compute all these vatues, This hat been done for all
£ 20

o= .

2.The values of «, 8§, v and § determining the covariance matyix are computed
numerically. Therefore statements concerning the proof of the D-optimality
for given n arc numerical results,

Throughout this section € is a design with covariance matrix of type 4.1.6 and
(v ) denotes a pair where the variance function d {x ,v &) is maximal. A neces-
sary and sufficient condition for D-optimality is

dlu,v,e)= %n (n+3). (5.3.1)

When giving the method to prove the D-optimality of the designs of section 5.2,
we do not use the condition § = —4£ until the very end of this section, In that
way resuits are achieved that can also be used for the construction of exact
designs. Using § = —4£ from the beginning would have made the proof of the
D-optimality slightly shorter.

We recall lemma 5.2.2, which we did not prove.

Lemma 5.2.2
Let € and (1 v ) be as defined gbove, Then

gyl =10 vyl =1 (1£!%n).

Proof
Assume that 1y, | < 1 and Iv; | < 1 for some 1. Using (3.1.8) and (3.1.9) we
suppose without loss of generality that ¢ = 1,

Consider

dl =d((1,l—lz,...,un),\-’,f),
d2=d((_19u2.---ru7|):vye)v
dym dlu L1y ... va hE),
d.=d((u,(--1,v2,.,,,vn),e),

Since d {x ,v,€) is maximal at {u ) we have

dy —d{u,v.e) €0,
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dy=—d =

= vy [(1=v)?— v 1+ 8 i[(uJ—vlv,)z— (upe,—viv; Pl
i~z

+o l(1—viP—(ui—vi)

+ E|=v 2 Y= —v 22 +2 § [(1mvd N v D (u v N fmv )
=2

=y [1+u;;zv,(1—u,)]+ 5 J}i:z e f—ui) = 2vyvyus(1-ug)]

o [(1—uf - 2v i (1—u i)l

+ £ [0—u)—20f Qmud e 2(1—ud) J}i (wp—v Pl € 0.
This yields

y Qburm2vy) + & ,‘i [ i3 ) fm2v gy v, ] 4

o [ Hutud +uf—2v(1+u,)]

+£ Dtugtuf +ud— 20 f (1w 2Q0+u,) j};‘,} wfi-vHl€ 0 (i)
Similarly we find using dy — d{u,v,€) £ 0

y (1—ug+2vy) + 8 ,),':E:, [C1—wdup+2vy,v,] +

a [l=uy+uf—ud—2v#(1—uy)l

+& llmuptud —ud—2vE Qe )+ 201=uy) }i;z @?—vHlS0. @)
From (i) and (ii) it follows that

2y + 28 }éz P4 2o+ EXibud—20D) 4 4f }}::2 wi—vP) S0,
or |

oo + EXTH+uf—2vF) + A ,}:-', wi—vP €0, (i)
Since ds—d {x,y,€) % Oand d—~d(x,y,€) & O we have

2o + EXA+vE—2uf) — 4 f wp-v) £ 0. ' (iv)
j=2
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From ({7 ) and ({v ) it follows that

2o + g)(luu;"*vlﬂ) %0
Since o + £ > O this contradicts our assumptions. ]
We have to find a paiz (u,v) where the variance function is maximal, Using

(3.1.8), (3.1.9) and lemma $.2.2 we can assume without loss of generality that
u and v are such that

(5.3.2)
u = 1 for 1% i &ky+ks+l,,
—l < < 1for Ey+ky+li<€i Sn,
vy m 1 for 1% €k,,
vi = =1 for ky < %ky+k,y,
—1 < vy < 1for kitkz<si€ki+katl!ls,
v, = 1 for ky+tkatlg<i Skytky+la+iy,

for some kg, kp, lyand iy, withky + ka+ 1, + 1= n .
We define

ky= 11+ 13,
Ly={ilki+k4l,<:%n},
Ly= )i lkytko<i Skyi+ka+1,},
Ky:=1,U L,.

Throughout the rest of this section (u ,vv) denotes a pair as defined in (5.3.2), If
we write vy = w, foralli € L,,
apnd uyy = wy foralii € L, , thenu and v can be expressed by

u = (l.,....I,W)_-‘+kz+|2+’,...,wn)', (5.3.3)

v = (1, R N T ,“—1,Wk1+k2+1,. " ,W*1+k2+12, 1,... ,1)' .
We give some further results

Lemma 5.3.1 Let (u v ) be as in (5.5.3). Then
dluve)=dk;y+y ¥ I—wP+ a1k, 85+45,8 F (1—w)?

.‘EKB iEKs
+ k.8 }: A+w, P+ 8LF Q=wyw, ¥ +a ¥ (1—w??
LjEE, €K,
1<)

+E¢LY (—wP— (5 +48) Z T (1—wh1-wp). (5.3.4)

iE.Ks tEL jELz
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Proof
Using (4.1.8) we obtain
dluvg)=4dky +y Z (l—w, P + vy (w,—1)? + 4k ko 8
(€L, €L
+k:8 ¥ (1—w P+ k38 ): (1+w; ¥+ k16 ) (w;—1)?
tEL, ifL, F€L,
+1’C?_6 2 (w,-+1)2‘+5 z z (\‘W—W})2
iELy LEL, FEL,
+8Ez (w‘w)—1)2+522 (=—w;w, P+ a ¥ (w—1)?
i .Ll tGEL E.Ll
te ) i)
to T (mwh §lat B owis (4 T owdP @
PiEL, VEL, €L,
We have
§ ) L (wi—w)?=
FEL JEL,
8 E [(I—W,W,))—(I"W,'z)(l_wjz)]' (1)
tEL, JEL,
and

f [l‘.g"' W'z_(Zj“"‘ E sz) ]2 =

iELl lELz
EL Y Q-whP—4f 7 L (=wi-wj). (iii)
1EK, {ELy JEL,
Substitution of (ii) and (iii} in (i) completes the proof. 1
Remark 5.3.2

From lemma 5.3.1 we conclude that
if5+4f > 0,thenl; =@ orl;=#8&,
if 8 + 4f = 0, then L, = & without loss of generality .

Lemma 5.3.3
Lat (x,y) have the same strueture as (w,v) in(553)and let & € L, , 1 € L, .
Consider d (x ,y ,€) as function of wg and w, . Then

By 8) g b 2k k)8 + (27428 (k +k o) alo + 4k sf)bwi

Wi
+ 4l + E)wd — 25 }: wy + 26+ 28w L wf (5.3.5)
JEEy JEE,
=k irk

+ 2(8 +‘4§) Wi 2: (lhﬂmf)1

JEL 4
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44 f_;vj’*fl = LX) 2 3, — ) g ), (5.3.6)
where
ECwewi ) =y + (kytkt1) 8 — 200 + kaf) + 1008 + 4£)
i twew tw Qo = 8) + B+ 2£) T wio (8 + 48) wi.
JEK, rEL,
Proof

The first part follows immediately from (5.3.4). Using {5.3.5) we abtain

ad(x ‘y;E) . ﬁd(x »}‘,E) = (Wk'-Wl )[2Y+2(k1+]¢2)5_4(ﬁ+k3§)]
dw dw

+ 40w F—w®) (a + £) = 28 (wy—wy ) + 205 + 26Xwy—wi) ¥ ow}
16K,

= 28 + 2EMwd—wy®) + 2008 + A Nwy—wy)
— 28 + 48wy —wy) z wi,

JEL,
This vields (5.3.6). 1}
Lemma 5.3.3

Let (u,v) be as defined in (5.3.3) and 32 1. Then for all { with
ky+ky <@ Sk 4kt iy,

YAtk 8+ 28 = g &+ 15 (8 + 48) (5.3.1)
*lo+ O0Gw 221w 1—1) + (G +26) T wi-(B+485) T wigo.
JEKg JEL,
J=t
If 8+ 2L 2 0and £ €0, then lw | <. (5.3.8)

Proof
Without loss of generality we choose { = ky+ky;+ 1 and Wik 41 i85 denoted

by w. Consider dy= d (u,7,€), where ¢ is defined by T k1 =1 and
F; = v, for j =& kytka+1, Using (5.3.4) we get

dr= Mk Dy +y L (Qew, P + 43kt )8+ 2,8 T (1~w))?
¥ 4

JEK, JEK
=i J=i
+ kD)8 F 4w, 248 TY (U-wyw P + e Y (1—wP?
JEK, JEKyhEK, JEK,
F=it i kel <k i

HELE -wPP—(5+45) T T O—wi(il-wd),
1Ky JEL, REL,
s=i Il k=t
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and therefore
do—dlu v, @)= dy — y(l=w P + 4k, 8 — k18 (U—w P — k3 8(1+w )’
+8 7 (+w, )-8 Y Q—wiw; P~ (a+ £)1=w?)?

JEE, Q€K
ey Jet
+(5 +4)0—w? L U-wP)—2£Q-wD) T (Q-wj).
JEL, JEK,

Jil
Using dp — d (u,v.€) & 0and 14+w > O we obtain
vy (3wl + ;8 (3—w)— k38 (+w)— a (1=w ¥1—w?)
— E[(=w)—wD) + 2k~ 11=w) + 8 L [U—wiwf + 2w,]

FEE,
1=t
+2£ (1=w) J. wi+ (B +4EH(1—w) Q—-wf £ 0.
JEE, JEL,

At

Using the fact that (4 v ) is a pair where ¢ (x ,y ,€) is maXimal, we may add

9 Gy ) |

Bw Kx,y)= (u,v)

10 the left side of the last inequality. It follows that

y by w + Gy tk) B+ (katk) 3w + (o + £)(=1—3w +w?+3w?)

=21V E O+w) +[6 (1—w) + 28 (1—w) + 2(5 + 26)w] ,E}‘} w

3

1=

+05+aE)X1—w) + 25+ 48w) L (1-w/) % 0.
JEL,

This yields, apain using 1+w > 0,
y o+ gtk 8+ (o + EX 3w —2w—1)—20k3— 1) £ + 148 + 4E)

+B+28) T wri-(B+4E) L wlgo0. 6]
JEKg €L,
1=t

Consider d y = d (i7,v ,€) , where &I is defined by
I=1for1 €] £k +1,
—1fork,s+1 < j Sky+katl,

B
I

and

G =u; fork, +ka+1<j $n.
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Analogously we find
Y F kD 8+ (o + EXBw 2w —1) — Wey—1) £ + 1,8 + a8)

+B+28) F wp—(8446) T wi€o. (ii)
JTK, jEL,
ey

Use of expressions (i) and (i) and of the conditions & + 282 0and £ €0
completes the proof of {5.3.7). Now it follows that

(cx+£)(3w:’_+2lwl—1)~‘.§—‘y—(k1+k2)8+2(1:;,—1)§-l;(5+4£)
~(8+2) T wlr+(B+af) ¥ wi
JER

1€L2
Jemi
=—y -l +k) 8 P13 E - LB+ 2£)— (B + 28) ¥ wi
“'fjls
+2£ Y wl<o,
JELZ

becayse

S+2£ 20,y >0,£%0and8>0.
Sincea + £ > O we have

Wwi+ 2wl —1 <0,

Giwi=1XIwi+1) < 0,

lw) < 1. 0

Now we can prove a theorem that is important in proving the D-optimality of
the designs of section 5.2,

Theorem 5.3.4

Let ¢ be a design with covariance matrix of type (4.1.6) and let (u W) be a pair
where the variance funcrion is maximal, having the structure of (5.3.2),

g

S+2 20, £€0enda— 2520,
then

Ui = u; forallky+ky+ly < i) & n,

Ve = v forallky+k, < k] "-'-:..kl“}-k;‘f'lz.
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Proof

Let 42620, £ €0 and a— 28 20 . We prove that v, = u, for all
ky+ ky+13<i,j % n,orin the notation of (5.3.3) that w; = w; for all
i,j € L, Consider the funetion g (w; w;) defined in (5.3.6). Using (5.3.7) we
find

glwywy) €y + (kytkat1) 8 — 20 + kg £ + 126 + 48)

+ Wl ww, e P)2a— 8+ (B + 2£) X w'— (B + 40D wi?
i, 162,

oy — (k) 8 4 W= 1) £ — 1 (B + 4E) — (a + E)XBw 21w 1—1)
—B+28) ¥ wi+ @ +4H T owh

TEK, €L,
1=t

=8w(cx+f)—(a+§)w,3-—2(a+f)lw,l + Qa — 8) wyw,
+ Q2ax— 8 wr=hlw,w,).
Using (5.3.8) we obtain lw; | § 1

k3
maximal for w, = Cand w; = 3; . This vields

and lw;! & é_ The function A (w,,w;) is

g(wg,wj)-“:':5-(0&+§)+%(20¢-5)= -—.;.a+%5—§
=~ U — 28) + 38+ 2£) + 381 < 0.
From (5.3,6) and the fact that

ad(x,y.E) _ ad(x .y;":) =
aw: aw; (x,9)= (uw)

'

it follows that
wy = w; foralli, j € L.
Use of (3.1.8) and (3.1.9) proves that

wy = w, foraltk,l € L. fi
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Lemma 5.3.5
Let (x ,v) have the same structure as (uw,v ) in (5.3.3) and let

x = wyforall { with ky+ky+1y<i €, (5.3.9)
Vi = waforall i with ky+ ky<€i S ky+ka+1s.

Then
dix,y.€)= dkyy + Iy U—wi)? + Lry (1=wy)? + 8k 1k, 8
+k1115(1__W1)"+k1525(1—wa)2+k1115(1+\~‘1)2+ k8 {1+wy)

+ ke 8 tramwe)? + (D8 wiyt (D8 A-wi) + L a Qmwi P

+lha(l—wiP+ [ (~wi)— 1, (1—w)PE. (5.3.10)

If wy and wy are such that the function given in (5.3.J0} is maximal at w, and
w o, then

w41 8 + a1 o + 412 £] (5.3.11)

z
+owi (20 y o+ 20,4k ) 8+ 201, 8 — 4050 8 — 4L a— A2 ¢
+ Al EQ—wi]— 20y — 23 8+ 2kl B 24,0 8w, = 0,
for (i, j) = (1,2) and (¢ ,j) = (2,1).
~ Proof

It s casy to show that (5.3.9) holds by using (5.3.4). Equation (5.3.11} can be
proved by using the fact that (u,v) is a pair where d (x ,y ,£) is maximal, %o

dd (x,y .€) : _  pdlx,ye} : =0. 0
dw1 Wz y)=(uv) wa I(x v )=C(u,v)

In view of lemma 5.3.5 it is useful to give the following definition.

Definition 53.6
Let &y, &y, 1y and 1y be fixed. The maximal value of the functions given in
(5.3.10) is denoted by d (k 1,k 2,05,02; €).

Now it is possible to prove that the designs € given in section 5.2 are D-optimal,
The procedure is as follows. It is sufficient to prove that d (x v &) & .lrn (n+3)

If the conditions § + 2§ 2 0, § £ 0, and o — 28 > O are satished, then one
just has to consider the pairs {u,) as defined in theorem 5.3.4. The values
d {k .k 3,L1,11; €) can be computed by use of lemma 5.3.5. The maximal value of
di{x ,v,€) can be found by computing these values for all combinations
(kykalydly) with £y + ka4 1, +13=n . This seems a rather cumbersome
task.
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However, many combinations can be omitted using trivial arguments. If
8 — 4f, then the combinations (ki, k3, 0, k3) bave 1o be investigated. In that
case wy satisfics the equation

wi [2(y=1)8 + dla + &3 £)] (5.3.12)
w2y + 20k, + k)8 — 2(k—1)8 —4(o + k4 £)]
—2y + 2Wk~k)8=0.

fk,=ky= 0, then
1

- 14 12y a7
wp=—1+ 1101 a+ng+%(n—1)6] . (5.3.13)

Theorem 5.3.7
The designs € given in section 5.2 in table 5.2.7 are D-optimal.

Proof
The procedure given above is used. The conditions § + 2£ 2 0, £ £ 0 and
o — 28 # 0 hold. Moreover § = —4f . This means that the maximal value of

d{(x,y,€) is equal to one of the values d(k,k;0/k3 €). By computing these
values one finds that the variame function i maximal at the pairs of the design
€ and that the maximal value iz equal to %n (n+3). fl

5.4. Reduction of the number of pairs of discrete D-optimal designs

The number of pairs N of the design given in table 5.2.7 is large com-
pared 1o the number ND given in that table. We recall these numbers here

Table 5.4.1

Number of pairs of the D-optimal designs given in section 5.2
n 2 3 4 5 & 7

ND 20 44 304 512 1824 6848

ND | 15 | a5 105 210 378 630

According to theorem 2.3.6 NI is such that a D-optimal design exists with m
pairs and such that m % ND . As can be seen in table 5.4.1 it is possible to
reduce considerably the number of pairs of the designs given in section 5.2 ,
especially when n is large. When n = 3 the number of pairs is smaller than
ND . Therefore we will exclude this case. In section 5.4.1 a D-optimal design for
n = 2 iz given with 15 pairs. Section 5.4.2 contains some general remarks and
results. In section 5.4.3 and 5.4.4 we discuss the cases n = Sand n = 4,
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S..1. A discrete D-optima) design with 15 pairs when n=2

As a result of the proof of the D-optimality of the design given in section
3.2, the set of pairs of any diserete D-optimal design is contained in the set of
20 pairs of the D-optimal design given in that section. These 20 pairs are given
in figure 5.2.6. The information matrix M of 2 discrete D-optimal design is
denoted by {4.1.5). We shall construct a D-optimal desipn with 15 pairs by
choosing new weights 7,, 1 % { € 20 in such a way that five of them are zero,
whereas 0 & 7, £ 1 forall: with 1 € ¢ % 20.

Further
M
=1, (5.4.1)
i-1

and
20
}:, T Mg, )= M, (5.4.2)
=1

where M (¢, ) is the information matrix of the 7-th pair of the design. The pairs
are numbered in the order in which they are given in figure 5.2.6. 50 the pair
((1,1),(1,—1)) is given number 1 and weight 7y, and the pair
((—1,1),(=w3,=1)) is given number 20 and weight 7, etc. We define

M = (M (3, M52, M 55,M 53,M 44,M 34, M 12,M 13,M 14,M 25, M 34,
Mi5,M 35, M 35,M 45", (5.4.3)
50
M = {p.p,z,s+1,5+t.£,000000000) , (5.4.4)
and
T=(r,Ta ..., Taw). (5.4.5)

Now the equation (5.4.2) can be rewritten as the following system of 15 equa-
tions

M=Br~, (5.4.6)

where



109

D440 ef(1111111) 41 1 1 1) afC1 11 1)
b 004 a2 111111 1) afQ 11 1) 41 111)
b 4 4 4la?{t 1110000} 271 11 1) &fC1 1 1 1)
afpf(i 1111111 0 afhf(1 1 1 1)
afb2(1 1 11 11 1 1eii 11 1) 0
edp?(1 3 1 1-1-1-1-1) 0 4]
@00 0 0 0-1 1 1-1) Zaxl 1-1-1) 2a-1-1 1 1)
B= afbyl -1 1-1 1-1 1-1) 0 afby{ 1 -1 1-1)
afbfl -1 1-1-1 1-1 1)Xasby{1-1-1 1) 0
afbfl1-1-1 1-1-1 1 1X 0 2asba{-1 1 1-1)
afby(1-1-2 11 1-1-1)afbx1-1 1-1) 0
D 4-4 0 2b(1 -1 1-1) asbal-1 1 1-1)
4 0 0-4 azbz{l-1 1-1) 2bz(1-1 1-1)
afpf(1 1-1-1 0000 0 abd(-1-1 1 1)
afb2(l 1-1-1 0 0 0 O)agpf(l 1-1-1) 0

with ¢; = (1—w,;) and 5, = (1+w,y, 1=1,2. By investigating the structure of
the information matrix, one can show that the first 6 of these 15 equations are
equivalent with the following 6:

71+ 147 2,

Ta+ T3= 2V,

T+ Tg+ 77+ T = 41, (5.4.7)
Tot+t T+ TutTu= 40,

Tzt T+ Tis+ Tig = 4p,

T+ Tig+ 7T+ T= 4p,

where ¥, u, A and p are the weights corresponding to the discrete D-optimal
design given in section 5.2. From this it follows that for any D-optimal design
at least one of the pairs of each of the 6 subsets, defined by the & equations
abave, has a positive weight. From (5.4.7) it is clear that condition (5.4.2) is
satisfhed. Now we have = set of 15 equations —the 6 equations of (5.4.7) and the
last 9 equations of (5.4.6)- in 20 variables 7, .
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We choose 74 = 74= 742 7= 71; = 0. Then we obtain

T, = 2v = 004960 ,
Ta= 2 = 004960 ,
T3= 0,
Tq= 0 N
(1+U1)2
75= 2p — 20 [4- L~ 1] 1= 0,04673 ,
3Tk (1+v,)?
e O,
(1+vy)?
=gg=p+rla—1 _1]"' = 0.06906 ,
7 Ts= H ! (1+v,)? ]
Br(l=v,y)?
To= = - i
O—v ) —v DH3— vy )(1+vy)
(1+V1)2
+al24+ (4————1)"1]1= 0.07850 ,
[2+¢ (14v,)? ™

T~ Tn =0,

I —Br(1— vy} N
1 (I—v 1= v 2 3—v (1 +vy) M
(1+v,)?
+ A [2— (4———F — 1)"']= 0.04050 ,
[2—¢( ) y1]
Frem paem p— 2v + (1—v 1= )?
157 Tig = f2 (1+U3)3 M 2(1—\/2)2
_ (1—\*1)(1—v1)2 1 _
: 2(1—vya) 2(1+v = (L tve) 0.02864 ,
v (1=vi)(1—v,)?
- —~ + —
Tie™ Tm= p (v )2 I 2(1=v, P
(1=v  M1=vy)? 1 _
— A i=va) T TIETR A 0.08106 ,
o OUmvd(ewy)?
17 1= p (1+va)? K H1—v )
(1—vX1—vy)? 1 _
PR ST o=y - 06569,
2w (1—vy (1= y)?
Tig= Tia= p (1+va? H 2(1—v,)?
- )
4y Hmvaliovy) 1 = 0.12300 .

2(1-=vr4) 201 +v I+ (1+v,)
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All weights are between O and 1, So, we have found a discrete D-optimal design
with 15 pairs. However, this design is not very useful for the construction of
exact designs: the weights have 9 different values, whereas in an exact design
consisting of these 15 pairs all these pairs have the same weights. The informa-
tion matrix of such a design does not have the structure given in (4.1.5).

5.4.2. Half-replicates and quarter-replicates of §{{u,v)).

In this section some general remarks are made concerning the reduction of
the number of pairs of the designs of the type given in section 5.2. We¢ shall ¢con-
sider the reduction of the number of pairs of the set §((u ,v)) in general and of
the set §(k,,k3) in partieular, As we have seen in (4,2,16), there is a relation
between the design matrix of the set §((u ,v)) and the design matrix of a 2"~
factorial experiment, where all interactions between three or more factors are
assumed negligible, The method to construct fractional factorial experiments can
be used to reduce the numbers of pairs of S({(u,v)) as follows, Let a half-
replicate of a 27 -factorial experiment exists, for which all main effects and all
two-fector interactions are clear of one another. Now, by using the expressions
(4.2,16) and (4.2,18) it is easy to see that a design can be constructed consisting
of 277! pairs of $((u,r)) and having an information matrix equal to
$M{(u v )) . The designmatrix D' of this set of 2" ! pairs is

b= Xn)Ww-~-vy. (5.4.8}

Here I/ and V are as defined in (4.2,17) and ¥,(n) consists of the rows of
X1f{n ) which are related to the pairs chosen in the half-replicate of the 27 -
factorial. A method to construct fractional factorial experiments is given in
chapter 10 of Davies(1963). As is pointed out there 2 relation exists between
fractional factorial experiments and confounding. When a design is confounded
in blocks, any block constitutes a fractional factorial design and any block can
be obtained by applying a set of defining contrasts. So, when a design is con-
founded in four blocks any block constitutes a quarter-replicate, However, some
cffects and (higher-order) interactions are confounded. To construct a hailf-
replicate of §((u,v)) it is necessary 1o construct a half-replicate for which all
main effects and all twe-factor interactions, which are measured in the set
5{(u,v)), are clear of one another, A half-replicate of a 2" -factorial experiment

for which all main effects and (’21) two-factor interactions are cleax of one

another can be found forn 2 5. We give the defining contrast of the principal
block of the corresponding confounded design for n = 5, 6, 7. See also chapter
10 of Davies (1963).
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Table 5.4.2
Defining contrast of a half-replicatc of a 27 -factorial for which all
main effects and all two-factor interactions are clear of one another

n | Defining Number Principal block

contrast of pairs
5 | I- ABCDE 16 All treatment combinations for
6 | I, ABCDEF 32 which the number of letters con-
7 | I,- ABCDEFG . 64 stituting that combination is even.

When n = §, the principal block, for example, consists of (1), ab, ac, be, ad, bd,
td, ae, be, ce, de, abed, abee, abde, acde, bede,

Remark

We did not discuss the matrix X in X ,(n), which might disturb the ortho-
gonality of the design matrix of the half-replicate of §((u,)). However, a
column of K consists of +1's, and therefore it is orthogonal 1o the other
columns of the design matrix of the half-replicate of the 27 -factorial, each
column having the same number of +1's and -1's. Actually, a column of the
matrix X plays the same role as the constant fuctor in the 2" -factorial experi-
ment. 1]

One might be tempted to construct a quarter-replicate of a 27-factorial experi-
ment, Since the number of main effects and two order-interactions is equal to
28, which 15 less than 32, & quarter-replicate might be found for which the main
effects are clear of one another. However, this is not possible. Choase for exam-
ple as defining contrausts I, ABCDE, DEFG, ABCFG. Note that the produet of
ABCDE and DEFG is equal to the last defining contrast where D? = E?= 7 as
usual, It is clear that we cannot do better than this, because if a letter is added
to the four-factor interaction the product with one of the other will be a four-
factor interaction. So in every set of defining contrasts a four-factor interaction
is contained. This means that 3 two-factor interactions are confounded with 3
other two-factor interactions. In this case DE = FG, DF = EG and DG = EF .

Let us now consider the reduction of the number of pairs of § (k,,k2). In general
the number of pairs of a half-replicate of ${(u v )) is 2771 However, if
lu; | = Jv;1 = 1foralli,1 % { % n,then the number of pairs of S ((u,v))
is equal to 2"71 since all pairs occur twice, So at first sight it seems that nothing
has been gained. However, by investigating the design more carefully, some
results can be achieved. We shall discues this forn = 5, 6 and 7. 5(k,,k,) con-

sists of (k"l) scts of the type S((u,v)), where lw ! = lv, 1 = 1 for all

[,1% { % n, Weapply the method described above to construet half-replicates
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of the sets §(k 1K 2) .

i),

ii)

First w¢ consider the case n = 35,

We use the defining contrasts given in table $.4.2 to obtain half-replicates of
the sets §((z,v)) of which §(k.k») is composed. By investigating these
half-replicates of the sets S({u,r)) we see that in the case of 5(1,4) and
§(3,2) all pairs occur twice in these half-replicates, since all treatment com-
binations with an even number of letters occur in the principal block. The
other treatment combinations oceur in the second block. The objects of any
pair of §(1,4) or $(3,2) ar¢ clements of the same block, For example (1) and
ab occur in the principal block and the pair ((1),ab) is a pair of §(3.,2). 8o,
by the method described above a half-replicate of S(1,4) and of $(3,2) is
obtained. In the case of 5(0,5), 5(2,3) and 5(4,1) the objects of the princi-
pal block are compared with objects of the second block. Therefore, in these
cases the number of pairs is not reduced by using this half-replicate. It is
possible 1o reduce the number of pairs of § (0,5) by using a quurter-replicate
of a 25-factorial experiment, defined by the contrasts I, -BCE, -ADE, ABCD.
In this quarter-replicate all main effects are clear of one another, but they are
confounded with two-factor interactions, This does not affect the structure
of the information matrix of the design, because two-factor interactions are
not measured in S$0,5). I is not possible to reduce the number of pairs of
§(2,3) by reducing the numbers of pairs of each subset §{{u,v)) of which it
i¢ composed without confounding some main effects or two-factor interac-
tions, which are measured in this set, with one another. However, it is possi-
ble 1o reduce the nmumber of pairs of the set §(2,3). This will be shown in
section 5.4.3.

n==6

We consider the sets S(k %2 and the sets S{{u ,v}) of which 1% composed.
Using the defining contrast given in table 5.4.2 one can obtain half-replicates
of the sets §{{u,)). By investigating these half-replicates it can be seen
that in the cases $(0,6), 5(2.4) and §(4,2) pairs oceur twice in these half-
replicates. The objects of any pair of these sets oceur in the same block. This
does not hold jn the cases $(1,5), 5(3,3) and £(5,1). In these cases other
defining contrasts have to be used. Consider the defining contrasts I, -ABCDE.
All main effects and two-factor interactions are clear of one another. The
principal block consists of the treatment combinations mentioned in table
5.4.2, together with all treatment combinations that can be found by multi-
plying these combinations by . Uszing these defining contrasts to construct
balf-replicates of the set §((u v)) where u = (— 1-1=-1~1—1,—1) and
v = (~1,1,1,1,1,1)", we obtain half-replicates in which all pairs occur twice.
The objects (1) and bedef, for example, are elements of the principal block,
and the peir ((1), bedef) s  an element of the set
§((—1,~-1,—1,~1,~1,~1)4—1,1,1,1,1,1)). Similarly, using ¢.g. L,-ABCDF as
defining contrasts, one can obtain half-replicates of other subsets § ((u,v)) of
5(1,5) in which all pairs occur twice, 8o, we have found a half-replicate of
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£(1,5) . The same defining contrasts yield a half-replicate of §(3,3). There-
fore, summarizing the results in the case n = 6, we have found half-
replicates for all §{(k k) —cf. table 5.4.3,
i)n = 7

We consider the quarter-replicate of a 27-factorial experiment given at the
beginning of this section, with defining contrasts I, -ABCDE, DEFG, -ABCFG.
It consists of the treatment combinations:

(1), ab, ac, be, de, abde, acde, bede, adf, bdf, cdf, abedf, aef, bef, cef, abcef
and all treatment combinations obtained by multiplying these combinations
by fg, where f*= 1. In this quarter-replicate all main effects are clear of
two-faclor interactions, but three two-factor interactions are confounded
with three other two-factor interactions: DE«F(G, DF=EG and DG=EF, How-
ever, the sets §((«,»)) of which the set §(k,k;) is composed, measure k4
main effects and k;k; two-factor interactions. Therefore this guarter-
replicate  yields a  quarter-replicate of the set S((u,v)) with
vu=(-1=1~1—-1~1—1—1Y and v = (—1,~1,~1,1,1,1,1), in which all
main effects and two-factor interactions, that are measured, are clear of one
another. Moreover, all pairs occuy twice in this set. Using similar defining
contrasts for the other subsets, a quarter-replicate can be obtained of 5(3,4),
Similar methods vyield quarter-replicates of the sets 5(k,k;), the case
5(3,4) being the most difficult one, because 16 main effects and two-factor
interactions are measured in this set.

In table 5.4.3 some results of this section are given,
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Table 5.43
Summary of results concerning the reduction of the
number of pairs of 5 ((u v )) and §{kk3)

Set Number of pairs Number of p_atrs
after reduction
S(lu,w)) " n-1
withn 2 5 2 2
50,5 Co1e 8
5(1,4) 80 40
50,6} 32 16
§1,5) 192 96
£(2,4) 480 240
5(3,3) 640 320
5(0,7) 64 16
5(1,6) 448 124
5(2,5) 1344 336
$(3,4) 2240 560

54,3, Reduction of the number of pairs of discrete D-optimal designs for
n=4ard n=>5.

We consider the discrete D-optimal designs piven in sectjon 5.2. First we
discuss the reduction of the number of pairs whenn = 3.
The design given in section 5.2 consists of

i 523 with 10 2* = 160 pairs ,
i) $£(0,05;w,) with 2% = 32 pairs,
i) $£5(0,0,5; w,) with 1025 = 320 pairs .

By the method given in section 3.4.2 half-replicates can be found of
5P(0,0,5; w,) and SP2(0,0,5; w,). This yiclds a D-optimal design with 336
pairs. But a further reduction of the number of pairs is pessible. First we con-
sider the set SP3(0,0,5; w). This set consists of the following subsets:
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5 =S((W|.W1,Wl, 1, 1),( 1, 1, Lwy,,wid),
5z = 85Uwywy, Lwy 1001, 1w, ILw, D),

Sy = Slwyw,, 1, 1wy (1, 1wy wy, i,
54 = S((Wl, Towywy 1).( Lw,, 1, 1,wi}),
S5 = Slwy, Lwy, Fwg)( 1wy, 1wy, 1)),
8¢ = 5wy, 1, Lwpw, ) Lwiw,y, 1, 1)),
8 = 800 Lwywywy, Diwy 1, 1, Lw,)),

Fp = S 1wgwy, 1:“’1)1(“’1, 1, Liwy, 1)),
6 =800 Lwy, Lwywihiwy Lw,y 1, 1)),
Sw o= 500 1, Lwowiw,llw,wy 1, 1, 1)),

Each set S, consists of 32 pairs. A quarter-replicate of each set can be found by
using the defining contrasts I, CDE, ABD, ABCE., The following quarter-
replicates of a 2%-factorial experiment are obtained by using these defining con-
trasts:

{I): (1), ab, acd, bed, ce, abee, ade, bde |
Defining contrasts [, -CDE, -ABD, ABCE .
(II): a, b, cd, abed, ace, bee, de, abde
Defining contrasts I, -CDE, ABD, _ABCE .

(II1): ¢, abe, ad, bd, e, abe, acde, acde, bede |
Defning contrasts I, CDE, -ABD, ~ABCE
(IV}:ac, be, d, abd, ae, be, cde, abede |
Defining contrasts I, CDE, ABD, ABCE |

In these blocks some main effects and two-factor interactions are confounded:
C=DE, D=CE=AR, E=CD, AnBD, B=AD, AC=BE, AE=BC .

A1l other main effects and two-factor interactions are clear of one another and
of the main effects and interactions given above. We compute the information
matrices M, Map, My and Mgy, If all main effects and two-factor interac—
tions wounld have been clear of one anothez, then the result wonld have been

I f

|

| |
| |

Mgy= 127 LA
[ [

| | I

where § = 1,11, 111,IV. Now, due to the fact that some main effects and
two-factor interactions are confounded, we have

|(M(;))k_;| =8 foriz= [,II,IIl,IV.
where ‘
(% ,1)€] (3,20),(4,19),(4,11),(11,19)(5,16),(1,15),(2,14),(12,18),(13,17) | .

The signs of (M ;3),, are given in the following table.



Table 5.4.4
Signs of (M)

(k,1) I I I IV | confounded effects
(13,17 + - - * BC, AE
(12,18) + - - - AC, BE
(11,19) + - = + AB,CE

@11y | - + -+ D,AB

(2,34) - o+ -+ B, AD

115y | - + -+ A,BD

(5,16) - - + - E.CD

{4,19) - -+ - D,CE

(3,20) - -+ - CDE

These signs can be found as follows, {M 3 ks is related 1o BC and AE, which
are confounded. The defining contrasts of (I) are I, -CDE, -ABD, ABCE. There-
fore, BC = AE and (Mhs 7 = +8. Similarly we find (Maphaar = —8. Now
we can compute the information matrices M, of quarter-replicates of §;. We

define

8!.1’ =

+1 ,if the guarter-replicate (i ) or (j ) is chosen ,

(5.4.9)

—1 ,if not ({ ) or (}) is chosen,

The expression (4.2.16) can be used to compute M;. We find for example for §,.

_ ) L3
U= (wpwiwald L wéwi,wd 1,11 wiwi wawpwwwwl)

So

= (1,1,1,wywy | L, L,wlwf | Llwpwywywpwpwwi )

U=V = (wy— 1, w1, wi—1, 1—wy,l—=wy | wi—1L,wi—1,wi=1,

and

(Miz17= 0,
(M D
(M )3z

I_W?- 1-W12 | W12_1) Wf_lp Wf_la Oioiololololl_wf) ',

8(1—w X wi—1)bum .
8w — 1D —w £ Mgy -

In table 5.4.5 the signs are given of the elements of M, which are of interest.
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Table 5.4.5

Signs of the important elements of M,

P (3.17) (12,18) (11,19 [(4,11) (2,34) (1,15)](5,16) (4,19) (3,20)
1 Sugv v
2 —Buv [=8uw —Buv =8 Bury

3 5u,|v SIII.IV

4 =814y S Simav

S . Suv Burwy

7 =&y By Smav
7 —8pv Sugv| Bunv

B (Sll,lv auuv

9 —&1y Sugv Sinnav
10 —5|,1v Buv = & v —5m,w —8mav

Now we choose the following quarter-replicate of §,.

Table £.4.6
Choice of quarter-replicate of §;

i 1 2 3 4 5 6 7 B 9 10
quarter-replicate (j3 | I 1 I 1 IV I I I I 0

As can be seen by inspecting table 5.4.5 we have constructed a guarter-replicate
of §P,(0,0,5; w,) for which the information matrix is equal to IMPL0.0.5wy).

A similar method can be used to reduce the number of pairs of §(2,3) which
consists of 160 pairs. First we consider the sets

Iy =§50—1,—1,—1, 1, 1), 1, 1, 1, 1, 1)),
Ty =§5((—1,—1, 1,—1, 10 &, 1, 1, 1, 1)),
Ty = $((—~1,—1, 1, 1,—10( 1, t, 1, 1, 1)),
Ty =585((—1, 1,~1,—1, 1) 1, 1, 1, 1, 1D,
Ts =85((—1, 1,—1, 1,—1)( 1, 1, 1, 1, 1)),
e =8((—1, 1, 1,—1—13( 1, 1, 1, 1, 1)),
Ty =5 1,—1,—1,—1, 1),( 1, 1, 1, 1, 1),
Tg =850 1,~1,—1, 1,—13( 1, 1, 1, 1, 1)),
To =850 1,—1, 1—=1—1),( 1, 1, 1, 1, 1D,
Tp=5¢ 1, 1,—1,—1,—1)( 1, 1, 1, 1, 1)},

In each of 1hese sets every pair occurs twice, A qguarter-replicate
(1), (113, {I11) or (IV) of cach set T; is chosen. In a similar way a# in 1the method
described above we find for the signs of the important elements of the informa-
tion matrices M, of the quarter-replicates:
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Table 5.4.7
The signs of the important elements of M,
i | (13,17 (12,18) (11,19)[(4,11) (2,14) (1,15)[(5,16) (4,19) (3,20)
1 Su,w Sngv
2 Sy Siv
3 Bu,lv By
4 Suv v | B By Bury  Sue
5 : Sy By
& Siav v | Surv Suav | Suy  Smav
7 Suv Sy | S Suav Sy Sugv
B Simav By
9 S Suv | Buv B Sugv  Smrv
10 Suv Sipe
Now we choose the following quarter-replicate of T;.
Table 5.4.8
Choice of quarter-replicate of T,
i i 2 3 4 5 6 7 B8 9 10
quarter-replicate (j) [ 1 1 II I I O 1 I K 1

This vields a half-replicate of $(2,3). We have found a discrete D-optimal
design consisting of

i) a half-replicate of §(2,3) 80 pairs ,
ii) a half-replicate of 5P (0,0,5; wy) 16 pairs,
iti) a quarter-replicate of SP5(0,0,5; wy) : 80 pairs,

In total : 176 pairs .

This humber is smaller than 210, the nambex NO given in table 5.4.1.

Now we consider the case n = 4,
The design given in section 5.2 consists of

1) §(2,2) with 62% = 48 pairs,
i) SP(0,0,4; wy) with 2* = 16 pairs,
iii) SP0,0,4; wi) with 32 = 48 pairs,
iv) SP(1,2,1; wy) with 122% = 192 pairs,

In total : 304 pairs .

First we consider the set SP(1,2,1; w3). This set consists of the following sets:
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Sy o= ((LEL1D,0 1,—1,—1, wy)), 5; = (LI 1, wy—1,—1)),
82 = ((L1L,1,1)00—1, 1,—1, wa)), $p = ((1,1,L,1)0—1, wy, 1,~1),
Fo = ULLLI—1,—1, 1, wa)), Sa w ((1L11,10(—1, wo—1, 1)),
Sa= ULLL1)L0 1,—1, wa—1 1)), S = (1,510 wy, 1,—1,—1)),
S5 = ((LLLD(—1, 1, wa—1)), Suo= (1L (wy =1, 1,—1)),
8o = ((1,1,1,10(—1,—1,w, 10, Sz = (01,1,1,1),( wo,—1 ,—1, 1))

Al pairs of $P(1,2,1; w;) have weights p, It can be shown that the following
desirn has the same information matrix:

-all pairs of §,, §4, 85 and §49 with weights 2p ,

-all pairs of §,, 84, 54 and §y, with weights p ,

This design consists of 128 pairs, but it is not very useful for practical applica-
tions for the following reason. If one wants to construct an exact design consist-
ing of these pairs and having an information materix of type (4.1.5), then the
pairs of 5y, 8¢, 84 and §1p must be chosen twice. Therefore no reduction of the
number of pairs is achieved when constructing exact designs. We will construet
a half-replicate of SP(1,2,1; w,) using a method similar to the one used in the
case n = 5. A half-replicate of each se1 §; can be found by using the defining
contrast ABUD. We find half-replicates of a4 2'-factorial experiment:

(I: (1)ab,ac,bead bd ¢d,abed.
Defining contrasts I, ABCD .
(11): a,b,c,abe,d,abd,acd,bed.
Defining contrasts I, ~ABCD .
The confounded intcractions are BC = AD, AC = BD, AB = CD . Therefore, in

computing the information matrix Mqy and M, the following elements are
important:

Table 5.4.9
The signs of (M),

(k1) i I II | Confounded interactions
(11,12) + - AD , BC
{10,13) + - AC, BD
(9,14) - AB,CD

We define

+1 ,if the half-replicate ! is chosen,
5| =
—1 ,if the half-replicate II is chosen.
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Table 5.4.10

The signs of the important elements of M,
i (11,12) (1013) (9,14)
1 &| SI

2 6] al

3 & §

4 5 8,

5 - B &

G 8 5

7 & &

8 & &

) 5| Bl
10 & &

11 8 &
12 B &

We can choose the following half-replicates of §;: I for { = 1,2,3,456 and II
for ; = 7,8,9,10,11,12. This gives a half-replicate of §7(1,2,1; w,), for which
the information matrix is equal to .;MP(].,Z,].',W:)' We consider the set
SP4(0,0,4; w,) . Tt is not possible to construct a half-replicate of SP;(0,0,4; wj)
having an information matrix of type (4.1.5). Therefore, we consider the fol-
lowing D-optimal design.

i) the pairs of §(2,2) with weipghts
ii) the pairs of 37(0,0,4; w,) with weights
iii) the pairs of §5P(0,0,4; w) with weights
iv) the pairs of P (1,2,1; wp) with weights

0.00711 ,
0.00186 ,
0.00492 ,
- 0.00162

b >‘-'§:..:.'
B

The number of pairs of SP;(0,0,4; w ) is equal to 64, which is 16 more than the
number of pairs of $P;(0,0,4; wy). However, it is possible to construct a balf-
replicate of SP1(0,0,4; w1), which consists of the sets

Ty=80 1, 1, 1w iwwy,wyg, 1)),
T, =501, Lwy, h(wyws, Lwi)),
Ty =500 1wy, 1, I)(wy, 1wywy)),
Ty=8wy, 1, 1, 120 Lwiw,wi)),

Choosing the half-replicate (I} for each set I, we obtain a half-replicate of
SP(0,0,4; w ). ‘
Finally we consider the set §(2,2), This set consists of
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V= S({1,1,1,1),(—1,—1, 1, 1)},

Vy = §((1,1,1,1),(—1, 1,—1, 11,
Vi = 8§({1,1,1,1),(—1, 1, 1,—1)),
Vi =8SH1,1,1,10,0 1,—1,—1, 10,
Ve =50(1,1,1,1),0 1—1, 1,—~1)0,

Ve=50(1,1,1,1),( 1, 1,—1,-1)),

In each set V; the pairs occur twice. Therefore, we need a quarter-replicate of v,
to obtain a half-replicate of ¥(2,2). Consider the defining contrasts 1, D, ABC,
ABCI) . They yield the following quarter-replicates of a 2% factorial experi-
ment.

Defining contrasts

(I :Q), ah, ag, b 1, -I, -ABC, ABCD,
(I : a, b, ¢, abc 1, -0, ABC, -ABCD ,
() : 4, abd, acd, bed 1, D, -ABC, -ABCD ,
(IV) : ad, bd, cd, abed 1, D, ABC, ABCD.

By methods similar to the ones above it can be seen that a half-replicate of
§(2,2) for which the information matrix is equal to %M(2,2), can be found by

choosing ihe quarter-replicates given in table 5.4.11.

Table 5.4.11
Choice of guarter-teplicate of V)

i 1 2 3 4 5 6
guarter-replicate (j} | IV I I IV II 11

A digcrete D-optimal design has been constructed consisting of

i) a half-replicate of §(2,2) ;24 pairs,
ii) 5£(0,0,4; wy) : 16 pairs,
iii) & half-replicate of SP1(0,0,4; wy} ¢ 32 pairs,
iv) a half-replicate of $P(1,2,1; wy) @ 96 pairs,

In total : 168 pairs.

This number is larger than 105, the number N} given in table 5.4.1. Thexefore,
a further reduction can be achieved, However, this seems to entail many
different weights, which is not attractive for practical appiications.
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5.5. Exact designs when n=2,3,4, 5.

5.5.1. General remarks

In this section exact designs are constructed forn = 2,3, 4,5 . Let ¢ bea
discrete D-optimal design. As we have seen in sections 5.2 and 3.3 the following
holds.

If n is odd, then the set of pairs of the design € is contained in the union of the
fillowing sets:

1{p —
S(Un-1),2(r+1)),
SP(0,0n;w,y),
all  §P(00n;w)withl €1 & n ,

where wy has the value given in table 5.2.7.
If n = 2, 4, then the set of pairs of the design € is contained in the union of the
515

§ (%n .,%rt N
5P(00,n;wq),
all SPQOn;w)with 1 £ £ n,
1, -1 1 .
SP(in—=1,2n,1;w),
where w, and w4 have the values given in table 5.2.7,
It seems useful 1o consider exact desipns, for which the set of pairs iz also con-
tained in this union of sets. However, the pairs cannot have the same weights in
an exact design as in & discrete design, This can be partly compensated by choos-
ing other values for w, and w; than the ones given in table 5.2.7. For this rea-
son and in the light of the proof given in section 5.3 it is useful to define the
following sets.
Definition 5.5.1
S(000 i wiwyli= S((x.y)),
SP((0,0,15,l0 wywak= SP((x,y)),
where
x=(I,..., 1Lwy ..., wt),
y = (Wz,... ,Wz,l,.'..l)' )
1) ir the number of w's in x ,

Li+l,=n.

In general SP(0,0.1;,l3 wy,w;) contains (1"1)2" pairs. If wj = w,, then
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SP000100; wiwa) = SPL0,0,n; wy). The information matrices of the sets
gi\«'ﬁ:n in definition 5.5.1 are denoted by

M(O,O.Ihl kY Wl,WZ)
and MP(0,0,0,.0y wwy).

An expression for MP(0,0.01,13; w1,w3) is given in the following lemma,

lemma 5.5.2

pl

MP(Q,D,Z],Zz; W],WQ) = 2" s+t

zl
where (5.5.1)

- -1
- (?1—1) g1 ?2_1) g2,

P
— —2 -2
z - (?1_2) g + (?2_2) gaha + 2(?]_1) (wy—w,)?,
o, 3 -2 —2
t - ?1_2) gihy + (?2___2) goha = 2(?1_1)512!322-
—1 -1
s+t - (Etl_l) g;h] + (.?2_1) 82}125
with
o= (I=w) 2 Ry = (4w, ¥ g = (1—wh).
Proof

The correctness of the equations (5.5.1) can be proved by use of (4.2.20). This
yields

P =(znl)[1xg1+lzgz]/n,
2 = Dk + CPgaa + Litalw w2V (),
t = (Y Pgaa + (Pgaha - s gugall &)

s+t = (zr;)[llglhl +lzgaha ) n,
equivalent 1o {5.5.1). 1§

We choose exact designs for n =2, 3,4, 5, Ifn= 2, we choose exact designs
with pairs contained in the union of the following sets
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-5(1,1),

-SP(0,0,2; wy),
-§£00,0,1,1; waws),
SPOLLL; wa) .

Hn

4, these sets are

-5(2,2),

-5P(0,0,4; wy),

-$P(0,0,2,2; wa,ws) , of SP(0,0,1,3; wawa),
SE(1L,2,1wy) .

If n = 3,5, ihese sets are

-5 (Ln—123(r +1))
—SP{00n; wy),
-8£0,0,4(n—1),1(n +1); wa,ws) .

The values of wj, wy, wa and w4 have to be chosen sccording to some criterion.
We choose the CHiriterion and the D-eriterion. Exact designs are given in section
5.5.2 for the cases n = 3, 5 and in section 5.5.3 for the cases n = 2,4.In this
section a lemma is given that can be used when the Cecriterion is applied. The
maximal value of the variance funclion has to be computed, According to the
discussion in section 5.3 the values d (k& 5,01,1z) have 1o be computed. In many
cases the maximal value iz one of the values d,,d3 d3 if n is odd and one of
the values dy, d 3, d3, d 4 if n is even, where

d (.;.n ,%n) Jif n even,
dy =
d(in—1),2(n +1)) ,if n odd,
d,=d(0,00r), (5.5.2)
1 .
d (0,0,71'1 ,.;_n ) Jif noeven,
d; -
d4(0,0,1(n—1},3(n +1)) ,if » odd ,

dy= d(,}n—l,.;,n 0,1} if 1 even.

The maximal value has to be minimized. The following lemma is useful in
acbieving this,
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Lemma 5.5.3
Let Iy and Iy be fixed with Ly + o= n and let € be a design with covarignee ma-
trix of type (4.1.6). Let v, be the volue that maximizes ¢ (0,0,0,r) , and (v,vs)
the pair that maximizes d (0,0,1,,1,).
Then

2{0,00,n) = d(0,011,1;)
if and only if

6= —-ﬂl{and\;l: vy = vy .

Proof

i} Assume 8 = —4f and v, = v, = vy. By applying lemma 5.2.1 it can be
shown that 4(0,0,0,n) = d{(0,0,1:,15) .

ii) Assume d(0,0,0,n) = d(0,0,.0;) . Let d(k kalsly wywy) denote the
function given jn (5.3.10). S0 d(0,0,1,.1;) = d {0,0,{1,l; v5v3) - In the nota-
tion of (5.2.8) we have d(0,0,0n)= d(0,0,n;vy). We shall show that
& + 4£ = 0 by proving that the statements § + 4 < O and § + 4f = O are
both fulse.

a) Suppose § + 4£ < 0,
The maximal value of d (0,0, 11,l3; vy,v3) is d (0,0,01,05). Therefore,

a4 (0,0,04,05 va,vi) 2 d (0,08 155 vivy) .
S0, using (5.3.10), we find
d(000 0z vavy) = d{001la vavy) + 1ls (B + 4£)( 1=y )

Ly v+ 1y Qe 2 4+ (DS U—v? 2 + (D8 (1-vp P
Loa(l=v@ P+ Lall—vZ P+ ¢ [L(1=v ) — 10— v P

Il & (A—v @)+ Ayl £ (1=v P )?

+

+

fl

ny (Imvy P+ (PEA—vEP +n a(l=vi)

+

El(1~vE) + 1(1—v)?P = 4(0,001).
This contradicts d (0,0,0,n) = &(0,0,{,,02) .

b) Suppose § + Af = O,
Sitmilarly we have

d{0,0,0,n) > d (0,000 )41y (& + EW1—vI N1—v )
B hy Umv)t + 1y Govg? + (D8 —v3 2+ (D5 =)

8 (d—vpvy )+ o (I=v2 P + e (1—vi)?
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+ i~ vd )+ LU—vi)P= L2 (B + 48) (1—viX1—vd)
= d(0,01y,05 vava).
This contradicis  (0,0,0,n) = d(0,0,0,,l2) and completes the proof. 1]

5.5.2. Exact designs when n=13, 5.
Exact designs are constructed as follows,
If » = 3, we choose
i) 1y times the pairs of 5(1,2),
ii) nz times the pairs of SP(0,0,3; wy),
iii) n3 times the pairs of SP(0,0.1,2; wa.ws) .
The information matrix of this design has the structure of (4.1.5) and is deter-

mined by
(5.5.3)

p =[32n,+ 8Bnzgy + Bnslga+ 2g)]1/ N,

s =00 + 0 +38ngm+gun’l/N,

t = 0 +8nagih,+ 8nylgshs— 2engw)]/ N,

z = [32n1 + Bragihy + Bnalgohs + 2we—w3)l/ N,

where g;, h, and g, are defined as usual and N = 12n; + 8ny + 24n3.

If n = 35, we choose

i) n; times the pairs of a half-replicate of §(2,3),

ii) n, times the pairs of & haif-replicate of §F(0,0,5; w,),

iii} n; times the pairs of a quarter-replicate of SP{0,0,2,3; wa,w3);

nq,n 3 and n 3 have to be chosen such that the covariance matrix of the design has

the structure of (4.1.6). By the results of section 5.4 this implies the following

inequalities n; # 1, ny # 1, ny # 2if wy 2 wyand ng 2 1if wyp= wa.

If these conditions are satisfied, then the information matrix is determined by
(5.5.4)

p = [192n, + 16n, g1+ 16n3(2gg+ 333)]/N .

s=[0 + 0 + 24nalgp + gu)?l/ N,

t m[ O +16n,gih1+ Bralgahs + 3gshs— Ggmga)] / N,

z = (1920 + 16n, g1k, + Brglgahs + 3gahs + 6lw—wy ¥/ N,

where N = 80n, + 16n; + BOnj.
Let ny, ngpand 7z be fixed. Now w,, w2 and w3 have 10 be chosen according to

the (f;-criterion or the D-criterion. First we consider the C-criterion. In many
cases minimizing the maximal value of d;,d; and d3 means that w, wz and wy
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have 1o be such that d;= &y = d3, Therefore lemma 5.5.3 can be used. We
have writien a computer program that determines wy, wy and wy such that
mﬂx{ dhd?I is minimized under the regiriction § = —4f, In some caszes it is
nol truc that dy = dy = d5. Then lemma 5.5.3 cannot be applied. S0, a compu-
terprogram has been written to determine w), wy and w; without the assump-
tion § = —4¢, This program minimizes the maximal value of ¢y, d; and d4. In
some cases the values of wi, w, and wg are also computed under the restriction
W1= w3 or wy = wy= wj. This i done for practica) applications, In the case
n = 5 the restriction wiy = wy is useful with respect to the number of pairs of
the exact design, because now we may choose ny = 1 without affecting the
structure of the information matrix. Moreover, the D-criterion is used to deter—
mine the values of wy, wj and w, . The assumption § = = 4§ canneot be made in
computing these values, since in peneral it does not hold as can be seen in table
5.5.4. Again in some cases we assume w; = wgy OF wi = wjy = w; when com-
puting these values. Results are given in table 5.5.4 for some choices of ny, np
and ny These determine the weights of the pairs of the desipn. An argument
that can be used when choosing ny, 73 and n5 is that these weights should be
approximately the same as those in the discrete D-optimal designs. These
weights are given in table 5.2.7. However, the number of pairs of the design
must be small for practical applications. Some choices are given in table 5.5.4. In
the rows where the restrictions are givenn a 1 means that w,y, w, and wj are com-
puted under that restriction; a 0 means that no such restriction is made. The
Tesults arc satisfactory. The efficiency of the designs is good. The number af
puirs is small in the case n = 3. However, when n = 5, some designs have a
large number of pairs. The choice ny = ny= n3= lorn;= 2, np=ns= 1
seems to be a good one, both with the restrictions wz= waand wy = wy; T wj.
The number of pairs of these designs are comparatively small and the informa-
tion matrices of these designs have the structure of (4.1.5). The Crefficiency of
these designs is more than 0%, the D-efficiency more than 89%. The efficiencies
of the desipns constructed without the restriction 8 + 4£ = O are approximately
the same as the efficiencies of the designs constructed under this restriction.
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Table 5.5.4
Constants determining exact designs as given in section 5.5.2
| n=23

Choice

of ny=1; np=1; ny= 1;(44)

ny,nung 1)

Restrictions

§+af=0 1 0 4] 1 0 o]

Wa=wa . Q 0 o 1 1 1

WS wym wa (o] Q [+] ] 4]

Criterion é ¢ D é & D
wy —0.7352 —0.3762 —0.1590 | -—0.4720 —0.0988 —0.1398
wy —0.7194 0.6087 —0.5222

—(,5944 —0.5904 —0.1987

W 0.2333 —0.4324 —0.0425 0.5944 3 0.198
a 26970 2.6432 1.8473 3.2875 3.2398 1.4904
8 0,7947 0.7270 (.B58B5 1.0951 1.0176 (.9348
¥ 0.4936 05418 0.5593 0.3988 0.4298 0.5723
& —0.1987 —0.3088 —0.2049 | —0.2738 —0.5353 —0.0152
d, 10.3066 10.1503 11.3417 11.9511 11.5794 12.0566
dz 10,3066 9.1608 8.2145 11.9510 9.3584 9.0933
ds 10.1503 11.5794

Gefficiency 87.3 88.7 79.4 75.3 71.7 74.6

D-efficiency 87.9 20.2 949 79.8 83.7 94.3

1) Between brackets the number of pairs is given.



130

Tahle 5,54
Constants delermining exact designs as given in section 5.5.2
T=3 |
Choice
of ny=1; na=1; ny=2; ny= 1,
s 1) g = 1;(44) ny=1;(58)
Restrictions
S+df=0 Q 0 - i 0 0
wamwy 1 1 - 0 a 0
W= W= Wy 1 1 - [+] Q 4]
Criterion & D - el e D
why 0 -0.4247 —0.3365 —0,12]12
W —0.3640 0.1809 0 —0.,5431 —0.5473 —0.2114
wa Q —0.0043 —0,0200 --0,1238
o7 1.8270 1.4696 11,3750 24079 24221 1,B599
8 0.999t 0.9368 0.9167 0.6828 0.6769 (.7031
¥ 0.4807 0.5742 06875 Q.4852 0.4908 0,5283
£ o] 0 0 —0.1707 —0.2307 —0.0279
dy 11.B380 12.0880 12.8333 9.3434  9.3416 98512
da 10.0551 91777 9.3087 9.3434 8.8619 9.2136
dj 9.3416
Crefficiency 760 745  70.1 96.3 96.3 91.4
D-efficiency 31.0 943 91.4 96.5 97.3 99.1

1) Between brackets the number of pairs is given.
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Table 5.5.4
Constants determining exact designs as given in section 5.5.2
. n=3
Choice
of nlml,ng—l,n3—~l.(56)
Ry 1)
Restrictions
S+4f=0 1 aQ 0 0 0 -
W= wa ) 1 1 1 1 1 -
WIS W Wy 4] 0 o} 1 1 -
Criterion (:'v e D & D -
wy —0.1192 —0.1192 —0.1195 0
. —. [¢]
:2 0.3989 —0.3089 —0.1509 | ~0:2386 —0.1419 o
3
a 2.4748 1.8325 1.9677 1.8226 1.75
5 0.7232 0.7052 07158 0.7056 0.70
¥ 0.4629 0.5292 0.4952 0.5297 0.5833
3 —0.1808 —0.0079 Q 0 o}
dy 9.4887 9.8751 9.6880 9.8825 10.2666
ds 9.4887 9.3180 9.6880 9.3612 9.3390
dy
é—eﬁciency 94.8 91.1 929 91.1 87.7
D-efficiency 95.4 99.1 98.3 99.0 97.5

1) Between brackets the number of pairs is given.
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Table 5.5.4
Constants determining exact designs as given in section 5.5.2
n =3
Choice ny=rngw ng= 1;(1748)
of ny= ny= pg= 2; (352) or

ng gy 1)

ny=ny= n3= 2;{352)

Restrictions

6+3E=0 1 0 o 1 0

Wi ws 0 0 0 1 1 1

WT W=y [¢] Q 4] [0} Q

Criterion (’; (fi | (§ & D
Wy —0.6165 —0.2309 —0.0951 | —0.0888 —0.1083 —0.0926
w3 —0.6521 =0.6507 —0,2604
ws 0.3151 03154 —0.0540 | 9602 —0.4068 —0.1299
P 3.3687 33612 1.9702 29511 2.6327 1.8968
5 0.6637 0.6441 07316 | 0.7732  0.7655 0.7375
v 0.5121  0.5400 0.5581 0.4613 0.4757 0.5619
£ —0.1659 —0.3524 —0.0381 | —0.1933 —0.1323 —0.0053
d, 22.0750 21.9375 24.2557 | 24,0919 24.0807 24.4417
dy 22.0756 17.4170 19.2704 | 20.1220 20.0642 19.7946
d; 21.9375 18.6622

Geefficiency 90.6 91.2 82.5 83.0 83.1 51.%

D-efficiency 80,7 93.1 95.9 89.7 91.6 95.8

1) Between brackets the number of pairs is given.
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Table 5.54
Constants determining exact designs as piven in section 5.5.2
‘n=215 |

Choice r1= ny= ny= 1:{176)

of or ny=4; na=2;

nyany 1) 1= = nz= 2;(352) ny;= 2;(412)

Restrictions

5+4£=0 0 0 - 1 0 0

war—wy 1 1 - Q o 0

Wiz war—wy 1 1 - 4] o] o]

Criterion G D - ¢ ¢ D
W 0 —0.0930 —0.0051 —0.0715
wy —0.3048 —0.1220 (0] —0.3892 ~(.3891 —0.1008
wsa (o] —0,0059 —=0.0028 —0,0814
o 2.2281 1.8891 1.8333 3.1218 31215 2.7120
& 0.7603 0.7377 0.7333 0.5861 0.5859 0.5934
Y 04952 05626 0.6111 0.5013 0.5018 0.5148
¢ 0 0 o3 —0.1465 —0.1465 —0.0046
dy 24.1885 24.4555 24.9333 20.0817 20,0833 20.4204
dy 21,3947 19,8932 19.8692 20.5040 20.5042 22,1378
da 16.9017 20.5042

Grefciency 827 81,8 502 97.5 97.5 90.3

D-efficiency 93.5 95.8 94.8 98.9 98.9 99.8

1) Between brackets the number of pairs is given,



134

Table 5.5.4
Constants determining exact desipns as given in gection 5.5.2
n=25 |
| Choice 1= 2:n;= 1;n3= 1;(206)
of or
Ny 1) n1=4:ny= 2;n;= 2;(206)
Restrictions
G+af=0 1 0 0 0 0 -
Wa=wy 1 1 1 1 1 -
Wy WS wy 0 0 0 1 1 -
Criterion (} & D é D -
Wy —0.0029 —0,0042 —0.0719 0
— —0.0 0
w2 ~0.3626 —0.0999 —0.0887 00223 —0.0100
Wi Q
[24 35350  2.72Q07  2.7092 26693 2.7208 2.6667
8 06036 05935 0.5935 0.5927 05939 0.5926
Yy 0.4666 0.5152 0.5149 05286 0.5118 0.5333
£ —0,1509 —0.0090 ~0.00250 (3] Q 0
dy 20.0853 20,4253 20.4228 20.5666 20.3958 20.6222
dy 22,4169 22.0731 21,1756 22,1111 22,2821 22.1249
ds 18.7722 18.6052
Grefficiency 89.2 90.6 90.2 90.5 29.8 90.4
D-efficiency 96.0 99.7 99.8 99.6 99.8 99.4

1) Betwcen brackets the number of paifs is given.
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Table 5.5.4
Constants determining exact designs as given in section 5.5.2
n=25 |

Choice m = on,= 2ny= 1;(272)

of ny=na= 4;ny= 2;(544) | or

rysgng 1) = e = 4y = 2 (544)

Restrictions

5+4£=0 1 o 4] 1 0

Wiz wa 0 ] 0 1 1 1

WIS Wa=Wa 0 0 0 o Q

Criterion t] ] D [¢] ¢ D
wy —0.4980 —0.2121 —0.1049 | —0.4599 —0.2003 —0.1050
Wy —0.3267 —0.3122 —0.079% ‘
wa 0.0043 —0.1040 —0.0920 ~0,2360 —0,2350 —0,0869
o 31619 31669 28748 31775 31743  2.8766
& 0.6214 06109 0.6088 0.6290 06153 0.6088
b3 0.4860 04994 052855 04735 0,4926 0.5253
£ —0.1554 —0.3987 —0.2591 | —0.1576 —0.2984 —0.2595
d; 20.7445 206541 209164 20,7783 206794 209163
da 20,7445 19,9645 16.8917 20,7783 17,2558 16.8847
dj 20.6541 20.6794

Greficiency 96.4 96.8 95.6 96.3 96,7 95.6

D-efficiency 96.5 98.5 99.5 96.5 98.3 99.3

1) Between brackets the number of pairs is given.
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Table 5.5.4
Constants determining exact designs as given in section 5.5.2
n=35
Choice np=np= 2 ny=1,(272)
of or ny=2; np= 1,
nyigns 1) ry = ra = 4 ny= 2 (544) ny= 2;(336)
Restrictions
S+4£=0 0 - 1 Q 0
wiTwy I 1 . 0 0 0
W= W= wy 1 1 - 0 4] o)
Criterion ¢ D - ¢ é D
wy (o] —0.4671 —0,1683 —0.0773
Wa —(.2351 —0.1000 o -0.6720 —0.6725 —{.,4593
wy o 02911  0.2911 0©.0277
o 3.1746  2.8909 2. 8333 3.2677 32707 2.,18%0
5 06166 0.6089 0.6071 0.6365 0.6301 06993
Y 0.4902 05236 0.5483 0.5204 05307 05337
£ —0. 2886 —0.2628 —0.2576 | —0.1591 —0:2411  0.0304
d; 206813 208957 21.1521 21.5224 214905 23,1875
d; 17.4970 16.8629 16,8452 21.5224 19.5115 215711
dy 20,6813 19.3326 21.4905
Crefficiency 96.7 95.7 94.6 92.9 93,1 86.3
D-efficiency 98.2 99.5 99.0 93.0 93.8 95.8

1) Between brackets the number of pairs is given,
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Table 5.54 ‘
Constants determining exact designs as given in section 5.5.2
n=235
Choice
of n1=3;n2=2; 77.1:3;&2:1:
namans 1) ny= 2;(432) ny= 2;(416)
Restrictions
S+4f=0 i 0 [4] 1 0 o]
wr=ws 0 0 0 0 0 0
WIS W= wa 0 0 V) o ¢] o
Criterion e} é D ¢ ¢ D
wy 04135 —0.1596 —0.0817 | —0.0105 —0.0132 —0.0575
Wy —0.5341 —0.5673 —0.1318 | —0.5907 —0.5909 —0.2117
ws 0.1729 0.0311 —(.0903 0.0019 —0.0046 —0.0559
o 3.1704 3.1993  2.30B7 3.1794  3.1800 2.2744
& 06177 0.6207 0.6444 0.6113 0.6120 0.6336
¥y 0.5045 0.4986 0.5336 0,4895 0.4887 0.5233
£ —0.1544 —0.2770 —0.0083 | —0,1528 —0.1530 0.2573
dy 20.8802 20.8796 21.8685 20,5451 20.5515 21.4874
da 20.8802 17,9946 20.6661 20,8138 20.8148 26.9090
d3 20.8796 20.8148
Ceefficiency 95.8 95.8 91.5 96.1 96,1 74.3
D-efficiency 95.8 97.1 98.9 97.0 97.0 98.2
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5.5.3. Exact designs when n=2, 4,
Exact designs will be constructed as follows,
If n = 2, we choose
i}. n times the pairs of §(1,1),
it) n, times the pairs of SP(0,0,2; wy) ,
iii) ny times the pairs of a half-replicate of S2(0,0,1,1; w g,w+)
iv) n4 times the pairs of SP(0,1,1; w,) .

The information matrix of this design has the structure given in (4.1.5) if
R ZLng2 1 ng® landng 2 1 Hwy= wsorng 2 2ifwy = wy.
If these conditions are salisfied we have

(5.5.5)

p o= [8ny + dnyg, + 2nalga +ga) +anda+gJl/ N,
s =[ 0 + 0 + 2nalggy + gl tAnfg + R/ N,
t =01 0 +4dnygihi~ dnypmgs +O01/ N,

z = [16n; + 4nagih, + dnglwo—wa) + 8nhll/ N,

where N = 4y + 4712 + 4ns + 8714'

If n = 4, we ¢choose

i) ny times the pairs of a hall-replicate of 5(2,2),
ii) ny times the pairs of SP(0,0,4; wy),
iiiA) n, times the pairs of a half-replicatc of SP(0,0,1,3; waw ),
or
iiiB) 3 times the pairs of a half-replicate of $P(0,0,2,2; w 5ws),
iv)  n, times the pairs of a quarter-replicate of SP (1,2,1; w,).
The information matrix of this design has the structure given in (4.1.5) if
niZ lnaZlngZ2andny 2 1ifwy= wyorng 2 2if wy 7 wy,
If these conditions are satisfied we have

(5.5.6)

p=l48ny + 16n; g, + 8nyl(2g.—1)g, + 3gsl + 12n,(8 + g1 /N,
sl 0 4+ 0 + Brnagalgaz + gs)? +12ngy+ RJI/NV
=l 0 +16n3gihy + Brillg—1)g okt (3—gidgsha 20 e all/ NV,
z=l64r, + 16n, g1hy + Bnal(g—1)g Pt (3—g g shat 2g4(w — w3}
+ Bnd8 +ga+ 2RJI/N,
where

1, if {{{A ) is chosen ,

g4 =
2 ,if #HiR ) is chosen ,

and
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N = 24n; + 16n; + 16{1+qdns + 48n,.

Agein for fixed n; , na, 3 and ny the values of wy , wy, ws and w4 have been
computed according to the Creriterion or the D-criterion. When using the
criterion we make the assumption § + 4 = O, because we did not find better
results when this assumption was not made in the case n = 3,35 . Again in
some cases designs are constructed with wz= w3 oOr w; = w3 = wi. Some
.esults are given in table 5.5.5. For both n = 2 apd n = 4 designs are found for
which the number of pairs is comparatively small and which have a high
efficiency, The designs given in this table for » = 4 are designs with g4 = 1.
Using g2 = 2 does not lead 10 better resulls,
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Table 5.5.5
Constants determining exact designs as given in section 5.5.3
| n=2

Choice ga= 1 ga=1

of nyngn; ny= O, na= 0 ny= 2iny = 2

nqand g4 1) ny= ina= 1;(8) |na= 2;ny= 2; (40)

Restrictions

§+4£=0 0 Q - 1 0

WaT Wy - - - 0 0

WE W wy - - - 4] [4]

Criterion (_'} D - (_", D
wy - - - —0.0407 —0.1483
wa - - - |—0.0558 —0.1826
wa - - - —0.5128 —0.1826
W4 0.0754 0.1279 0 0.0061 0,0741
@ 2.0229 2.0671 2 1.9975 1.7495
8 0.8647 0.6860 1 0.6916 0.6884
Y 0.4120 0,4201 04 0.5116 05222
I'3 4] 0 0 —0.1729 —0.0133
dy 5.1066 4.8246 5.6 4,8127 4.8423
ds 5.8103 5.8393 5.R700| 5.1706 5.3316
dy
dy 5.0230 5.0000 5.1454| 5.0877 5.0479

('i—cﬁlciency 86.1 8§56 852 96.7 93.8
D-efficiency 98.4 98.7 97.2 98.5 99.6

1) Between brackets the number of pairs is given.



Table 5.5.5
Constants determining exact designs as given in section 5.5.3
l n=2
Choice 4= 1
of nynyms ni= na=nz3=ns= 1;(20) , 01
naand g4 1) Ay= na= ng= ng= 2 (40).
Restrictions
S+4£=0 1 0 0 -
Wwo=Wga 1 1 1 1 -
W= Wi Wy 1 1 -
Criterion & D & D -
Wy —0.0343 —0.1483 0
. —-0,1 0
w3 —0.3765 —0.1826 | 00751 —0.1639
Wi 0
w4 0.0224 0.0741 0.0193 00744 4]
[+3 2,0225 1.7495 1.6797  1.7344 1.6667
& 0.7054 0.6884 0,7076 0.6891 0.7143
Y 0.5040 0.5222 05392  0.5227 0.5556
& —0.1764 —0.0133 0 o, ]
dy 4.8377 4.8413 49869 4.8472 5.0794
dj 51983 5.3316 53124  5.3554 5.3383
dy
dy 5.0881 5.0479 5.0966 5.0492 51710
Geeficiency 96.2 938 941 934 937
D-efficiency 98.3 99.6 99.1 99.6 98.0

1) Between brackets the munber of pairs is given,
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Table 5.55

Constants determining exact designs as given in section 5.5.3

Choige ga=1
of nyrnang ny= 1linma= 2;n3= 1;ngy= 3; (40) , or
nyand gq 1} ny= 2iny= dinz;= 2;na= 6:(80).
Restrictions
b+af=0 1 0 0 0 -
W= wWa 1 1 i 1 -
W= = wy o] e 1 1 -
Criterion & D e} D -
w —0.3182 ~-0.1567 4]
w2 —0.0333 —0.1384 ~(.1380 —0.1502 4]
Wax 0
Wy 0.0688 0.1138 | —0,0369 0.1136 0
o 20132  2.0631 2.0340 20687 2
5 0.8019 0,7493 0.8081 0.7490 0.8333
¥ 0.4729 0,4919 0.4838 04920 0.5
£ —0.2005 —0.2885 | —0.2861 —0.2930 —0.2857
dy 5.0995 49649 5.1676 4.9641 5.3333
g3 5.0995 4.8375 4,B453 4.8506 4.8496
ds 5.2447 5.1676 5.2555 51446
dy 5.0261 50125 5.0236 5.0135 5.1019
Grefficiency 98.0 95.3 96.8 95.1 97.2
D-efficiency 99.0 99.9 99.7 99.9 98.6

1) Between brackets the number of pairs is given,
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Table 555
Corstants detérmining exact designs as given in section 5.5.3
| n=2 n=4 |
' Choice ga= 1 gqa=1

of nynans ny= 2na=4; |ny=1ling= Oyns= 2;ns= 0; (88)

nyand g4 1) | nz= 2, ne= 6; (80)

Restrictions

S+af=0 1 0 1 0 o -

W= Wy (o} [¢] 0 [4] 1 -

W= W= wgy (o] 0 Q 0 0 -

Criterion G D e D D -
Wy —0.3181 --0.1568 - - - -
wa —0,0317 —0.1384 0.6118 —0.6193 —0.1802 0
w3 —},0315 ==0.1384 |—0.5250 —0.0366 : 4]
Wy 0.0689 0.1138 - - B -
@ 2.0132 2.0631 30171 2.1083| 1.4689 1.375
& 0.8018 0.7493 0.7205 0.8241] 093466 0.9167
b4 0.4730 0.4919 0.5431 0.6218| 06416 0.7857
& —0.2005 —0.2885 |—0.1801 —0.2842| © 0
dy 5.0995 4.9649 | 15.8724 18.1602] 20.1190 20.9524
dy 5.0995 48575 | 158724 11.7319] 14.3873 14.6758
dy 5.2447
dy4 5.0264 5.0126 | 15.6607 16.5709| 17.4248 18,5088

Geefficiency 93.0 95.3 88.2 7.1 696  66.8

D-efficiency 99.0 99.9 98.9 92.7 91.3 88.6

1) Berween brackets the number of paits is given.
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Table 5.55

Constants detexmining ¢xact designs as given in section 5.5.3
=4

Choice gg=1 ga =1

of nynans
ngand g4 1)

= 2n,= O
nz= 2= 0;(112)

ni= Lina= O;na= 1;ne= 0, (56),0r
ny= 2;na=0;na= 2;mq4= 0;(112)

Restrictions

8raf=0 1 0 0 0 -
Wa=wy (¢} 1 1 -
Wi= Wa—wg [4] 0 Q 0 -
Criterion I D ) D
Wy - - - - -
wa 05073 —0.3276 0
ws —0.3808 —o0.1062 | 0-3623  —0.1544 0
Wy - - - - -
& 2.7424 19775 | 23186 1.8365 1.75
5 06341 06963 | 0.7361 0.7067 0.7
v 0.5852  0.6122 | 0.5215 06178 0.7
£ —0,1586 —0.0873 | O o} 0
dy 14,8267 16,0387 | 15.9496  16.2490 16.8
ds 14.8264 13.4595 | 15.9496  14.3546 14.4049
dj
dy 14.8261 150663 | 15.1337  15.1786 15.7%
Crefficiency 94.4 87.3 878 #6.2 83.3
D-¢fficiency 94.4 97.8 94.2 97.7 95.9

1) Between brackets the number of pairs is given,




Table 5.55
Constants detcrmining exact designs as given in section 5.5.3
| n=4
Choice ga=1
of nyngns nm= lina= 0;na= 2;nq= 2;(184),
nyand gq 1)
Restrictiions
5+4£=0 1 0 0 1 -
Wa=—wa 0 0 1 1 -
W= wa=wsy 0 0 0 0 -
Criterion e} D e D -
Wy - - - = -
wa —0,4105 —0.2044 (o}
wa —0.0612 —0.0930 0.0936 —0.1157
Wy 0.4311 0,0757 ‘ 0,106 0.0771 (4]
o 2.6528 2.1765 2.1519  2.1392 2.0909
8 0.6167 0.6702 06612 0.6718 0.6765
Y 0.5515 0.5305 0.5525 0.5410 0,5610
£ —0.1542 —0.0268 0 0 0
d, 14 2783 15.0393 14,9983 15,0764 15.3113
dy 14.2784 14.6810 14.9983 14.9560 14.8904
dy
da 14.2468 14.3883 14.4036 14.4077 14.5893
Gefficiency 98.1 93.1 93.3 929 914
D-eficiency 98.1 99.3 99.2 99.3 98.6

1) Between brackets the number of pairs is piven.

5.6. Robustness of the desighs
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As in section 4,5 we will give some lower bounds for the D-efficiencies of
the discrete D-optimal designs which are given in section 5.2 when the condition
(1.8.6) is not satisfied, The arguments given in section 4.5 also hold in the case
of a hypercube as experimentel repion, Lemma 4.5.) is used to compute the
lower bounds for some values of &, The results are similar to the ones given in

section 4.5 for n

2, 3,4, No lower bounds have been computed forn = 5.
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Table 5,6.1

Lower bounds for the D-efficiency of some designs
|| n=2 ||smallest

‘ Ba value | lower
By B By B By | ofwm ,, |bound
0.05 0.05 005 0.05 0.05| 0.435 |0.996
~0.05 0.05 0.05 0.05 0.05{ 0.450 |0.996
0.05 0.05 —0.05 0.05 0.05| 0.438 | 099
0.1 0.1 01 01 01 0.372 | 0.984
—0.1 0.1 01 01 Q1 0.401 | 0.984
01 ¢1 —01 01 01 0.378 | 0.954
0.2 02 0.2 0.2 02 0270 | 0.939
—0.2 0.2 02 02 02 0.310 }0.937
02 02 —02 02 02 0.270 | 0.941
03 3 0.3 03 03 0.172 | 0.877
-0.3 0.3 0.3 03 03 0.232 | 0.868
03 03 —03 03 03 0.183 | 0.877
0.5 05 05 05 0.5 0.068 | 0.737
—0.5 0.5 05 05 0.5 0.119 | 0.699
05 05 —05 05 05 0.076 |0,727
1 1 1 1 1 0.005 | 0.485
—1 1 1 1 1 0.018 | 0.359
1 1 -1 1 1 0.007 | 0.418
o1 0 0 0 0 0.430 | 0.995
03 o 0 0 0 0.354 | 0.956
05 0 4] 0 0 0.269 | 0.887
1 0 Q 0 0 0.119 | 0.657
o] 0 01 0O 0 0.475 | 0.999
0 0 0.3 0 0 0.427 | 0.987
0 0 05 0 Q 0.379 ] 0.965
0 0 1 0 &} 0.272 10.874
0 0 Q 0 0.1 0,450 | 0.997
0 ¢ 0 0 0.3 0.354 | 0971
Q G 0 0 Q.5 0.269 | 0,923
0 0 4] 0 1 0.119 | 0.748




|| n—=3 Jlsmallest I
. B value |lower I
B, Bz PBs  Bn Bx Ba B2 Bz B jof i,y |bound
0.05 005 0.05| 0.05 0.05 005| 06.05 0.05 G.05| 0.386 (0.992
0.1 01 061 0.1 0.1 0.1 a1 01 o1 .283 |0.971

—0.1 0.1 0.1 0.1 Q.1 0.1 01 0.1 01 0.310 |0.970
--0,1 —01 01 Q.1 01 01 01 01 01 0.310 {0.970
0.2 0.2 Q2 0.2 0.2 0.2 02 02 02 0.135 [0.901
—02 02 02|—02 02 02| 02 02 02 | 025 |0.893
—0.2 0.2 0.2 {—0.2 0.2 02 |—02 0.2 02 0.168 |0.895
0.3 0.3 03 0.3 0.3 03 0.3 03 03 0.058 |0.820
03 —03 03 (=03 —03 03 |—03 03 03 0.083 10.B21
0.5 0.5 0.5 0.5 0.5 05 Q5 0% 05 0.009 |0.682
0.5 05 035 0,119 | 0,746
0.5 0.269 [0.890
G.5 0.5 0.259 |0.BAY
6.5 0.5 Q.5 0.176 |Q.BOS
1.0 0.119 |0.668

The entries that are not given in this table are zero.
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n=4 ”

Ba value of the | smallest
non zeron non zera valu¢ IOWCI
parameters parameters of 7 4, bound
B\ 0.1 0.4502 | 09955
1 0.1192 | 0,7034
B 0.1 0.4750 | 0.9990
Bz : 0.1 0.4502 | 0.9959
B, 1€ %54 0.1 0.3780 | 0.9823
0.2 0.2697 | 0.9341
0.5 0.0765 | 0,7174
1 0.0068 | 0.4540
By 1€:i%4 0.1 0.4024 | 0.9951
0.2 0.3120 | 0.9811
B l®Ei € j%4 0.1 0.3100 | 0.9764
0.2 0.1680 | 09197
By By l%i® ;&4 0.1 0.1929 | 0.9573
0.2 0.0540 | 0.8690
0.3 00135 | 0.7787
0.5 0.0008 | 0.6292
1 0.0000 | 0,4169
B1. Bu, B 0.2 0.3100 | 0.9631
B, Bs Bz 0.2 0.2315 | 0.9510
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Samenvatiing

In éxperimemen met paarsgewijze vergelijkingen worden waarnemingen gedaan
door 1elkens twee objecten met ¢lkaar te vergelijken. Paarsgewijze vergelijkingen
worden veel pebruikt in situaties waar de beoordeling van de 1e onderzoeken
variabele subjectief is, bijvoorbeeld bij het beoordelen van etenswaar. Aan een
aaptal proefpersonen wordt dan gevraagd een veorkeur uit te spreken voor eén
van een tweetal aangeboden producten. In dit proefschrift worden proefopzetien
ontwikkeld voor dergelijke situaties.

In hoofdstuk 1 wordt een aantal modellen gegeven dit met betrekking tot
paarsgewijze vergelijkingen geformuleerd zijn. Met name het Bradley-Terry
model komt aan de orde. Dit model postuleert het bestaan van een parameter (of
evaluatiewaarde) horend bij het object. De preferentiekansen kunnen in deze
parameters worden nitgedrukt en met behulp van de waarnemingen kunnen de
parameters geschat worden. De covariantiematrix van de schatters van de
parameters wordt besproken. Deze is van belanp omdat veel criteria voor het
ontwikkelen van proefopzetten afhangen van de covariantiematrix. In dit proef-
schrift wordt het D-criterivm cn een voor paarsgewijze vergelijkingen aanpepast
G-criterium gebruikt om proefopzetten te oniwikkelen, Het D-criterium
minimaliseert de determinant van de covariantiematrix; het Gecriterium
minimaliseert het maximum van de variantie van de responsfunctie,

In hoofdstuk 2 wordl een methode gepeven om proefepzetten te construeren.
Deze methode is peschikt voor het geval dat er een lineair model geformuleerd
kan worden voor de evaluatiewaarde. Dat wil zeggen dat de evaluatiewaarde een
functie is van een aantal verklaremde variabelen. De covariantiematrix hangt
echter af van de onbekendr parameters, Daarom is het bij het ¢onstrueren van
proefopzetten nodig een veronderstelling te maken met betrekking tot de para-
meters. De gebruikelijke veronderstelling is dat alle parameters gelijk zijn. Bij
het construeren van proefopzetien is het nuttiz om gebruik ¢ maken van (ge-
standaardiseerde) discrete proefopzetten, Discreet staat in tegensielling tot exact,
waarbij in ieder paar een (of meerdere) waarpemingen worden gedasn. Bij
discrete proefopzetten is sprake van een wegingscoéfficint per paar, De
wegingscotfliciént kan iedere positieve waarde aannemen, Gestandaardiseerd wil
zeggen dat de som van de wegingscobfficiénten pelijk is aan &en. Bij gestandaar-
diseerde exacte proefopzetten zijn alle wepingscobfficiénten gelifk aan (een veel-
voud van) de reciproke waarde van het totaal aantal waarnemingen,

In hoofdstuk 3, 4 en 5 worden toepassingen gegeven. Hoofdstuk 3 behandelt het
geval van een factorieel model met hoofdeffecten en interacties van twee fac-
toren, Exacte D-optimale proefopzetien worden gegeven, zowel voor de situatie
dat het experimentele gebied een hyperkubus is, als voor de situatie dat het een
hyperboi is. Sommige van deze proefopzetten zijn bekend in de literatuur
Hoofdstuk 4 en 5 behandelen een volledip tweedegraads model, waaarbij het
experimentele pebied in hoofdstuk 4 een hyperbol is en in hoofdstuk 5 een
hyperkubus, In beide hoofdstokken worden discrete D-optimale proefopzetten
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geconstrueerd. Bij sommige van deze proefopzetten is het aantal paren groot.
Daarom worden procfoprzetien ontwikkeld‘waarbij het aantal paren kleiner is.
Met behulp van deze discrete proefopzetten worden exacte procfopzetien gecon-
strueerd die een goede efficiéntie hcbben en waarvan het aantal paren niet al te
groot is. De robuustheid van de optimale discrete proefopzetien wordt onder-
zocht; dat wil zeggen: er wordt besproken wat de eficiéntie van de proefopzetien
is als niet voldaan is aan de aanname dat er geen verschillen zijn in de objecten.
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Stellingen

Een proefopzet heet roteerbaar als de variantiefunctie alleen afhangt van de
afstand tot het centrum van het experimentele pebied. Deze naampeving is
verwarrend, want roteerbaarheid wil in het algemeen niet zepgen dat de punten
van de proefopzet over etn gelijke hoek ten opzichie van het centrum geroteerd
kunnen worden zonder dat deze eigenschap verloren gaat,

I

Indien bij een proefopzet als experimenteel gebied niet een (hyper-)bol wordt
gekozen, is het minder zinvol t¢ ¢isen dat de proefopzet roteerbaay js,

I

De principes van statistische proefopzetten kunnen soms met vrucht worden toe-
gepast om het globale optimum te vinden van een deterministische responsefunc-
tie,

P.J.]. Maas, Onderzoek nanr de geometrie van een grote-terts klok. Afstu-
deerverslag Afdeling Werkiuigbouwkunde THE, mei 1985,

1Y

Nu robuuste schattingsmethoden de laatste tijd veel navolging vinden, bestaat
het gevaar dat de Klassicke methoden ondergewaatdeerd worden. Zij blijven
echter voor veel experimenten geschikt, mits men 'gezond verstand' gebruikt,
bijvoorbeeld voor het vinden van uitschieters,

\"

Het bewijs van theorema 3 van hoofdstuk 11 van Athreya and Ney (1972) is
anvolledig. Er wordt afgeleid dat

=QG)ig ™,

Lim

i —oo

Fals) = 4
_yﬂ
met

FUSY = X Pali ) s;
j=o
en

Q(5)= E VJSJ.

=0



Nu wordt pesteld dat
"Comparing cocficients on both sides implies:

Pn(:tn.j) =gt .

lim v, .

n-an
Dit is nict correct. Ben juist argument kan gevonden worden in Karlin and
McGregor (1966). Daarin weordt gebruikt dat

Falsl—q

n

On(s)= enQ(s)

analytisch zijn en dat O, (s ) uniform convergesmt naar Q (s ).

Athreya, K.B. and Ney, P.E. (1972). Branching Processes. Springer-Verlag,
Berlin,

Karlin, 5. and McGregor, J. (1966). Spectral theory of branching processes.
L. The case of a discrete spectrum. ZW 5, 6-33,

Vi
Het personeelsbeleid aan universiteiten en hogescbolen dient meer dan nu het
geval is gericht te zijn op het aanstellen van wetenschappelijk persomeel met
interesse voor het geven van onderwijs en met didactische kwaliteiten.

VII
Bij atletick is ¢en verrassend goede vuistregel ter bepaling van de gemiddelde
snelheid die men kan lopen op een afstand als functie van de snelheid op een
andere afstand de volgende

va= vy — llog (22 .
X1

waar x, afstanden en v, de bijbehorende snelheden in km/vur zijn (1 = 1,2).

Dat wil zeggen: als de afstand verdubbelt verliest men 1 ktn/uur aan snelheid,
De omstandigheden moeten enigszins vergelijkbaar zijn.



